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Abstract. We construct a product of Hilbert spaces and associated
product of operators, which generalizes the boolean and the free products
and provides a model for new independence. The related Central Limit The-
orem is proved.
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1. INTRODUCTION

In classical probability random variables are real-valued functions, in par-
ticular they commute, and the notion of (their) independence is unique. In non-
commutative probability random variables are (self-adjont) elements of a *-algebra
with a given state, and they (usually) do not commute. Thus there is a need to study
new notions of independence, which would allow one to drop the commutativity
property. Such notions have been invented, the most fruitful being free [7], mono-
tonic [6], and boolean [1] independences. In this framework one studies properties
analogous to classical probability, like limit theorems, infinite divisibility, etc.

In this paper we investigate new construction of noncommutative random vari-
ables, which satisfy some condition of independence and for which we prove
related Central Limit Theorems. The random variables are indexed by partially
ordered sets and in special cases lead to boolean or free independence. By this we
mean the situation where random variables are freely independent if their indexes
are from a totally ordered set (i.e. where any two elements are comparable), and
are boolean independent if the index set is totally disordered (i.e. where any two
elements are incomparable).
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The paper is, in a sense, a continuation of our previous studies of independence
of noncommutative random variables, which are indexed by partially ordered sets.
There we investigated combination of the monotonic and boolean independences
(which we called the bm-independence, cf. [5] and [8]-[10]).

Our noncommutative random variables are operators on a Hilbert space, which
is a product (called the bf-product) of (given) Hilbert spaces, indexed by a partially
ordered index set. For such random variables we formulate and prove related Cen-
tral Limit Theorems (bf-CLT). When formulating a bf-CLT for random variables,
which are indexed by a partially ordered set, one encounters the problem of rea-
sonable formulation of it. In classical CLT one considers normalized partial sums
of the form

1 N
SN = = ZXka
N =1

where X are i.i.d. with mean zero and variance one. This formulation involves
the total order of the index set N of positive integers, where the summation is over
integers from the interval [1, N] C N and the normalization is by the square root
of the number of elements.

In this paper we study one type of examples of partial orders, given by positive
cones IT = II; in Euclidean spaces V = V; (d = 1,2,3,...), where R? =TI C
V = R<. In these spaces we define discrete lattices I; = N¢ C II, which play the
role of N in the classical CLT.

Our main result is Theorem 3.1, the bf-CLT for V = R¥. It states the conver-
gence in moments of (normalized partial sums of) our random variables to a sym-
metric probability measure on R (the bf-CLT measure). Two crucial ingredients of
the proof of the bf-CLT are the reduction to the bf-ordered non-crossing pair parti-
tions (Section 3.1) and the observation linking the limit problem to homogeneous
polynomials (Lemma 3.1).

2. CONSTRUCTION OF THE bf-FOCK SPACE

2.1. Partially ordered sets. Let us recall that a set X is partially ordered by a
relation < if the relation is:

1. reflexive: £ < Eforall € € X,

2. antisymmetric: £ < nandn =X Eimply € =nforall{,n € X,

3. transitive: £ < nandn =X pimply £ <X pforevery £,n,p € X.

In general, for two elements £, € X we shall write & < 7 (or, equivalently,
n = &) if &€ < n and £ # n. Moreover, if the two elements are comparable (i.e.
either £ < norn = ), then we shall write & ~ 7; otherwise, we shall write £ ~ 7.

For a chain A in X (i.e. a totally ordered subset A C X) and a £ € X we
shall write { ~ A if £ ~ 1 foralln € A, ie. if AU {&} is again totally ordered.
Otherwise we shall write £ » A.

Natural examples of partially ordered sets are defined by positive cones in
vector spaces. Let us recall that a subset IT C V of a real or complex vector space
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V is a positive cone if it is closed under addition (i.e. u, v € Il implies u + v € 1I)
and under multiplication by positive scalars (i.e. v € Il and A > 0 imply Au € II).
The partial order <7 on the vector space V is defined by the positive cone II in the
following way: for u,v € YV we putu 2y vifv —u € IL

In this paper we shall deal mostly with the case of positive cones in the Eu-
clidean spaces V = R? with natural IT = (R )%. The other cases of the symmetric
positive cones in Euclidean spaces, classified by Faraut and Koranyi in [3], will be
treated elsewhere.

