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WITH LINEAR DIAGONAL VARIANCE FUNCTIONS*
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Abstract. It is well known that natural exponential families (NEFs) are
uniquely determined by their variance functions (VFs). However, there exist
examples showing that even an incomplete knowledge of a matrix VF can
be sufficient to determine a multivariate NEF. Following such an idea, in
this paper a complete description of bivariate NEFs with linear diagonal of
the matrix VF is given. As a result we obtain the families of distributions
with marginals that are some combinations of Poisson and normal distribu-
tions. Furthermore, the characterization extends (in two-dimensional case)
the classification of NEFs with linear matrix VF obtained by Letac [11]. The
main result is formulated in terms of regression properties.
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1. INTRODUCTION

1.1. Natural exponential families. Let ;1 be a positive measure on R™. Its
Laplace transform is defined as

(1.1) Lu(0) = [ exp(f, z)u(dx)
R

and O(p) = Int{f € R": L,(8) < oo}. We write k, for the cumulant function
of i, that is, k,(0) = log L,(0) for § € ©(p). We will denote by M the set of
measures p such that ©(u) # () and p is not concentrated on an affine hyperplane
of R™. If u € M, the set of probabilities

(1.2) F(p) ={P(0,n)(dx) : 6 € ©(n)},

where P(0, p1)(dz) = exp{(0, ) — k,,(0) }pu(dx), is called the natural exponential
family (NEF) generated by u, see [12].

* Research supported by MNiSW grant N20104332/3272.
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Since k, is strictly convex on ©(u), its derivative k), : ©(u) — Mp defines
a diffeomorphism; M is called the domain of means of u. Let us denote by
W, : Mp — ©(u) the inverse function of kj,. The mapping m — P(¥,(m),p) is
bijective; it is a parametrization by the mean of the NEF F'. We define the variance
function (VF) of the NEF by

(1.3) Vp(m) = k) (¥, (m)) = [¥],(m)] ",

and using the matrix notation:

n

0%k (0) ‘
00; 8(% 0=V, (m)

(1.4) VF(m) = |: , m € Mp.

,j=1

It is well known that the mapping m — Vr(m) on M characterizes NEF uniquely.
It depends only on the family F', not on a particular measure used to generate it.
Using this fact Letac [11] described all NEFs with linear VF: Vp(m) = Bm + C,
where B : R™ — §,, is a linear operator, C' € S,,, and S,, is the space of n X n
symmetric real matrices. This result was extended by Casalis [3], [4], where a
simple quadratic matrix VF was considered: Vr(m) = am ® m + Bm + C,
mQ@m = [mimj]zjzl. Hassairi and Zarai [7] generalized Casalis’ result to cu-
bic NEFs, i.e. NEFs with cubic variance functions. On the other hand, there were
successful attempts to identify the NEFs by incomplete knowledge of the variance
function. Kokonendji and Seshadri [9] gave a characterization of the Gaussian law
in R™ based on the fact that det V' (m) = const. Kokonendji and Masmoudi [8]
characterized Poisson-Gaussian families by generalized variance extending the re-
sult given in [9] for the Gaussian families. Letac and Wesotowski [13] classified
NEFs with VF of the type p~'m ® m — (m)M,,, where M,, is a symmetric ma-
trix associated with a quadratic form v, and m +— ¢(m) an unknown real function.
The diagonal family of NEFs in R™:

(1.5) diagV(m) = (fi(m1),..., fa(my)), m=(mi,...,my,),

was considered by Bar-Lev et al. [2]. This class was entirely characterized only by

the diagonal of VF and it was shown that f;,7 = 1,2, ..., n, have to be polynomials
of degree at most two.
It is of interest to describe other NEFs with f; = f;(m1,...,my), i =1,...,n,

in (1.5). In general it seems to be a rather difficult task. In this paper we solve this
problem for n = 2 and f;(m), i = 1,2, being affine functions of m = (my, ma).

Since the above condition on the diagonal of VF can be formulated using re-
gression properties, this identification of NEFs can be considered in the framework
of regression characterizations. Some of the papers relevant to the subject are Laha
and Lukacs [10], Fosam and Shanbhag [5], Gordon [6], Bar-Lev [1].

This condition on the diagonal of the VF leads to a system of linear PDEs for
the cumulant transform. Following a routine technique we conclude that a general
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solution of this system is of the form

(1.6) KO) = Y Qu0)et?,

Ppew

where (), are certain polynomials and ¥ C C? is a finite set (see Appendix 6.1).
The basic difficulty we deal with in this paper is to identify all probabilistic so-
lutions among functions (1.6), that is to decide whether L = e* for k given by
(1.6) is the Laplace transform of a probability measure. The crucial problem is to
find the admissible forms of polynomials @)y, 1 € W. This is the basic reason why
we restrict ourselves to the case n = 2. Though in the case n > 2 the cumulant
transform obtained as a solution of the system of PDEs is also of the form (1.6),
the number of elements of the set ¥ does not allow to translate the methods we
developed for n = 2 to this case; see Section 5.

