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Abstract. We investigate a Bahadur—Kiefer type representation for the
prn-th empirical quantile corresponding to a sample of n i.i.d. random vari-
ables when p,, € (0,1) is a sequence which, in particular, may tend to zero
or one, i.e., we consider the case of intermediate sample quantiles. We ob-
tain an ‘in probability’ version of the Bahadur—Kiefer type representation
for a kn-th order statistic when 7, = kn A (n — kn) — 00, n — 00, with-
out any restrictions of the rate at which r,, tends to infinity. We give a bound
for the remainder term in the representation with probability 1 — O(r,, ©) for
arbitrary ¢ > 0. We obtain also an ‘almost sure’ version under the additional
assumption that logn/r, — 0asn — oo.

Finally, we establish a Bahadur—Kiefer type representation for the sum
of order statistics lying between the population p,-quantile and the corre-
sponding intermediate sample quantile by a von Mises type statistic approx-
imation, especially useful in establishing second order approximations for
slightly trimmed sums.
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1. INTRODUCTION

Consider a sequence X1, Xo, ... of independent identically distributed (i.i.d.)
real-valued random variables (r.v.) with common distribution function (df) F’, and
for each integer n > 1let X;., < ... < X, denote the order statistics based on
the sample X1, ..., X,.Let F~1(u) = inf{x: F(z) > u}, 0 <u <1, F~1(0)=
F~1(0%), denote the left-continuous inverse function of df F', and F},, ;! stand
for the empirical df and its inverse, respectively. Denote by f = F’ a density of
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the underlying distribution when it exists. Let &, = F~1(p) and &, ., = F, }(p)
denote the p-th population and sample quantile, respectively.

For a fixed p € (0, 1), assuming that F" has at least two continuous derivatives
in a neighborhood of ¢, and f(&,) > 0, Bahadur [1] was the first to establish the
almost sure result:

Fo(&p) —p

(1.1) Epnin =Ep — WJar(p),

where R,,(p) = Oqs. (n=3/*(logn)/?(loglog n)'/*) (a sequence of random vari-
ables R, is said to be O, (7,) if Ry, /7y, is almost surely bounded). Kiefer [16]-
[18] proved that if f” is bounded in a neighborhood of p and f(&,) > 0, then

5/49-3/4 1/4
lim sup + n%/%(loglog n) ~*/*R,,(p) = 2/ (p(1 = p) a.s.
for either choice of sign.

Sample quantiles are closely related to empirical processes, and nowadays
there is a well-developed theory of empirical processes; see, e.g., Shorack and
Wellner [21], Einmahl and Mason [9], Deheuvels and Mason [8], Deheuvels [6].

In this paper we investigate the asymptotic behavior of the so-called interme-
diate sample quantile, i.e., of the k,-th order statistic, 1 < k,, < n, when r,, : =
kn A (n—ky) — 00, pr : = kn/n — 0 (or p, — 1) as n — oo.

Part of our results can be compared with earlier results obtained by Chanda
[4] and Watts [23], who established the ‘almost sure’ versions of a Bahadur—Kiefer
representation for intermediate k,,-th order statistics under the following somewhat
restrictive assumptions: n®/k,, — 0 for some a >0 (cf. [4]) and (logn)3/r, — 0,
n — oo (cf. [23]), respectively. In addition, these authors assume that some strong
regularity conditions on F' are satisfied. An explicit ‘almost sure’ limit for the
remainder term in the Bahadur—Kiefer representation for the uniform empirical
processes under the condition (logn)/r, — 0, n — oo, was obtained by Einmahl
and Mason [9] (cf. Theorem 5 and Remark 3 therein).

In contrast, we obtain an ‘in probability’ version of the Bahadur—Kiefer type
representations for intermediate sample quantiles without any assumptions on the
rate at which 7, tends to infinity and under a mild regularity condition on F'. For
any fixed ¢> 0 we give a bound on the remainder term with probability 1 —O(r, ©),
under the additional assumption that (logn)/r, — 0, n — oo; the bound holds
true with probability 1 — O(n~¢). We obtain an almost sure version as well.

In this paper we establish not only a Bahadur—Kiefer type representation for
intermediate sample quantiles, but also derive a Bahadur—Kiefer representation for
the sum of order statistics lying between the population p,-th quantile and the
corresponding intermediate sample quantile by a von Mises type statistic approxi-
mation.

Our interest in Bahadur—Kiefer type representations for intermediate empirical
quantiles was first motivated by its uses in the second order asymptotic analysis of
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trimmed sums. It turns out (see Gribkova and Helmers [10]—[12]) that the Bahadur—
Kiefer properties provide a very useful tool in the study of the asymptotic behavior
of the distributions of trimmed sums of i.i.d. r.v.’s, slightly trimmed sums and their
Studentized versions. In particular, the Bahadur—Kiefer representation allows us
to construct a U-statistic type stochastic approximation for these statistics, which
will enable us to establish Berry—Esseen type bounds and Edgeworth expansions
for normalized and Studentized slightly trimmed sums.

We would like to emphasize that the Bahadur—Kiefer type representation which
we obtain for a sum of order statistics lying between the p,,-th population quantile
and the corresponding intermediate empirical quantile (cf. Theorem 2.2) is espe-
cially useful in the construction of a U-statistic type approximation for a (slightly)
trimmed sum, as it provides a quadratic term of the desired U-statistic (cf. [10]—
[12]). Note also that formally the representation (2.7) (cf. Theorem 2.2) can be
obtained by integrating the corresponding Bahadur—Kiefer process on the interval
[€pnnins €p, ); however, we derive representation (2.7) rigorously for intermediate
order statistics, i.e., when p,, — 0 (or p,, — 1). The remainder terms in our repre-
sentations are shown to be of a suitable negligible order of magnitude.

We conclude this introduction by noting that some extensions of Bahadur’s
representation to dependent random variables have been obtained by Sen [20] and
Wu [24]. The validity of Bahadur’s representation for a bootstrapped p-quantile
was proved (as an auxiliary result) in Gribkova and Helmers [11]. Deheuvels [7]
established a multivariate Bahadur—Kiefer representation for the empirical copula
process. The Bahadur—Kiefer theorems for uniform spacings processes were ob-
tained by Beirlant et al. [2].