2.2. bf-product of Hilbert spaces and bf-extensions of operators. Let X’ be a
partially ordered set with the partial order <, and let {H, = Hg DCN: e X}be
a family of Hilbert spaces, indexed by elements of X, with a common unit vector §2
(orthogonal to each subspace Hg).

DEFINITION 2.1 (bf-product). The bf-product of the family {H; : £ € X'} is
the Hilbert space H spanned by (2 and all simple tensors of the form hg¢, ® heg, ®
@ he, € Hgl ®H22 ®...®H2m, where {&1 # & # ... # &} is a chain,
ie. § ~ ¢ forall 1 <, j < n and the scalar product is defined as

(hey @ hey @ ... @ he,, [hg, @ g, @ ... @ h ) = O - .Hl<h5j|h/€j>Hsj'
]:

REMARK 2.1. This definition differs from the bm-product of Hilbert spaces
defined in [8], where we allowed only decreasing indexes &1 > &2 > ... > &n.

Let A¢ € B(H¢) be a bounded operator on the Hilbert space He (§ € X). We
define its bf-extension onto H in the following manner.

DEFINITION 2.2 (bf-extension). For a { € X the bf-extension operator A¢ €
B(H) of A¢ € B(H¢) from H¢ onto H is defined as follows:
21D AQ:=A0=0aQ+ge, ac= (A Ny, €C, g € HY,
. _ 0
(2.2) Agh& = Agh& = aéQ + hlf, CLI& e C, hé S Hﬁ?
(2.3)  Achy = ag - hy + ge ® hy if € ~nand & # .

Moreover, for &, 71, ..., 7m € lland by, € Hy ... by, € H) we set

Q4) Ae(hy @ ... @ hy,) = (Achy,) @ hy, @ ... @ hy,,
=ag -y ®...Qhy, +hg@hy, @ ... hy,

if & =m~{n2,...,0m}:

25) Ag(hy ®...®@hy,) = (A) @by, @...Q hy,
=ag - hy ®...Qhy, +9c@hy @...Q hy,
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if¢ #mand € ~ {n1,...,nm}; and
(2.6) Ae(hy, @ ... @ hy,,) =0

if & {m,....,nm}

The notation bf (abbreviation for boolean-free) is justified by the fact that, in
particular cases, the extension operators are boolean independent (if X is totally
disordered, i.e. every two elements are incomparable) or free independent (if X is
totally ordered, i.e. every two elements are comparable). These properties require
considering the vacuum state ¢ on B(H) (bounded operators on ), defined as

p(A4) := (AQ|Q).
It is immediate to see that if A is self-adjoint, then A is self-adjoint too.

THEOREM 2.1. Let H be the bf-product of a family of Hilbert spaces {Hy :
&€ X} and let {A¢ : £ € X} be a family of algebras of bf-extension operators.
Then the following holds:

(B) If the index set X is totally disordered, then the bf-extension operators
{A¢ : £ € X} are boolean independent, i.e. they satisfy the condition

(2.7) P(Ag - Ag,) = p(Agy) .- 0(Ag,,)

forany &, ..., &m € X and any A¢, € Ag,, ..., Ag,, € Ag,,.

(F) If the index set X is totally ordered, then the bf-extension operators { A¢ :
& € X'} are freely independent, i.e. they satisfy the condition: for any A¢, € Ag,,
ooy Ag € Ag L if 0(Ag) =0 forall § € X, then

(2.8) O(AgAgy .. Ag,)) =0 forany & # & # ... #En € XL

Proof. For the proof of the condition (B) let us assume that X is totally
disordered. Observe that, for a given &,n € X, if A4,Q = a,Q2 + g, with g, €
H), then & »~ 7 implies A¢g, = 0, and thus A¢A,Q = a,acQ + ge. Hence, by
induction, one can easily show that

Ag .A{ Q:agl...ang—l—g&l,

1" m

where ag, 1= p(Ag,) = (A¢;QQ) and A, Q = ag;Q+g¢, (j = 1,...,m). There-
fore, using g¢, L €2, we get

QO(A& .. .Agm) = <a£1 .. .ang +g§1\Q) =ag ...a¢, = QD(A&) . gO(Agm).