The paper is organized as follows. Section 2 contains the main result (The-
orem 2.1). The third section collects auxiliary propositions useful in the proof of
Theorem 2.1. For the sake of clarity the detailed proof will be divided into two
parts. The main part will be presented in the fourth section and the rest of the proof
will be stated in Appendix 6.3. Section 5 is intended to explain the difficulties of
analogous investigations in higher dimensions.

1.2. Variance functions and regression conditions. The condition that the di-
agonal of the matrix VF is an affine function, that is
diag V(mq,mg) = (am1 + bma + e,cmy + dma + f),
in terms of &, = k takes the form
0%k ok ok
= _a
002 001 004

Pk _ Ok Ok
063 06, 06,

(1.7)
(1.8)

where a,b,c,d, e, f € R.

On the basis of the conditions above one can provide examples of NEFs which
do not belong to the diagonal family (see [2]) and with the VFs that are not affine
functions of m; and my (see [7]). We present an example of such a measure by
giving its Laplace transform.

EXAMPLE 1.1. Let v be the distribution of (X7, X3) with
(1.9) L(61,6;) =

= exp <§9% + Dl(exp(01 +6y) — 1) + Dg(exp(—Ql +6y) — 1)),
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where e/2 > 0. The diagonal of the VF generated by v has the form
diag V(mq1,ma) = (ma + e, ma),
and hence it is not a matrix VF of the diagonal family. The off-diagonal entry of V:
0%k ok
= an 017
00,060, 06,
is not an affine function of 9k/901 (= m,) and Ok /002(= my).

We now proceed to present (1.7) and (1.8) in terms of regression conditions.
For any NEF F(u) with a variance function V' and 6y € Int ©(u) one can con-
struct a random variable X with P (6, 1)(dx) as its distribution. It follows that
0 € IntOy = Int{f : Bet*? < o00}. Let k(A) = logEexp(X, ) = log L(6).
Then

ok 1 0L

1.1 - -7

(1.10) 00; L oY;’
0%k 1 (0L\?> 1 (9L ,

REMARK 1.1. Let X = (X1, X2) and Y = (Y1,Y2) be two identically dis-
tributed independent random vectors such that X ~ P(0y, 1), Eexp(X, 6) < oo,
0 € Ox and Int O x > 0, where ©x = O(u) — 0y. Then the following conditions
are equivalent to (1.7) and (1.8), respectively:

(L12)  E((X; —Y)*X+Y) =2e+a(X1 + Y1) + b(Xo + Ya),
(L13)  E((X2 - Y2)?)[X+Y) =2f + c(X1 + Y1) + d(Xo + Ya).
Let us write the conditions equivalent to (1.12) and (1.13):
E(X{ — X1Y1) exp({(0, X +Y)) =
aE (X1 exp((0, X +Y))) +bE(X2exp((6, X +7Y))) + eEexp((d, X +Y)),
E(X3 — XaY3) exp((0, X +Y)) =
E(X1exp((0, X +7Y))) + dE(X2exp((§, X +Y))) + fEexp((6, X + Y)).

By the argument of independence, an equivalent formulation of the above is:

9L OL\?> 0L oL

L[ =) = L4+b=—-L+el?
062 <801> o, LT lag, LTl
L OL\?> oL oL

L— [ Z2) = d=— L+ fL?
062 <692) oo, L9, LTS

Using (1.10) and (1.11) we can see that (1.7) and (1.8) are other equivalent formu-
lations of (1.12) and (1.13).
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REMARK 1.2. The following conditions are equivalent to (1.12) and (1.13),
respectively:

(1.14) E(X? — X1V —aX1 —bXo —e|X +Y) =0,
(1.15) E(X3 — XoYs — X1 —dXy — fIX +Y) =0.

REMARK 1.3. In (1.7) and (1.8) constants e and f can be eliminated only in
the case when ad — bc # 0.

In such a case it is sufficient to take an appropriate Dirac measure and consider
its convolution with the distribution of X. The question is whether there exist con-
stants v and 3 such that k(01, 02) = k(01, 02) + b + (305 satisfies homogeneous
PDE. Thus the necessary conditions for « and G are

ac+bB=e and ca+dS="f.

These equations have the solution if ad — be # 0.

2. MAIN RESULT

We can now formulate our main result. The following characterization based
on the regression property provides (also through Remark 1.1) a classification of
measures generating NEFs with affine diagonal of a matrix variance function.