2. STATEMENT OF RESULTS

Assume that k,, is a sequence of integers such that 0 < k, < n, and r,, =
n A (0 — kp) — 00 as n— oc. Set p, =ky, /n, and let &y, = F~1(p,,) and &y, nn =
F.Y(p,) denote the p,,-th population and empirical quantile, respectively.

Define two numbers
2.1 0 < a1 = liminf p, < ao = limsup p, < 1.

n—oo n—o00

We will assume throughout this paper that the following smoothness condition is
satisfied.

[A1] The function F~" is differentiable in some open set U C (0, 1), i.e. the density
f = F' exists and is positive in F~1(U); moreover,

(2.2)
(0,¢) if 0 = a; = ao, (1—-¢,1) ifa; =ag=1,
UD < (0,a9] if0 = a1 < ao, UD\ la1, 1) f0<a; <ap=1,
[a1,a2] 0 <a; <a<l, (0,1) ifa; =0,a =1,

for some 0 < ¢ < 1 in the cases given in the first line of (2.2).
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We will also need the following assumption to establish our ‘almost sure’
results:

[As] rtlogn — 0 asn — oo.

Let h be a real-valued function defined on the set F'~! (U) (cf. (2.2)). Take an
arbitrary 0 < C' < oo and for all sufficiently large n define

1
hoF_1<pn+t\/Tn ;’f“) —hoF (p,)|,

where h o F~1(u) = h (F~!(u)). Note that

[ry logr r, [logr T
Pn+1 nTan:pn"i‘tf fn:pn‘i‘t;nO(l) asn — 0.
n

In particular, this implies that the function introduced in (2.3) is well-defined for
all sufficiently large n. N

Next we define a function ¥, ;(C') whichis equal to ¥, ;(C'), where log ry,
is replaced by logn. As before we show that this function is well-defined for all
sufficiently large n if the condition [A3] holds true.

We will obtain the Bahadur—Kiefer type representations for some smooth func-
tion of the empirical quantile, as it turned out (cf. [10]-[12]) that these extensions
are very useful in the construction of the U-statistic type stochastic approximations
for the Studentized (slightly) trimmed sums.

Let G(z), € R, be a real-valued function, g = G’ its derivative when it ex-

ists, an(.i lelt (9/f)(x)and (|g|/ f)(z) denote the ratios g(x)/ f(x) and |g(z)|/ f(z),
respectively.

(23) ¥, #(C) = sup
lt|<C

THEOREM 2.1. (i) Suppose thatr, — oo asn — oo, the condition [A1] holds
true, and G is differentiable on the set F~(U). Then

24)  Gl&pumn) — Glép) = —[Fulépn) = F(E)1 2 (6pn) + Rulpa),

f
where for each ¢ > 0
(2.5) P(|Rn(pn)| > An) = O(r,°)
with
14 (logr, \** gl
Ay = A(pa(1—pp)) <n> T(Spn)

1/2
1/2 (logry,
+B( n(l _pn)) / ( o > \prmg/f (0)7

where A, B, and C' are some positive constants which depend only on c.
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(ii) Moreover, if in addition the condition [As] is also satisfied, then (2.4)
holds true, with

(2.6) P(|Rn(pn)| > Ay) = O(n™°)

for each ¢ > 0, where

Ro=A(pa(1 - >)”4(1°g”)3/4””<s )
n — Pn Dn n 7 Dn,

1/2
1/2 (logn =~
+8 (1= )" (1) 8,005 ©)

n

for some positive constants A, B, and C which depend only on c.

Theorem 2.1 is a Bahadur—Kiefer type result. For the special case when 0 <
p < 1is fixed it is stated in Lemma 3.1 in [10] (cf. also Lemma 4.1 in [11]).

REMARK 2.1. Itis easy to see that if one compares the first term on the right-
hand side of (2.4) and the orders of magnitude of the quantities A,,, A,, given in
(2.5) and (2.6), the relation (2.4) provides a representation with a remainder term
R, (pr) of smaller order than the first term if and only if

f

for every fixed C' > 0, as n — oo. The same remark also applies to the two asser-
tions stated in Theorem 2.2 below.

a1 (©) = o(0(6)) ana B0 €)= o Wi

We give the proofs of our results in Sections 3-5.

THEOREM 2.2. (i) Suppose that r, — 00 as n— o0, the condition [A1] holds
true, and G is differentiable on the set F~(U). Then
2.7)
£Pn

J (€)= Gl&)) dFula) = =5 [Pul6) = P& P 60) + Fulin)

gpn"m

where

(2.8) P(|Rn(pn)| > Ay) = O(r;,)

n

for each ¢ > 0 with

log ry, 5/4 |g| log ry,
) ) B0, (O,

where A, B, and C are some positive constants which depend only on c.

An = A(pn(l _pn))3/4 <



260 N. Gribkova and R. Helmers

(il) Moreover, if in addition the condition [As] is also satisfied, then (2.7)
holds true, with

2.9) P(|Ru(pn)| > A,) = O(n™°)

for each c > 0, where

Bo= A1 - )" (E2) " Bl ) 4 1 g
n — n DPn n f Dn DPn DPn n

for some positive constants A, B, and C which depend only on c.

ogn ~

\I/pn,g/f (C)

Theorem 2.2 is our main result; the relation (2.7) provides us with a Bahadur—
Kiefer type representation of von Mises type for a sum of order statistics (cf. the
left-hand side of (2.7)). Theorem 2.2 also extends Lemma 4.3 from [11] (cf. also
Lemma 3.2 in [10]), where (2.7) was established for a fixed p, to the more gen-
eral case where p,, is a sequence which may tend to zero or one, as n gets large.
Note also that if both the conditions [A;] and [A3] are satisfied, then Theorems 2.1
and 2.2 and an application of the Borel-Cantelli lemma imply an almost sure result,
i.e. Rp(pn) = 0,5.(Ay) asn — oc.