For the proof of the condition (F) let us assume that cp(AEj) =0forl <j<
m, and that X’ is totally ordered. To compute ¢(Ag, ... Ag,,) we analyse the con-
struction of the vector Ag, ... Ag, (). By the assumption we have A ) = g¢, €
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Hgm forall j =1,...,m, sousing & ~ & ~ ... ~ &, and (2.5) one gets by
induction
Ae, ..

J

.Ang:g§j®...®g§m

for all 1 < j < m. Therefore,
A£1 t 'AgnLQ = g§1 ® te ®g§'m J‘ Q’

which implies p(Ag, ... Ag,) =0. =
3. BOOLEAN-FREE TYPE CLT FOR EUCLIDEAN SPACE

In this section we consider the vector space X := R? and the positive cone
MI=1z:={(a1,...,aq) € V:0<ai,...,0 < aq} for a given positive integer d.
Then the partial order < on R? is defined explicitly as follows: for (a1, ..., aq),
(b1,...,bq) € R? we have (ay,...,aq) < (b1,...,bg) if and only if a3 < by, ...,
Qaq < bd.

3.1. bf-ordered pair partitions. For further considerations we need some com-
binatorial preparation regarding partitions with blocks indexed by elements of X'.
We shall use the notation N'C(2n) (resp. N'C2(2n)) for the set of all (resp. pair)
non-crossing partitions of the set {1,2,...,2n}. Recall that a block B={a <b}
€V € NCy(2n) is called outer if there is no other block B’ = {a’ < b'} € V such
that a’ < a < b < b'; otherwise the block is inner. Thus, a partition V € N Cz(2n)
has only one outer block if and only if it contains the block {1, 2n}.

DEFINITION 3.1. We say that a sequence of k blocks (B, ..., B;,) (with
B;; = {aj,b;} for 1 < j < k) of a partition V € NC2(2n) is a maximal descend-
ing sequence if the following holds. For every 1 < j < k — 1 we have:

(1) aj < ajt1 < bj+1 < bj;

(ii) there is no other block B = {c¢,d} € V such that a; <c<aji1 < bjy1 <
d< bj;

(iii) there is no other block B = {c,d} € Vsuchthat c<aj<a;1 < bj11 <
bj<doraj<aj+1 <C<d<bj+1 <bj.

For a pair of blocks (B;;, B;,.,) which satisfy the conditions (i) and (ii) we
shall use the notation BZ-]. — Bij .15 (iii) ensures maximality.

It will be convenient to order the blocks of a non-crossing partition by their
‘left legs’ (i.e. the minimal elements) defined as min(B;) = a;; when Bj ={a;1 <
o< ags; }. The block B; will denote the one that contains 1. In general, the nota-
tion V = (By,. .., By) will mean that min(B;) < min(Bj41) for1 <j <k — 1.

DEFINITION 3.2. We say that a sequence ({1, &2, ..., &2,) of elements from
X is associated with a partition V = (B, ..., By) € NC(2n) if for every 1< j
< k there exists the label £(j) € {&1,&2, ..., &on} suchthat B; == {1 < s < 2n:
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& = &(j)} (we shall denote this by B; - £(j) or £(j) - Bj). In other words, the
blocks are labelled by the elements.

DEFINITION 3.3 (bf-ordered partitions). A sequence (&1, .. ., {25, ) of elements
in X establishes a bf-order on associated partition V = (B, ..., B,) € NC2(2n)
if for every maximal descending sequence B;, +— ...+ B;, of blocks, the asso-
ciated labels £(1) 4 B, ..., &(k) 4 B;, form a chain, i.e. £(s) ~ &(t) for every
1 < s,t < k. In particular, every element ; in the sequence has to appear exactly
twice.