THEOREM 2.1. Let X = (X1, X2) and Y = (Y1, Y2) be two identically dis-
tributed independent random vectors such that Eexp((X,0)) < oo for 6 € O,
Int © > 0 and (1.12), (1.13) hold. Then the distribution of X is determined by

3
(2.1) X1 =) ¢eiZi+esZy+ 6G1 + G2 + 51,
i=1
3
(2.2) Xo =Y wiZi +wsZs + p1G1 + p2G3 + s2,
i=1
where Z;, 1 = 1,...,5, G}, j = 1,2,3, are independent random variables such
that Z’s have Poisson and G’s standard normal distributions, s1, s2 € R. Coeffi-
cients €;, w;, §j, pj € R, i =1,...,4, 7 = 1,2, depend on parameters a, .. ., f.

REMARK 2.1. In Theorem 2.1 only the following ten cases are possible:
L Ifad — bc # 0, then §& = £ = p1 = pa = 0 (there is no Gaussian part in (2.1)
and (2.2)).
1. If be # 0O, then

ed — fb af —ec
N ~ be—ad’
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IL.

and if there exist j non-zero different real roots (o;, i = 1,...,7, j < 3) of the
equation
o — 2a0? + a(a® — bd) + blad — be) = 0,
then ¢; = o;, w; = (a?—aai)/bfori: 1,...,4, and ¢; = w; = 0 for i =
j+1,...,3.
Afb#£0,c=0,theney = a,e1=w1=wy = 0,50 = —f/d, s1 = (bf —ed)/ad,
and
if a? + 4bd > 0, then
a —Va?+ 4bd a+Va? + 4bd
52:fa 83:#’ wy = w3 =d,

ifa? 4+ 4bd = 0, thenes = a/2,e3 = 0, wy = d, w3 = 0,
ifa®? 4+ 4bd < 0, theneg = €3 = 0, wg = w3 = 0.

Afb=0,c#0,thenwy = d,eq=wy) =¢1 = 0,81 = —e/a, so = (ce — fa)/da,

and
if d? + 4ac > 0, then
d —Vd? + 4ac d+ Vd? + 4ac
WZZfa WSZfa €2 = €3 = aq,

ifd?> +4ac =0, then wy = d/2, w3 = 0,9 = a, e3 = 0,
ifd> 4+ 4ac < 0, then wy = w3 =0, 69 = e3 = 0.

Afb=0,c=0,thene; =4 =a, w; =wy =d, €9 = €3 = wo = wyg = 0,

s1 = —e/a, so = —f/d.
If ad — bc = 0, then at least one of the parameters £1, E2, p1, p2 is different from
zero (there exists a Gaussian part in (2.1) and (2.2)).

Afb=d =0, ac#0, then (af —ec)/a > 0 and ps = \/(af —ec)/a, p1 =

§1=6=0,51=—e/a,52 € R, e3 =64 = w3 =wy =0,
ifac > 0, thene; = €9 = a, wy = \/ca, wy = —y/ca,
ifac < 0,thene; =9 = wy; = wo = 0.

. Ifbc # 0 and db # a?, then [b(ed — fb)]/(db— a®) > 0 and e4 = wy = & =

p2 =¢e3 =w3 =0,

b(ed — fb) __a [b(ed— [fb)

bd—az @ ™ bd — a2
1 /bled — fb)
SleR, 82:b<bd_a2—a81—6>,

and if there exist j non-zero different roots (o, i = 0,...,7, j < 2) of the
equation o — 2aa + a®> — bd = 0, then €; = o, w; = (a? —awy)/b for i =
0,...,5,7<2,ande; =w; =0fori=j5+1,...,2.
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3. Ifbc # 0 and db = a?, then ed — fb=0and e4=ws=Ey =py =3 =w3 =0,

&1 e Ry, Plz—%&, s1 € R, 82—i<w—a81—8>,
and if there exist j non-zero different roots (o, i = 0,...,7, j < 2) of the
equationa272aa+a2—bd—0 then ¢; = o, wlz(a?faal)/bforz—
0,...,4, 1< 2,ande; =w; =0fori=35+1,...,2.
4.Ifa—C—0,bd;«é(),then(ed—fb)/d/()and&— (ed — fb)/d, p1 =
p2=§2=0,81GR,SQZ—f/d,€3=€4=w3=W4=0,

ifbd > 0, then e, = Vbd, 9 = —\/bd, wi = wy = d,

ifbd < 0, thene; =e9 = w1 = wy = 0.
5.Ifa=b=0,thene > 0ande1=co=c3=64=0, w1 =wo =w3 =0,& =0,

ifcd # 0, then & = /e, wy = d,
c 1/ ec?
P1=*g\/5, p2=0, s1€R, 82=<681f>7

fc=0,d#0,then&y = \/e,wy =d, s1 €R, s5 = —f/d, /)1—/)2—0
ifc#0,d=0and e=0, then wy=p1 =& =0, po=+/cs1 + f, s1 > —f/c,
so € R.