Next we will state some consequences of Theorems 2.1 and 2.2 where the re-
mainder terms are given in a simpler form. Our first two corollaries concern Baha-
dur—Kiefer type representations for central (not intermediate) order statistics.

COROLLARY 2.1. Suppose that 0 < a1 < ag < 1, the condition [A1] holds
true, and the functions f = F' and g = G’ satisfy a Holder condition of order
a > 1/2 on the set F~Y(U). Then (2.4) is valid and

P(|Ru(pn)| > A(logn/n)**) = O(n™¢)
for each ¢ > 0, where A > 0 is some constant not depending on n.

COROLLARY 2.2. Suppose that the conditions of Corollary 2.1 are satisfied.
Then (2.7) is valid and

P(|Ru(pn)| > A(logn/n)*/*) = O(n™)

for each ¢ > 0, where A > 0 is some constant not depending on n.

To prove Corollaries 2.1 and 2.2 it suffices to note that the condition 0 < a1 <
az < 1 implies that [As] is automatically satisfied. Moreover, due to the condition
[A1] the density f is bounded away from zero on the set F~1([a; — §, ag + 4]) with
some 0 > 0, and hence the ratio g/ f satisfies a Holder condition of order o > 1/2
on this set. Then, an application of Holder’s condition to the function ¥, ./ ¢ (C)
(cf. (2.3)) proves both corollaries.

Next we state several corollaries for the intermediate sample quantiles pro-
vided some regularity conditions are satisfied.
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Note that the second terms of A, and ﬁn in (2.5) and (2.6), and in (2.8)
and (2.9), involving the functions ¥, /¢ (C) and ¥, ./ (C), depend on the
asymptotic properties of the ratio g/ f, and we can describe some sets of conditions
which enable us to absorb these second terms in the first ones. We will need the
following conditions:

. _ log 7, 1/4@
() Wy, (C)=0 ; (&) )

Tn

R logn\/* |g]
i wpn,g/f<c>=0<( ) f<5pn>).

n

(2.10)

Before describing some useful corollaries of Theorems 2.1 and 2.2 we state
the following Theorems 2.3 and 2.4 which can be seen as simple consequences of
those theorems, whenever the condition (2.10) is satisfied.

THEOREM 2.3. Suppose that r,, — 00 as n — 00, the condition [A;] holds
true, and G is differentiable on the set F~Y(U). Assume, in addition, that the
condition (i) in (2.10) holds true. Then the representation (2.4) and the relation
(2.5) are valid together with

logr \ ¥4 |g]
n ) 7(6[’71)7

An =A (pn(l _pn))l/4 < f

where A is some positive constant not depending on n.
Moreover, if in addition the condition [As] and the relation (ii) in (2.10) are
also satisfied, then (2.4) and (2.6) are valid with

logn\** |g]
n) 7(§Pn)

THEOREM 2.4. Suppose that r, — 00 as n — 00, the condition [A1] holds
true, and G is differentiable on the set F~(U). Assume, in addition, that the

condition (i) in (2.10) holds true. Then the representation (2.7) and the relation
(2.8) are valid together with

3n =A (pn(l - pn))1/4 (

87 5/4@(6 )
n Pn />

An =A (pn(l _pn))3/4 ( f

where A is some positive constant not depending on n.
Moreover, if in addition the condition [As] and the relation (ii) in (2.10) are
also satisfied, then (2.7) and (2.9) are valid with

B = A (pa(1 - p))*" (k’g")m””(ﬁ )
n n pn n f Pn /"
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Now we present certain sets of conditions sufficient for the relations (2.10) to
hold and, consequently, obtain some useful corollaries of Theorems 2.3 and 2.4.
Let SRV;LOO (SRV,;*°) be a class of functions regularly varying in +o0
(—o0) defined as follows: g € SRVPJroo (g € SRVP*OO) if and only if
(i) g(x) = +£|z|? L(x) for |x| > zo, with some zg > 0 (zg < 0), p € R, and
L(x) is a positive slowly varying function at 400 (—00);
(i1) the following second order regularity condition on the tails is satisfied:

1/2)

L
xr

21 9(e + D) — g(a)| = 0<|g<x>r '

when Az = o(|z]) as © — +oo (x — —00).
Note that (2.11) holds true for g if

’L(“Aﬂf)_l‘:o< o

1/2
() > as x — 400 (z — —00),

T

where L is the corresponding slowly varying function, and it is also satisfied (even
with degree 1 instead of 1/2) if L is continuously differentiable for sufficiently
large |z| and |L(z)| = O(L(x)/|z|) as & — +o00 (z — —o0), which is valid, for
instance, when L is some power of the logarithm.

COROLLARY 2.3. Suppose that p,, — 0 (p,, — 1), the condition [A] is satis-
fied, f € SRV, > (f € SRV;"’O),wherep =—(1+7), v >0,andg € SRV,
(g € SRV;"OO), where p € R. Then the condition (1) in (2.10) is satisfied, and if
in addition [As] holds true, then the condition (ii) in (2.10) is also satisfied. Hence,
both the assertions stated in Theorems 2.3 and 2.4 are valid.

We postpone the proof of Corollary 2.3 to Section 5.

Our final corollary concerns the case when the df F' and the function G are
twice differentiable.

Let us define the function v (u) := (g/f) o F~1(u), u € (0,1).

COROLLARY 2.4. Suppose that p,, — 0 (p, — 1), the condition [A] is satis-
fied, and assume that the functions f and g are differentiable on the set F~1(U).
In addition, suppose that

v'(u)[un (1 —u)]
(2.12) sup 0 ’ < 00,
and that
.13 o [N 0D
ul0 (ufl) v(u) ’

where o(1) denotes any function tending to zero when v | 0 (u T 1).
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Then the condition (i) in (2.10) is satisfied, and if, in addition, [A3] holds true,
then the condition (ii) in (2.10) is also satisfied. Hence, both the assertions stated
in Theorems 2.3 and 2.4 are valid.