3.2. bf-Central Limit Theorem. Consider the family {J¢ : £ € I} of subsets
of I := N¢ (where Ng := {0,1,2,...}) with £ := (a1, az, ..., aq) € I, and de-
fined by J¢ := [0, NNg = {¢' € Nd : ¢ < ¢}. This family is increasing (& < &
implies J¢ C J¢), and satisfies Ugeld J¢ = N4 Thus it can play the same role
in R? as N plays in R in the classical CLT (where one considers the summation
(1/vVM) ngM X, foriid. Xi, Xs,...). In our formulation of bf-CLT we shall
replace this by

1 1
Sem X Ag=—— 3 Ag
Vel §=e Jel eleq,
for the family of bf-extension operators {A¢ : £ € I3}, and we shall consider the
limit £ — oo in the sense that aq,...,aq — oo.

THEOREM 3.1 (bf-CLT for bf-extensions). Let {A¢ : £ € Iy} be a family of
self-adjoint bf-extension operators on the bf-product H and let  be the vacuum
state. Assume that (A¢) = 0 and go(Ag) = 1 for every & € 1. Then, for every
n € No, limg_.o0 ¢((S¢)?" 1) = 0. Moreover, there exists a sequence (gn(d))zozo
of real numbers such that for n € Ny there exists the limit

(3.1) gn(d) == 613]5)10@((55)2") = lim go([i]d 3 Ag} 2n>.

£—o00 SIGJg

The sequence is the (even) moment sequence of a symmetric probability measure
q on R:
+00 +oo
gn(d) = [ 2*" pa(dz), 0= [ 2! py(dz)
—0oQ —0o0

forn=0,1,2,...

Proof. For the proof of the theorem we first use standard quantitative ar-
guments (see [5] and [10]) to reduce the statement to summation related to non-
crossing pair partitions with bf-order. Namely,

. 1
§—o0 [ J¢] DENCE (J¢)
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where the summation is over all b£NC (J¢) sequences (£],&5,...,&,), i.e. se-
quences of elements &1, &5, . . ., &, € J¢, which are associated with partitions from
NC2(2n) on which they establish bf-order. Under these conditions and by the as-
sumptions we have go(Agi Agy .. Aﬁén) = 1 since then there is the product formula

n

p(AgAgy .- Ag ) =11 @(Aggj) =1,

J=1

where {&; ..., & } = {&],...,&,}. Hence proving (3.1) is reduced to showing
that, for each n € N, there exists the limit
. [oENCH(J¢)|
(3.2) gnld) = Jim =
Thus we need to estimate the numbers d,(§) := |[b£NCE (J¢)| for & — oo.

We split the proof into several lemmas, and, for simplicity of the notation,
shall present the proofs for the case d = 2. This does not restrict the full generality
of the theorem (see Remark 3.2).

We first describe the behaviour of the number of ‘nested’ partitions. With this
aid, we estimate the cardinality of the set of sequences with one outer block. Fi-
nally, we look on the behaviour of d,, (&) as { — oc.

Below we shall frequently use the following technical result (cf. Faulhaber’s
formula in [2]):

Y
(3-3) > (y = o)™ = y(k,m)y" T+ O ().
c=0

Indeed, by Faulhaber’s formula we have

S -aken = 3 <’“.><—1)J‘yk—j 3 i

J

=0 =0 =0
_ [Z <k> (—1‘)3' ]ym+k+1 n 1 i <If>(_1)jyk+m
i—o\J/m+j+1 2.3 \J

J
= y(k,m)y" "+ O(y™ ),
where Bj}.’s are Bernoulli numbers, and

v(k,m) = i (;{) CLy

iz m+j+1
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DEFINITION 3.4. Let 7 belong to b£NC%(J,) and be of the form

(34) ﬂ-:(517627"'7£t771—/7§t7"'7£27§1)7
7' € bENCY ' (J,). Then we call 7’ a bfNC-subsequence nested at the depth t
under &1, ...,&. Given a sequence p > & > ... = & > 0, the number of all

b£NCh*(J,)-subsequences nested at the depth ¢ under &1, ..., & will be denoted
by cnlpl(§1 - - = &).

REMARK 3.1. If we omit the assumption about the decreasing ordering of
elements &1, . .., &, then the number of all becgft(Jp)—subsequences nested at
the depth t under &1, ..., & equals t! - ¢t [p] (& = ... = &).