6. Ifc=d=0,then f >0ande; =9 =ezg=w) =wy =w3 =wy =0, po =0,

ifab#oa thenpl :_\/77 €4 = @,
b 1/ fb?
5125\/?7 & =0, S1=a<f—582—€>, s2 € R,

ifa#0,0=0,thenp; =+\/f,e4=a,s1 = —€/a,s5 e R, & =& =0,
ifa=0,b#0and f=0,thenecy =& =p1 =0, s1 € R, & = /bsa + e,
> —e/b.

T.Ifa=b=c=d=0,then & =1, p1 = V2, &2 = e—’y%,m: f—’y%,
0 <y <+Ve0<y<VFf

3. AUXILIARY FACTS

PROPOSITION 3.1. If X and Y satisfy the conditions given in Theorem 2.1,
then {0: Eexp((X,0)) < oo} = R2.

Proof. By the theory of differential equations the general solution of (1.7)
and (1.8) has the following form (see Appendix 6.1):

(3.1 = > Qu(0)exp((1,6)),

Yew
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where ¥ C C? is a finite set and @, () are polynomials in 6, i.e. (3.1) is the
cumulant transform of X = (X7, X») at least in a neighborhood of the origin. For
(61, 02) arbitrarily chosen in R? there exist a, b such that the point (61, f2) belongs
to the line (at, bt), t € R. Let us consider a random variable U (a, b) = a X1 + bXo.
Its Laplace transform M, g’b is well defined in the neighborhood of the origin. We
can extend its domain to the real line, since M{}’b(e) = ek(“t’bt), k given in (3.1),
is an analytic function on R. Thus Eexp(6; X1 + 62 X5) = M(‘}’b(to) < oo for tg
defined by (91, 92) = (ato, bto). ]

PROPOSITION 3.2. [f the cumulant generating function k satisfies (1.7) and
(1.8) for all (01,62) € R?, then

2
3.2) k(91, 92) = Ay + Z Aij«%é?j + Z S;0;

1<i<G<2 i=1
2 3
+ X Bijexp(Ai0i) + 3 Diexp(aibh + Bif2),
i,j=1 i=1
where A;;, Si, Bij, D;, \ij, o, 3; are some real constants.

Proof. Suppose first that b # 0 (the case of b = 0 will be treated separately).
Then from (1.7) and (1.8) (see Appendix 6.1) we have

0k 2k 0%k ok
33) 7 —2a—= — (bd — a®)—— + blad — bc) = + bled — fb) = 0.
(3.3) 261 af)ﬂ% ( a)89%+ (a 0)691+ (ed — fb)
It leads to the characteristic equation:
(3.4) M =24 — (bd — a®)N\* + b(ad — be)X = 0.

Let us discuss possible solutions of (3.4) knowing that & is the cumulant transform
of a probability measure. We consider only the cases that provide non-polynomial
real functions or real polynomials of order greater than 2.

1. Complex solutions of (3.4). Suppose that there exists a complex
solution A\{ = A1 + ¢A12. Thus & is of the form
(35) ]{3(91, 92) = Ao(@g)—l—
+ exp(/\1191) (Al (92) COS()\1291) + Ao (02) Sin()\lgel)) + A3(92) eXp()\Qel),

where A;(+), 7 = 0,1, 2,3, are complex functions of #5. Let us fix 65. Then k(0) =
k(6,02) is (up to an additive constant) the cumulant transform of a univariate prob-
ability measure. Consider the corresponding characteristic function:

¢(t) = Aexp { Ag(62) + Az(62) exp(Aait)
+ exp()\nit) (Al (92) COS()\lgit) + AQ(QQ) Sin(/\lg’it))},
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where A > 0 is a normalizing constant. We can rewrite the formula as follows:

o(t) = Aexp {Ao<92> - Ag(8) exp(hait) + exp(Auiit)

y <A1(92)eXP(—)\lzt);-exp()\th) +AQ(QQ)exp(—)\12t)2—exp()\1275) (—z))}

The absolute value of ¢(t) is

[p(t)] =

exp {A1(92) cos(A11t) <exp(—>\12t) + exp()\lgt)>

2

exp(—)\12t)2— exp(Aat) )}

)

+ AQ(QQ) Sin()\nt) (

where o > 0. Note that |¢(¢)| is unbounded if A;(62) or A2(62) are different from
zero. By Proposition 3.2, 62 can be chosen arbitrarily in R, so A1 = A2 = 0.

2. Multiple roots of (3.4) different from zero. Suppose that
there exists double root (necessarily real) at A\; # 0. The case of triple root can be
treated analogously. Here we have

k((gl, 92) = AQ(QQ) + A ((92)91 eXp()qel) + Ag(eg) exp(/\191)
+ A3(92) eXp(/\Q(gl),

where A;(-), i = 0,1,2,3, are complex functions of 5. Our aim is to show that
A; = 0. As in the previous case, we fix 65 and consider the univariate characteristic
function

¢<t) = Aexp [A()(Qg) + Ay (92) (’it COS(/\lt) — tsin()\lt))
+ A2(92) exp()\lit) + A3(92) eXp()\git)] .
We examine whether |¢(-)| is bounded. There is a positive constant M such that
|6(t)| = M exp [A1(02) ( — tsin(Ait))].