Proof. The proof of Corollary 2.4 is straightforward. Let us take an arbitrary
C > 0, fix ¢ such that |t| < C, and put a(n) = \/(logr,)/r, when we prove the
relation (i) of (2.10), and a(n) = /(logn)/r, when we prove the relation (ii)
of (2.10) (under the additional condition [As]). In both cases we have a(n) — 0
as n — oo. Consider now the quantity |v (pn + t[pn A (1 — pp)]a(n)) — v (pn)|-
Since, for all sufficiently large n, p, and p, + t[p, A (1 — pn)]a(n) take their
values in the set U, the latter quantity is equal to

V! (pn + 0tlpn A (1 = pa)]a(n))
v (pn + 0t[pn A (1= pp)la(n))
L7 (pn + Otlpn A (1 = pp)]a(n))
v (Pn)

for some 0 < 6 < 1, which, because of the conditions (2.12) and (2.13), directly
yields (2.10). Thus the corollary is proved. =m

2.14) v (pn)l t[pn A (1 = pn)la(n)

] = O(v (po)](n))

REMARK 2.2. It should be noted that under the conditions of Corollary 2.4
we in fact have obtained somewhat stronger relations, namely:

(0 =0 (122) B )

Tn

B, (C) = O((log”)m e,)

Tn
(cf. (2.14)), which of course directly imply (2.10).

The following examples show that the conditions (2.12) and (2.13) hold true
in a number of interesting cases.

and

EXAMPLE 2.1 (Gumbel). Consider the distribution F'(z) =exp(— exp(—z)),
r € R, and let g(x) = x¥, where k € Z = {0,4+1,42,...}. In this situation we
have f(z) = exp(—x)exp ( — exp(—x)), while the inverse function is equal to
F~Y(u) = —log(—logu), u € (0, 1), whereas

[~ log(—log )"

f(F7'(w) = —ulogu, and v(u)=

—u logu
After some simple computations we see that
(2.15)
vi(u)[un(l—u)] uA(1—u) u/\(l_u)(1+logu).

v(u) U —log(—logu) u logu —u logu
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If u — 0, the first term on the right-hand side of (2.15) tends to zero and the second
term tends to —1. When u — 1, the first term is equivalent to

—k l—wu & 1
—log(—logu) log (1 + (u — 1)) log(—log u)

whereas, similarly, the second term is equivalent to

= o(1),

1—u u—1
logu  log (1+ (u—1))
Thus, (2.12) is satisfied in both cases, i.e. U = [0,&] (p, — 0) and U = [1 — ¢, 1]

(P — D).
To check (2.13) we write

=1xo0(1).

vi(u+[un(l—u)ol)) |log(—log(u+ [uA(1—u)o(1))) g

v(u) B log(—logu)
" U log u
u+[uA (1 —wu)]o(1)log (u+ [uA (1—u)o(l))

)

and arguing as before we see that the latter quantity is 1 + o(1), as u — 0 and as
u — 1 as well.

EXAMPLE 2.2. Let F(z) = (1 — exp(—2?))1(z > 0), v > 0, and let g(z)
=z, p € R. Now we get

F~'(u) = [~ log(1 — )]/, we (0,1),

and
_ [~ log(1 — )]/ _1 o1
V() = y[=1log(1 — w)]-D/7(1 —wu) 5[_ log(1 —w)) T/ 1@'
Then we obtain
viw fun(l—u)] p+1—7 uA(1—u) uA(1—u)
(2.16) v (u) B vy —(1—u)log(l —u) Ry

The first term on the right-hand side in (2.16) tends to the constant (p + 1 — )/~
as u — 0 and it tends to zero as u — 1, the second term tends to zero as © — 0 and
it tends to one as u — 1. Thus, (2.12) is satisfied in both cases as in the previous
example.

To check (2.13) we write

vt un (1—wo1)) [log (1 —u—[un(1—ulon)] ™

v(u) B log(1 — u)
» 1—-u
1—u—[un(1—u)o(l)
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Some simple computations now show that both factors appearing in the latter quan-
tity tend to one as u — O or as u — 1.

EXAMPLE 2.3 (Weibull). Let F(x) = exp(—z~7)1(x > 0), v > 0, and let
g(x) =z, p € R. Here we get

Flu) = [~logu] Y7, we (0,1), f(F Y(u) =(—logu) /7y,

and /
[— log u] =P/ 1 —( 1
= = “[—log(1l — pHY+/7 =
V(U) '7[_ log U/](’Y+1)/’YU ,7[ Og( U)] U
Then we obtain
2.17) Vi) uAnl—uw)] _ pty+lun(l—u) uA(l-—u)
’ v (u) N 0% u logu u )

If u — 0, the first term on the right-hand side in (2.17) tends to zero and the second
one tends to —1, and if u — 1, the first term tends to the constant (p + v + 1)/~
and the second one tends to zero. Thus, (2.12) is satisfied in both cases, i.e. u — 0
and © — 1. To check (2.13) we write

v (u +un(l-— u)]o(l)) _ log u (p+y+1)/y
v () ~ [log (w+[u A (1= w)o(1))

“ur [un(1—u)o(1)’

and simple evident arguments show that both factors here tend to one as v — 0 and
asu — 1.

EXAMPLE 2.4. Let f(xz) = Cyexp(—|z|7), v > 0, where C, is a constant
depending only on +, and let g(z) = £|z|?, p € R. It is clear that the asymptotic
behavior of the functions on the left-hand side of the conditions (2.12) and (2.13)
is similar to that in Example 2.2 (v — 1). Thus, these conditions are also satisfied.
Note that if v = 2, we are dealing with a normal law in this example.

EXAMPLE 2.5. Here we consider an example of a distribution with super
heavy tails having no finite moments. In contrast to Examples 2.1-2.4, in this
case Corollary 2.4 cannot be applied. In this situation, clearly outside the scope
of Corollary 2.4, it is easily checked that the assumption (2.12) obviously fails to
hold, whereas the condition (2.13) is also typically not satisfied either (the only ex-
ception would be the case where the term o(1) /(1 — ) appearing in (2.19) remains
bounded as u tends to one). Nevertheless, the conditions of Theorems 2.3 and 2.4
hold true under the additional assumption (2.20) about the rate at which r,, tends
to infinity, and the Bahadur—Kiefer representations (2.4)—(2.7) are still valid for the
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intermediate sample quantiles. We refer to Example 1 in Griffin and Pruitt [13] for
a closely related discussion.

Let F(z) =1 — C/logz for z > zp > 0, where C' > 0 is some constant.
Suppose for ease of presentation that p,, — 1 asn — oo, whiler,, = n — k,, — o0,
and let us assume that g(xz) = 2, p € R. In this case

Since p,, — 1, we are interested only in the case v — 1,80 u A (1 —u) =1 — u,
and after simple computations we obtain
V(W (1w  Clp+1)

(2.18) =it

which is not bounded as v — 1, and therefore (2.12) is clearly not satisfied. A sim-
ple analysis of the quantity on the left-hand side in (2.13) yields

v(u+[un(1—u)o(1))
v (u)

We infer that (2.13) is satisfied only if o(1)/(1 — u) remains bounded as u — 1.
However, despite the fact that the conditions (2.12) and (2.13) are not satisfied in
the present example, the relation (2.10) still holds true provided a stronger restric-
tion on the rate at which r, tends to infinity is imposed. Indeed, observe that in
fact (cf. the proof of Corollary 2.4) we evaluate the functions appearing in (2.12)
and (2.13) at the value u = p,, and choose o(1) = a(n) = \/(logry,)/ry, Where
in the present example r,, = n — k,, for all sufficiently large n, since we assume
that p,, — 1. Then we see that (2.14), (2.18), and (2.19) together imply that (2.10)

is satisfied whenever
1/4
a(n) O((logm) )
1—pn Tn .

aln)  n <logrn>1/2

1_pn_a Tn

(2.19)

= exp <C(p + 1)10(—1)u> (1+o0(1)).

Observe that

and the latter quantity is of order O ( ((log ) /) Y 4) , whenever the quantity

n <10grn>1/4 B n (logry,)/*

Tn Tn rg/ 4
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remains bounded as n — oo. Hence we can conclude that the conditions of Theo-
rems 2.3 and 2.4 are satisfied provided

4/5 1/5
(2.20) lim sup % < 00.

n—oo Tn

Note that [As] is satisfied automatically whenever (2.20) holds true.
Similarly, we see that a weaker relation (than (2.10)):

¥pa17(©) = o (6, )

(for every fixed C' > 0), is satisfied provided n2/3(log 7,)'/3 /1, — 0 as n — oo,
and this implies only the fact that (2.4) and (2.7) yield the representations (cf. Re-
mark 2.1) with remainder terms of negligible order.

To conclude this section define a binomial random variable N, = #{i : X; <
&p}. 0 < p < 1. Our proof of Theorems 2.1 and 2.2 uses the following fact: condi-
tionally on N, the order statistics X1.p, ..., Xn,, are distributed as order statis-
tics corresponding to a sample of N, i.i.d. r.v.’s with distribution function F'(x)/p,
x < &p. Though this fact is essentially known (cf., e.g., Theorem 12.4 in [15],
and also [11]), we give a brief proof of it in Section 6.

3. PROOF OF THEOREM 2.1

We can assume without loss of generality that as < 1/2. Then k,, < n — k,
for all sufficiently large n, and so it is enough to prove (2.4) with

log k, | */* log k)
G Ay=Ap/? (i) '?(fanBpi/Q (i) Vo901 (C)-

We begin with the proof of the first assertion of the theorem, where there is no
restriction on the rate at which k,, approaches infinity.

Let Uy,...,U, denote a sample of independent uniformly (0, 1) distributed
r.v.’s, and Uy., < ... < Uy, stand for the corresponding order statistics. Put

(3.2) N;n ={i: X; < §pn}> Ny, = i s Us < pn},

and note that &, ., = Xp,.n, (because p, = ky,/n).
We have to prove that P(|R,(p,)| > An) = O (k,©) for each ¢ > 0 (cf.

(2.4)), and since the joint distribution of Xy, .., N;“"n coincides with joint distri-

bution of F~Y(Uy,,.n), Np,, it is sufficient to verify it for a remainder given by

Ry(pn) = G(F Y (Uk,m)) — G(F(pn)) + W?(Em)-
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By Bernstein’s inequality, P(Uy,..,, ¢ U) = O(exp(—dn)) for some § > 0 not
depending on n (where U is the set defined in (2.2)), so we can rewrite Ry, (p;,) for
all sufficiently large n as

(3.3) %(5%) Ru1 + R,
where
(3.4) Ry = Ugyon = po + 2222
and
9 ¢ W) 9 B
33) Bz = [9(F 7+ 0000 = ) = £ (7 00)) | o — ).

0 < 6 < 1. Fix an arbitrary ¢ > 0 and note that we can estimate 1, ;, j = 1,2, on
the set

(3.6) E={w:|N,, —pan| < Ao(pnn logkn)/?},

where Ay is a positive constant depending only on ¢, because by Bernstein’s in-
equality P(Q\ E) = O(k,,©) (in fact, we can take every Ag such that A3 > 2c).
We will prove that

(3.7) P (Rl > A1(pa) "/ ((log k) /) ") = Ok )
and that
(8 P(|Razl > A2pa Wy, 4/(C) ((l0g k) /) *) = O7°).

Here and elsewhere A;,7 = 1,2,..., and C denote some positive constants de-
pending only on c. The relations (3.3)—(3.8) imply (2.4) with A,, given in (3.1).

First we prove (3.7), using a similar argument conditioning on /N, to that in
the proof of Lemmas 4.1 and 4.3 in [11].