Thus A; = 0, otherwise |¢(+)| is unbounded.

3. Triple root of (3.4) at zero. Suppose that there exists triple root
at zero. In this case

k:(91, 02) = Ao(eg) + Ay (92)91 + AQ(QQ)G% + A3(92) exp()\lﬂl) + 0(02)9?,

where C'(+), A;(+),i = 0,1, 2, 3, are complex functions of f2. We are going to show
that C' = 0. By fixing #> we obtain the univariate Laplace transform:

L(0) = Aexp [A1(02)9 + A5(62)6% + C(62)6° + Ag(@g)(exp(ylﬂ) - 1)],
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where A > 0 is a normalizing constant, and the characteristic function has the form
(3.6)
6(t) = Aexp | Ar(02)it + Aa(02)(it)+ C(82)(it)? + Aa(62) (exp (m(it) —1)]
Now we use the following extension of the Marcinkiewicz theorem (Theorem 2
in [12]).

THEOREM 3.1. Let Py, (t) = Y " cut” be a polynomial of degree m. The
function
(3.7) F(t) = exp[Aa(e” — 1) + Xa(e™" = 1) + P (t)]
is a characteristic function if and only if A\ > 0, Ao > 0, m < 2 and P(t) =
a1 (it) — ast?, where ay and as are real and as > 0.

If we put A2 = 0in (3.7), Theorem 3.1 implies C'(f2) = 0 and A4(62) > 0.
As a consequence of the discussion of the cases 1-3, k has the following form:

3
(38) ]{}(01, 02) = Ao(eg) + A1 (92)91 + AQ(QZ)G% + Z Agl(eg) exp()\zﬂl).
=1

As a general solution for b > 0, applying (3.8) to (1.7) and (1.8), we obtain k given
by (3.2).

Now, what is left to do is to analyze the case of b = 0. In this case the general
solution of (1.7) and (1.8) is

E(61,05) = Ag(02) + A1(62)01 + As(62) exp(b1a) + A3(62)63,

where A;(+), 7 =0,1,2,3, satisfy

Ap(62) = Ago + Ao162 + Ag263 + Aoz exp(doha),
A1(02) = Ao + A1102,

Az (02) = Ago + Asz exp(d16-),

A3z(62) = Asp,

and A;;, 4,5 = 0,1,2,3, 9,1 = 0,1, are some real constants. Thus £ is of the form
given by (3.2) also in this case. =

PROPOSITION 3.3. If k given in (3.2) is the cumulant transform of a proba-
bility measure, then
o Ay, Agg, 4A11 Ay — AT, > 0;

. Zlé%’éj@ A;;0,0; provides the Gaussian parts in (3.2).
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Proof. Letus define functions g and h:

g(601,02) = > A;;0,05,  h(61,02) = k(61,02) — g(01,02).

1<i<j<2

Since k is the cumulant transform of a probability measure, p(t) = k(1.0 is the
characteristic function of its marginal distribution. Hence || is bounded on R.
Suppose that A1; < 0. Then g(it,0) = —A11t? and the function

o(t)] = | exp(—A1it?)|| exp (h(it, 0))]

is unbounded on R. This contradicts the fact that ¢ is a characteristic function, and
hence A1 > 0. Analogously one can prove that Ass > 0.
Let us show that 4411 A9 — A%Q > 0. Suppose that A11 > 0. Then

(61,02) = A b+ 22 g 2+ Ay — A2 g2
g\v1,02 11 1 2A112 22 1A, 2-

We define the characteristic function

P(t) = exp {k <—2‘11121 it,z‘t)}.

A .\ A o
g( 2A11zt,zt> = <A22 1AL 5

hence ¢ is unbounded on R if 4411 Ay — A%Q < 0.
If A1 = Agg = 0, we have to show that A15 = 0. In such a case we define a
characteristic function 7(t) = exp [k(it, it)]. ) is bounded on R iff A1 = 0. =

Then

4. PROOF OF THEOREM 2.1

Now our aim is to show that the polynomials in (3.2) satisfy the conditions
given in Theorem 2.1. Using the formula for k£ given by (3.2), it suffices to prove
that coefficients B;; and D; are nonnegative.

Applying (3.2) to (1.7) and (1.8), we obtain a system of relations between
coefficients: A;;, S, Bij, Dj, \ij, cu, B (see Appendix 6.2).