Case 1. First let k, < N,,. Then conditionally on N,,, the order statistic
Uky,:n is distributed as the ky,-th order statistic Uy, .y~ of the sample Uf, ..., Uy
of independent (0, p,,) uniformly distributed r.v.’s (cf. Lemma 6.1 in the Appendix).
Its expectation is of the form

E(Ukn:n ‘ anv kn < an) = Dn W7

and the conditional variance equals

e an+2 an+]‘ an+1 ’
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and on the set ' we have an estimate V2 < Ao(py)'/? n=%/2log"/? n. Then rewrite
R, 1 (whenever k,, < N, ) as

k
3. m T Pn = . )

where R/, | equals

k:n an — Pnl _ (an — kn)2 an B kn kn
Pn-——F —Pnt = + - )
Np,, +1 n n(Np, +1)  n(Np, +1)  n(Np, +1)

and on the set E the latter quantity is of order O ((log k;,)/n). Since (log ky,)/n =

o(p}/ 4((log kn)/m) 8/ 4), the remainder term R, ; is of negligible order for our
purposes. For the first two terms in (3.9) we have
(3.10)
k log ki \ >/
P< Uknn—pn ]\fpnn—|—1’ >A1(pn)1/4 <nn> |an : kn < Pn
k log Ky, \ */4
=P( Ul .n. —Pn | > Ai(pn)V* [ —2 =P +P
<‘Ukn-NPn Dn an+1’ > 1(pn) n 1+ I,

where N, is fixed, k,, < INp,,, A is a constant which will be chosen later, and

k log Ky, \ */4
P =P(Uj . n Ap(po)tH [ =2 :

n

k log kp \ >/
P =PlU SR — Y 1/4 ( 2o ftn '

We evaluate P, the treatment for P5 is similar. Consider a binomial r.v.

(3.11)

! S / kn 1/4 log kn 3/
S = 1:21 1p,, where D;= {Ui:an <Pn N, +1 + Ai(pn) (n) },
with parameter (g, Ny, ), and
_ k log k,, \ */*
gn = Mmin <1,]\[pnn_‘_1+tn>, t?’L:A]_( inn) .

If ¢, = 1, then P, = 0 and the inequality we need is valid trivially. Let g, < 1 and
let S, denote the average S}, /N,, . Then the probability P is equal to

— k k
12 P(S" <k,)=P(S, —q, o "t ).
(3.12) (Sp < kn) (S Gn < N, N, +1 )
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Note that

_ — < ,
an an + 1 Np (an + 1) an

n

and since the latter quantity is of order o(t,ky, Y ) = o(t,) on the set E, for our
purposes this term can be omitted on the right-hand side of (3.12) in our analysis.
To evaluate P(S}, — g, < —t,,) we note that g, — t, = kn/(Np, +1) € (0,1),
and that ¢, > 1/2 for all sufficiently large n (and hence k, and N, ) on the
set E. So, we may apply the inequality (2.2) of Hoeffding [14] with ;1 = ¢,, and
with g() = 1/(2p(1 — ). Then we obtain

(3.13)

3/2
P(S), < kn) < exp (—Np,t29(qn)) = exp < -

Ny, AL ((log kn) /kn) >
QQn(l - Qn) )

Finally, we note that

3/4 B
kn, Y <logkn> < Np, +1—kp

1—gn=1-
n N, +1 i N, +1

and on the set F the latter quantity is not greater than

Ag(ky log k)2
Np,, .
Then we can get a lower bound for the ratio on the right-hand side in (3.13):
3/2
N, A2((10g k) /1n) > _ AINZ ((log k) /hu) /
201 —an) T 240(knloghy)!/2
A2 N, \? A2
= —Llogk, [ =2 ) = —Llogk,(1+o(1)).
2A00gk<kn> 2Aooglc(—i-o())

This bound and (3.13) together yield that when A2 /(2A0) > ¢, the desired relation
Py = O(k,,©) holds true. The same argument is valid for P».

We note in passing that an application of a refinement of Hoeffding’s inequal-
ity due to Talagrand [22] (cf. also Leon and Perron [19]) does not allow us to
weaken the condition A2/(2Ag) > ¢ which was needed to establish the desired
estimates.

Case 2.Incase N, < k,, we use the fact that conditionally on N, the order
statistic Ug,,., is distributed as the (kn, — Ny, )-th order statistic Uy, _y .,y —of
a sample U{, ..., U/ _ N, from (1 — pp, 1) uniform distribution, its expectation

is pp + (kn, — Np,)/(n — Np, + 1), and for the conditional variance we have the
following upper bound:

Van—an < AO (pn log kn )1/2 77’73/2‘
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In this case we use a representation for Ry, 1 = Ry, | + R}, 5, where
kn — N,
/! n Pn
=Upn—Pn — ———"—(1—1py),
n,1 knn = Pn n— N, + 1( Pn)
and N, kn, — N,
—_— ”’L —_—
ho = PR (1 py),

n n—Np, +1
As in the first case we have that R;, = O((logky)/n) with probability
1 — O(k,,¢), and this term is of negligible order for our purposes. Using Hoeffd-
ing’s inequality we obtain for R ; a similar bound to that for R/, ;. So (3.7) is
proved.

It remains to prove (3.8). First note that by (3.7) on the set £ with probability
1 — O(k;,©) we have

k, log k,,)1/2 log K, \ */4
’Ukn:n - pn| < AO(Ogn) + Alpn (Og>

kn

— Ay (pn log ’fn> 1/2(1 +o(1)).

n

Thus, there exists Ay, depending only on ¢, such that

1/2
) \I/pn,g/f(A2)

with probability 1 — O(k,,;€). This implies (3.8). Thus, the first assertion of Theo-
rem 2.1 is proved.

To prove the second assertion, it is sufficient to repeat our previous arguments
replacing log k,, by log n throughout the proof, and applying the assumption [As]
instead of using the elementary fact that (log k,,) /k, — 0 used before. Moreover,
we should now use the function \/I}pm »(C) instead of ¥,, 1,(C'). These changes lead
to bounds with probability 1 — O(n~°¢) for each ¢ > 0. This completes the proof
of the theorem. m

log k,,

|Rp 2| < A2 (pn
n

4. PROOF OF THEOREM 2.2

We give a detailed proof of the first assertion of Theorem 2.2. To prove the
second assertion it clearly suffices to make similar changes to those given in the
proof of the corresponding part of Theorem 2.1, so we omit the proof of part (ii) of
Theorem 2.2.

Let N and N, be given as in (3.2). Then we can rewrite the integral on the
left-hand side of (2.7) as

sgn ro— kn anfon
M 3 (G(Xi:n) — G(fpn))a

n i=(knANZ )+1
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where sgn(z) = x/|z|, sgn(0) = 0. Let us adopt the following notation: for any
integer k and m define a set

Iy :=={i: (kAmM)+1<i<kVm}

and let
kvm
Y. (i=sgn(m—k) > ()
iEI(k’m) i=(kAm)+1
Then we have to estimate
1 (NZ — pnn)?
Rapr) =~ % (G(Xun) = G(&,) + 55 (5,)

(cf. (2.7)), and as in the proof of Theorem 2.1 we can note that R, (p,) is dis-
tributed as

1 B _ Ny, — pnn 2
@) LY (o U -G o P )+ Do Pl 9 e
icl, 2n f
(knNpp,)
= g(&pn)anl + Rn727
f
where )
1 Np,, — pnn
Rui=— >  (Uin—pn)+ (7327#71),

n .
1€l (kpy ,Np,y)

Rn,Q = l Z |:g oF~! (pn + ez(Uzn _pn)) - % o Fﬁl(pn) (Uzn _pn)a

" i€l N !

0<6; <1li€ Iy, n,, ) Asbefore (cf. the proof of Theorem 2.1) we can assume
without loss of generality that as < 1/2. Then we need to prove (2.7) with

@ A= apys(1o8ka)" lg Bp 2y
. n — pn T 7(5}%)"" pnT pn:g/f( )

Fix an arbitrary ¢ > 0 and prove that

4 logky, 5/4
log kn, e
(4.4) P |Rn72| > Agpn T\I/pmg/f(AQ) = O(kn ),
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where A; > 0,7 =1,2,..., are some constants depending only on c. The relations
(4.1), (4.3) and (4.4) imply (2.7) with A,, as in (4.2). As in the proof of Theorem 2.1
it is enough to estimate 12, ;, j = 1, 2, on the set

E = {w: |Ny, = pan| < Ao(pnn log kn)'/2},

where Ap > 0 is a constant, depending only on ¢, such that P(Q \ E) = O(k, ).
First we consider 2, ». Note that

max |Upp —pn| = ‘Ukn:n —pnl| V |Uanzn —pnl V ‘Uan—i-l:n — Pl

ie]<kn’NPn>

P([Uk,in = pal > Ao((pnlogkn)/n)""*) = O(k®)

(cf. the proof of Theorem 2.1), and for j = Np,..., , Np,,., + 1 simultaneously we
have

n

_ P<U1m > Ay 10*?’““) - (1 R k”) = O(k>°)

n

log k., log k;,
P<’Uj:n_pn‘ > Ay g ><P<Uan+l:n_Uan:n>A1 i >

for A; > c. Since (log ky,) /n = o((pn log ky) /1) 1/2, on the set £/ we obtain

1 2 1/2 ( Pn logkn 1/
|Rn72 < n\IJpn,g/f(AO)AO(pn nlog kn) 771
log k,,
= Agpnin \Ilpn,g/f(AO)

with probability 1 — O(k,, ©), and (4.4) is proved.

Finally, consider R,, 1. Note that conditionally on N,,,, k, < N, the order
statistics Us.p,, by, < @ < N, are distributed as the order statistics U{: Ny, from
the uniform (0, p,,) distribution (cf. the proof of Theorem 2.1), their conditional
expectations are equal to p,[i/(Np, + 1)]. Then in the case k, < N, (the proof
for the case N, > kj, with respect to the interval (1 — pj, 1) is similar to the proof
of Theorem 2.1, and we omit the details) we rewrite R,, 1 as

4.5) Ryt = % U; L
. n,l — n e N Pn an + 1 n,1s
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where
, 1 Nen 7 (Np,, — pnn)?
ma=y 2 () et
kn (an — kn)(an — kn — 1) (an — kn)2
T on? 2 (N, +1) 2n2
(an — kn>2(an +1- kn) kn<an — kn)
- 2 (N,, + 1)n? ~ 2(N,, + 1)n?’

and on the set E the latter quantity is of the order

1/2 3/2 5/4
n (log ky log kp,
O R — o (FEE) ),

ie. R;l’l is of negligible order (cf. (4.3)) for our purposes.

It remains to evaluate the dominant first term on the right-hand side in (4.5).
Fix an arbitrary ¢; > ¢+ 1/2, and note that conditionally on N,,, the variance of
Uin (kn+1 <1< Np,)isequal to

1 1 1
‘ (pn) an+2 an+1 < an—"_l)’
and on the set E this quantity is less than

5 Aoky/* (log k) /2
(pn) N2 9

Pn

and
Vi < pudy*k/*(log kn) /[N, < Ay *pub*/* (log k) /4
< Aé/2 (pn)l/4n73/4(10g kn)1/4.
Using Hoeffding’s inequality (as in the proof of Theorem 2.1), we find that

i

where A; depends only on c; (in fact, this is true for every A; such that A? >
2A061). Thus

1 - 3/4
Uin ‘ > Al(pn)1/4 <Ognk> }an: kn < NIM) :O(kgc)a

)
7pann+1

(4.6)
1| Nen i log &y, \ */4

o Ui — D AgAq(p,)3/4 [ =22 N, : k,<N
<” zzkn( nP an+1)‘> 041(pn) n 2. o

< Ag(knlog kn) 2 O(k¢) = O(k7°).

n

Combining (4.5) and (4.6) and using similar estimates for the case IV, < kj, we
arrive at (4.3). Thus the theorem is proved. m
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5. PROOF OF COROLLARY 2.3

Suppose that p,, — 0 as n — oo; the case where p,, — 1 as n — oo can be
treated in a similar fashion and is therefore omitted. We will establish the relations:

1 kn 1/4
‘ljpmg/f (O) = O<< Oin > |5}|(£pn)>7

$ (C)zO((lOgn>1/4M(§ ))
pn,g/f kn f DPn N

Let log(+) denote log k,, when we prove the first relation in (5.1), and log n when
we prove the second one. Since we will need only the relation log(-)/k, — 0,
which is evident in the first case and is valid by [As] in the second case, this simple
observation will allow us to prove both the assertions in (5.1) at the same time.