In the proof we discuss various cases based on relations between coefficients
a,...,d.

e ad —bc # 0, bc # 0. From (6.11)—(6.14) in Appendix 6.2 we see that A;5 =
All == A22 =0. By (619)—(622) we have Bll = Blg == Bgl = BQQ = 0. It leads
to k of the form

2 3 a2 — aqy
4.1)  k(61,02) = Ao+ >_ Sifi + >_ Djexp (%’91 + Zbl92>,
i=1 i=1
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where a; € R, 7 = 1,2, 3. With no loss of generality we can assume that a; <
g < (3.

Suppose that o; > 0. An argument of convexity of k implies that D3 > 0.
Indeed, let us consider

2 3 2 _ .
Ok => D;a? exp <ozi01 + WGQ).

(4.2) > ;

Since 9%k/063 > 0 for all §; € R, we have D3 > 0.

We now proceed to show that Dy, Do > 0. Consider the Laplace transform

[e's) 3 2 _ . J
L(@l, 92) =A Z 1'[2 D; exp (04101 + w@g)] ,
j=0J" Li=1 b

where A > 0, that is, L is the Laplace transform of a discrete probability measure
in R2. Note that D; as the unique coefficient at exp (@161 + [(of — aa1)/b]6) is
nonnegative, and AD; is the mass of the point (al, (af — aal)/b).

To deal with Dy it is sufficient to show that there is no [ > 1 such that

4.3) as = laq,
a% —aqy la% — aoq

(4.4) 5 b

Since a1 > 0, (4.3) and (4.4) imply | = 1, which contradicts the assumption that
a1 < ag. Then Ds is the unique coefficient at exp (a201 + (a2 — aaz)/ b), and
thus Dy > 0.

The same conclusions can be drawn for the case a3 < 0, if we consider the
Laplace transform L(—61, 62).

Now we are left with a1 < 0 < a2 < a3. By (4.2), the argument of convexity
assures that D7 > 0 and D3 > 0. Since there are no m, r > 1 such that

Qz = ra; + mag,

a% = roz% + ma%,

D is the unique coefficient at exp (a291 + [(ad — aag)/b]HQ), and thus Dy > 0.
o ad — bc = 0, bc # 0. Since
a2

Ay = 72

Alla A12 = —Q%All and 4A22A11 — A%Q = 07
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the assumption leads to

a 2 2 a
k(01,02) = Ao+ A1x <91 — b92> + D1 exp <a191 + b92>

2 _
+ Dy exp (042«91 + 042bcm4292> + 5161 + S205.

Consider 61 such that
a? — aay

b
Then we can build a cumulant function k(6) = k( — [(c; — a)/b]6, 6):

o161 + 6 = 0.

2 2
k(0) = Ag + Dy + Ay <O;19> + Dy exp (0‘2;‘20‘10>

Applying Theorem 3.1 we get Dy > 0. Analogously one can prove that D; > 0.
As a result we obtain

bled — fb 2 2 _
k(61,602) = M <91 b92> + Dy exp <a101 + albaal%)
(ed — fb)

042—0,0[2
D 0, + 2—=0 0
+ gexp<a2 1+ b >+Sll+b( bd — a2

—aS| — e> 0.

e ad—bc#0,b# 0, c=0.If there exists D; # 0 fori = 1,2, 3, from (6.23)
and (6.24) we obtain:

Gi=0anda; =a or ﬂi:danda?—aai—dbzo.

We analyze separately particular cases.

e a > 0.Let a® + 4bd > 0. In this case k has the form

(4.5) k‘(@l, 92) = Bn(exp(aﬁl) — 1)
_ /a2 4
+ Dl(exp(a{% + dby) — 1) + Dy <exp<aaQ+bd91 + ng) — 1)

2
+D3<exp <“+ Va’ + 4bd 91+d62) 1) + del—geg.

We want to show that By; > 0, D1 > 0, Dy > 0, D3 > 0. Since ad # 0, putting
(4.5) into (1.7) yields Dy = 0.
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Consider 9%k/062. Since 0 can be arbitrarily chosen in R, one can easily
verify that By; > 0. The argument of convexity also assures that D3 > 0. To deal
with Dy let us write an expansion of the Laplace transform:

< 1 — Va1 4bd
(46 L(01,62) = 3 5| Bry exp(adh) + Daexp (““2+91 + d02>
j=07"
Va2 + 4bd J
+ Dyexp (‘”“2+01 + d92>] .

Note that Dy is the unique coefficient at exp ([(a — Va? + 4bd)/2]61 + dbs) in
(4.6), and hence Dy > 0.

If a2 + 4bd = 0, then
k(61,02) =

— Buy(exp(ady) — 1) + Dy (exp( 20y +dbs ) —1) + =g, 1g,
2 ad d
Convexity of k implies that By; > 0 and Do > 0.
If a2 + 4bd < 0, then
bf —ed
k(01,02) = Bi1(exp(aby) — 1) + fad 0; — 592,

« a < 0. One can apply similar arguments to those in the previous case to
show that By, Dy, D3 > 0.

e ad —bc # 0,b =0, ¢ # 0. In this case the analysis is similar and we skip it.

ead—bc=0,b=d=0,a # 0, c # 0. Suppose that ac > 0. Then

4.7) k(al, 92) = Ag + 5161 + Sa05 + A126165 + AQQG% + Ageg
+ D1 eXp(el(I + ‘92\/5) + Do exp(@la — 02\/@)

Without any loss of generality we assume that S; = So = 0. Let us fix #; and
consider the Laplace transform

L(0) = eXP(AO + A1200; + Agrb? 4 A363
+ D; exp(bha + 0v/ca) + Dy exp(b1a — 6+/ca)).

Theorem 3.1 assures that A3 = 0 and D1, Dy > 0. From Proposition 3.3 we have
Ao = 0, and k is of the form

af —ec

k(01,02) = 03 + D1 [exp(61a + 02v/ca) — 1]
+ Dg[exp(ela — \/@92) — 1] — 291 + 8905,

where Dy, Do > 0.



Bivariate NEFs 135

If ac < 0, then

k(01 0) = af —ec

9% — 991 + 8905.
a a

5. PROBLEMS IN HIGHER DIMENSIONS

One can try to generalize the result given above to R™ for n > 2. Analogously
to the 2-dimensional case, by considering a characteristic equation we obtain the
general formula of the Laplace transform L:

n n

(5.1) logL(0y,....0,)= % 3 [A,»L_,_,l-mkh_,kn9511...ef:
k1,eskn=01%1,...,in=0

X exp(Aiy,.inlin + o+ Ansi,inbin)]

n n n
+ > So T [(Biiirsinesin €05(841 in,...inBir) + Bl2,in ig,...pin
Kt oo ko =0 i1 0rrin =0 =0

X SIN(V1iy ig,inOin)) - €XP(P11iy,inOin + -+ Pl7n,i1,...,in0in)}9£‘? . -ef:,

where A;; i ks Bt ins Amsitseins Oliteins Yiitsesins Plimyityin © R
for0 <ip,... 00, k1., kn <n, 1 <I,m < n,1 < < 2. There arises a prob-
lem while one tries to eliminate non-probabilistic solutions. Namely, in order to
obtain the Laplace transforms of probability measures (from (5.1)), it is necessary
to put some restrictions on the coefficients.

Even in R? the problem of identifying a measure from the cumulant transform
seems to be difficult as the example below indicates.

EXAMPLE 5.1. Let the diagonal of VF be of the form
(5.2) diag V' (my, mg, m3) = (my, my, my + ma).

From (5.2), by solving the system of partial differential equations, we obtain the
cumulant transform

(5.3) k(61,62,03) =
= exp(01 — 03)(A1 + Azb3 — 2A302) + exp(01 + 03)(A2 + A403 — 2440)
+1— Ay — A3 + Bafls + B33 + Bab3 + 2B303 + 6B46205.

But we do not know the sign of each of A;, B;, i = 1,2, 3,4 (which is necessary to
identify the measure). To fix the signs we need to cope with a combination of expo-
nential functions and polynomials of order greater than two. To this end, it would
be required a kind of generalization of the Marcinkiewicz theorem which goes be-
yond Theorem 3.1. Unfortunately, such a generalization is not known, at least to
us, and consequently we are not able to give a complete description corresponding
to the cumulant generating function of the form (5.3).
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On the other hand, there exists a natural exponential family with VF of the
form (5.2). If we put A3 = A4 = B4y = 0, and we assume that A7 > 0, Ay > 0,
Bs > 0, then (5.3) is the cumulant transform of a probability measure, namely,
the combination of Poisson and Gaussian distributions. The NEF generated by this
measure is an example of the family which does not belong to the class with linear
matrix VF (described in [7]). It can be easily checked if we take 9%k /06103 which
is not an affine function of 0k /961, 0k /002, Ok /00s.

Acknowledgments. I wish to thank J. Wesotowski for many conversations and
useful suggestions. I would like also to thank G. Letac for insightful comments.

6. APPENDIX

6.1. Solution of (1.7) and (1.8). Since we deal with a non-homogeneous sys-
tem of partial differential equations, the solution does not always exist (it depends
on the relations between parameters a, . . . , f). Our aim is to provide a general form
of k satisfying (1.7) and (1.8). Let us consider separately two cases.

« b= 0. In such a case, as a consequence of (1.7) and (1.8), we obtain

ok
a6

0tk 03k

Ok
879%_2%7%_( + b(ad — be)=—— + b(ed — fb) = 0.

(6.1) o0

bd — a?)

Hence we want to solve the fourth order ordinary differential equation (ODE). The
general theory of ODEs with constant coefficients assures that the solution can be
written in the form

(6.2) k(01,02) = > Ax(01,02) exp(Aor),
AEA

where A; C C is a set of the solutions of the characteristic equation

(6.3) M =243 — (bd — a®)N\* + b(ad — be)\ = 0,
and
3 .
(6.4) Ax(01,02) = > axi(62)07,
=0

where ay;(+),7=0,1,2,3, A € A, are complex functions.