Define x,, = F~!(p,) which approaches —oo as n — oco. Fix C' > 0 and for
a fixed ¢ such that |t| < C, put

Axy = F~1 (pn n t\/pnbgn(.)) gy, = F! <pn (1 it lolif')» — iz,

First we prove that (Ax,,)/x,, — 0 as n — oo. Due to the smoothness condi-
tion [A;], for all sufficiently large n we may write

(5.1)

Ay _ 1 £ 1/paioe0)
T f(F (pa(1+ 01y R Mog() '
. F(F~Y(pn)) log(")

Tnf (@) 1(F=1(p, (1 + 011 ke Nog())) !

where 0 < 6 < 1, and since due to the condition of regular variation we have
f(@n)xn ~ =y F(2n) = —vpn  aszp, — —00
(cf.,, e.g., Bingham et al. [3]), the latter quantity is equivalent to
L), T
- n
VP f(F7H (pa(1+0(1)))) n

1 JE ) [log()
VFE (pa(l+0(D)) | kn

It remains to show that

f(F_l(pn))
F(F=H (pa(1+0(1))))

=1+ 0(1).
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Since f € SRV:&OM), for all z < xg < 0 we have f(x) = ||~ (") L(z), where

L(x) is a positive function slowly varying at —oco. Moreover, the inverse function
F~1(u) is regularly varying at zero, i.e. F~(u) = u='/7L;(u), where Ly (u) is a
corresponding function slowly varying at zero. So, for sufficiently large n, we have
F(F~(pn))
F(EH pa(L+0(1))))
[P La(pa)) O L(F L (p)
B -1 -1
{1+ 0()) " La(pa(1+ o(0))] T ILIF (a1 +0(1)))
L(E~ (pn)) Lipn " Ly(pn)]

TLF T (pa(1+00))) T L(pa(1 +0(1)  Li(pa(1 +o(1))] '

Thus, [(Azy)/2,] = O(y/kn  log(+)).

Finally, we obtain a bound for |(g/f)(xzn + Azy) — (g/f)(xy)| for an arbi-
trary fixed C' > 0 and |t| < C, as n — oo. Due to the relation (2.11) which holds
true for the density f as well as for the function g we have

gxn Amn—gmn
]f< + ) = 4z

_ ‘f(xn)[g(xn + Azy) — g(zn)] — g(@n)[f (@0 + Dzn) — f(20)]
f(xn + D) f(2n)

1/2>
f(@n)

1/2
f(@n) + [f(@n + Axy) — f(20)] )

1 Az, |2 gl

(5 ()" s ce

The latter bound yields (5.1). Thus the corollary is proved. =

f(zn + Azy)

Az,

|
Q
=

(zn)

K

YA

Tn

)

Q

Az,

Tn

I
Q

Il
Q
/\/—‘:/—\
/Q_
3

1/2>

o -

|
Q
~

6. APPENDIX

As before, let N, = t{i : X; <&, i=1,...,n}, where 0 < p < 11is fixed.
We prove that conditionally on NN, the order statistics Xi.,, ..., XN, are dis-
tributed as the order statistics corresponding to a sample of IV, i.i.d. r.v.’s with dis-
tribution function F'(x)/p, x < §p. Let Uy, ..., U, denote a sample of independent
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uniformly (0, 1) distributed r.v.’s, and Uy.,, < ... < Uy, be the corresponding or-
der statistics. Put N, , = #{¢ : U; <p, i =1,...,n}. Since the joint distribution
of the pair Xj.,,, IV, is the same as the joint distribution of F~YUsp), Ny, it
suffices to prove the assertion for the uniform distribution.

LEMMA 6.1. Conditionally given Ny, ,, the order statistics Uy.p, ..., UN, ,mn
are distributed as the order statistics corresponding to a sample of Ny, ,, indepen-
dent (0, p)-uniformly distributed r.v.’s.

Proof. (a) First consider the case where IV, , = n. Take arbitrary 0 < u; <
. < u, < p and note that

P(Ulzn < Ur, ...,y Un:n < un)

P(Ulmgul,...,UNp’u;n<un\N,u:n): o
up  u2

— f f fn dridxs...dz,,

u1 Up—1

where the latter expression is nothing but the joint df of the order statistics corre-
sponding to a sample of n independent (0, p)-uniformly distributed r.v.’s.

(b) Next consider the case where N, , = k < n. Let F; ,(u) = P(Uj., < u)
be a df of i-th order statistic, and put

Then we have

(6.1) P(Un < ut,...,UN,in < Up | Npu = k)

_ P(Ulzn < UL, .- Uk n < Uk, Uk+1 n > p)
P (k) ‘

The probability in the numerator on the right-hand side of (6.1) is equal to

1
IP(Ulzn S Uty Upin < uk|Uk+1n - U) dFk+1 n( )
p

and by the Markov property of order statistics the latter quantity equals

f< fm j’m fukda;lda:Q...dzk)dFkH,n(u)

p Uk—1

Uy U2 Ug 1 1
(f [ dz:ldxg...dmk> [ P ).
p

Uk—1
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Since

kj‘idF ()_ k:j‘ (l_v)nikil dv = n kz(l_ )n_k—P(k‘)
pp'Uk k+1,nv—p pB(k—i‘l,n—k') v = kfp p - n 9

where B(k + 1,n — k) = k!(n — k — 1)!/n!, we see that the conditional probabil-
ity in (6.1) is equal to

u1 U2

k! o
— f f f dxq dxs . . . dxy,
p 0 ul

Uk—1

which obviously corresponds to the (0, p)-uniform distribution. Thus the lemma is
proved. m
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