In order to find the explicit form of functions ay;(-) we apply (6.2) and (6.4)
to (1.8). It is easy to verify that a);(-) also satisfy ODEs with constant coefficients
(of order at most two). Thus we can present complex functions a);(-) as

(6.5) axi(02) = > qri(62) exp(v62),
YEY x;
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where Y; C C is a finite set that depends on A\ and ¢ (T); is the set of all the
solutions of a characteristic equation derived from the ODE satisfied by ay;(-)),
and gy, () are real polynomials of degree at most two.

It follows from the above that the general solution of (1.7) and (1.8) can be
written in the form

(6.6) k(61,62) = > Qu(0) exp((0,1))),
Yew
where ¥ C A; x Ay (coordinates are treated symmetrically). Here Ao (analo-
gously to Aj) stands for the set of all the solutions of the characteristic equation
derived from the following fourth order ODE:
0tk Ok 0%k

ok
Z 2 9d== —(ac—d¥) == — be)— —ec) =0.
903 d&@% (ac — d*) + c¢(ad — be) +c(fa—ec)=0

6.7
©D 062 0

e b = 0. The same conclusions can be drawn for b = 0. In such a case (1.7)
leads to the following characteristic equation:
(6.8) M —a\=0.

Hence the solution of (1.7) has the form given by (6.2), where A1 = {0, a}. There-
fore the general solution of (1.7) and (1.8) can be written as in (6.6).

6.2. Relations between coefficients of (3.2). We have

(6.9) 2A11 = aS1 + b5y + e,
(6.10) 2430 = cS1 +dS2 + f,
(6.11) 0 =2A11a + A1ab,
(6.12) 0 = 2A411¢ + A1ad,
(6.13) 0= Ap2a + 2A20,
(6.14) 0= Ajoc+ 2A59d,
(6.15) A1 B = aBiii,
(6.16) Ay B12 = aBiaAia,
(6.17) A3, Ba1 = dBai oy,
(6.18) A3y Bas = dBas oo,
(6.19) bA21B21 = 0,

(6.20) bA22 B2s = 0,

(6.21) cBiiAnn =0,

(6.22) cBiaA12 = 0,

(6.23) D;f} = cDjc; + dD;if3;,

(6.24) D;a? = aD;a; + bDif;,  i=1,2,3.
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6.3. Proof of Theorem 2.1 and the list of remaining cumulant transforms.
o ad —bc #0,b =0, c=0. It leads to the cumulant function

k:(Hl, 92) = [92 - 291 + Bn[exp(aﬁl) — 1] + Bgl[exp(dag) — 1]

d
+ Dilexp(bra + O2d) — 1].

Convexity of k assures that B;1, Bo; and D; are nonnegative.
ead—bc=0,a=c=0,b#0,d#0.Ifbd > 0 and (ed — fb)/d > 0, then

ed — fb
2d

k(01,05) = 0? + Dy [exp(61Vbd + O2d) — 1]

+ DQ[GXP(—91M+ Ood) — 1] — 592 + 5101,

where Dy, Dy > 0.
If bd < 0 and (ed — fb)/d > 0, then
ed — fb
5 9%—592“191.
ead—bc=0,b=c=a=0,d+# 0. Then

k(61,02) = !

02
k‘(@l, 92) = le(eXp(CwQ) - 1) + 5101 — 592 + 651,

where By = 0.
eb=c=d=a=0.Ife>0and f > 0, then

k(0r,05) = gef + geg - S161 + Sofly + A12010s,

where |A12| < Vef.
ead—bc=0,a=b=0,cd #0.Ife > 0, then

2 2
e c e ¢
k(01,02) = 3 (91 - d92) + Ba1 exp(dbs) + 5101 + <d3 - ESI - 2) 02,

where By > 0.
ead—bc=0,a=b=d=0,c#0ande =0.Ifcs; > —f, then

_'_
k(61,02) = %93 + 5101 + s262 + f.

cad—bc=0,b=c=d=0,a#0.1f f > 0, then
e
k(61,02) = Bll(eXp(ael) — 1) — 591 + 89609 + 59%,

where B1; > 0.
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b 2
k(61,602) = = (ael — 92> + By exp(aby) + (fa3 -

ead—bc=0,c=d=0,ab#0.If f > 0, then
f ¥ b e

—89 — > 01 + 5202 + e,
2 a a

where By > 0.

(1]

(2]

(3]
(4]
(5]
(6]
(7]
(8]
(9]
[10]

[11]

[12]
[13]

[14]

ead—bc=0,a=c=d=0,b#0and f =0.If bso > —e, then

bso +
k’(@l, 92) = %9% + 5101 + s202 + €.
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