DEFINITION 3.5. Let us denote by bfNC3  (J,) the collection of all sequences
in b£NC% (J,) such that the associated non-crossing pair partition, on which the se-
quence establishes bf-order, has exactly one outer block. Let B)(n) = B, (n,d) :=
[b£NCY; (J,)| denote the cardinality of the set.

LEMMA 3.1. Let n be a fixed integer. For any t < n we have

(35) ny,[p](é-l IR ft) = Pn,t(v()?Ula .. 'avt) +pn,t($07y07$17 s 7xt)yt))

where
_ n,t ko k
P t(vo,v1,...,0) = > W g V0 vt

ko+...+ki=n—t

is a homogeneous polynomial in t 4 1 variables of degree n — t and

Uj :VOI([fj,fj_H]), jZO,l,...,t.

Moreover, py, 1 is a polynomial in 2t + 2 variables v; = aj — ajy1,Yy; = bj —bjq1
of degree at most 2(n — t — 1), where & = p, &1 = 0, & = (a4, b;) for i =
0,...,t

Proof. We proceed by the inverse induction on . For t = n — 1 the only
b£NC3(J,)-subsequence will be related to the partition 7’ = {n,n} with  com-
parable to all &;’s. Thus

d
APl G = = G) = T G === Y 1
J=0m:€541<n=E;

d
=2 (aj —aj11)(bj = bjy1) =vo+ ...+ v
§=0

is homogeneous of degree one, and p,, ,—1 = 0.
Let us now assume that for any (¢ + 1)-elements ordered sequence in [0, p] the
number ¢}, [p] (&1 = ... = &41) is of the form (3.5).
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Let & = ... = &, m be of the form (3.4). Then 7’ itself has n — ¢ blocks
and p outer blocks B, ..., B). Each such outer block induces a subpartition o; €
bfNCy'{(J,). Let us focus on one such subpartition o (for convenience we omit
the index 7), consisting of m < n — ¢ blocks, and denote the label of its outer block
by 7. Since  ~ {&1,...,&}, there exists j (0 < j < t) such that {511 <7 < &;.
Thus, by the inductive assumption, the number of bf-subsequences nested at the
deptht 4 lunder &1, ..., &, n satisfies (3.5). This means that there are polynomials
P+t t+1 homogeneous, in t + 2 variables, of degree m — 1, and an appropriate
polynomial p;;, 4 ¢+1 of smaller order such that

cfl+1[p](£1>->‘§7>‘77>'£]+1>—>_§t)

i+l R D& (2)4 & k
= > g kdvo...(v§))ﬂ (W) gt

kot +ke=m—1,k; =k +£(?

+ Pt t+1(20, Y05 - - -5 Yj—1,a5 — ¢, by —d, ¢ — aj1,d — bjg1, T, Yt),s
where v; denotes the volume of the interval [£;1,¢;] and vjm = vol[n, &;], and
@) _ ollé
Uj = Vo [£]+17 77]
Now, to compute all possible subsequences nested under &1, . . ., & related to

the partition o, we need to sum over all possible points 7 lying in [£;41,&;], and
then sum over all j’s. We shall first focus on the leading term (i.e. the one related
to P). Note that when applying the summation over 1 € [£;41,§;] to it, the only

(2)
term which depends on 7 is (v ; (05.2))’“2‘ . That is why, using (3.3) and writing

k](-l) =k and kj(-l) = [, we first compute

(1) (2)
> @ @)

n€l&j+1:¢5]
aj bj
= Y (e—a)"aj1 =0 X (d=b)"bjr1 —d)f
c=aji1 d=bji1
aj—aji1 bj—bj+1
= Y Flap—a—0) X d b1 —bj —d)
c=0 =

(’Y(k7 D(ajpr — a)"™ 1+ O((aj41 — aj)kﬂ))

% (06D (b1 = b))+ O((b1 — b))

(1), .(2)
(1) 5.(2)\2 k —Hc +1
=(k; ", k; )2 v’ O((aj+1 — aj)
PR INAC (1), 1.(2)
1kt ki 4k 41
+0((aj41 — @) T (b0 — b)),

(1)+k§'2)+1(b =) <1>+k(2>)
J
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We see that the leading term of the result is proportional to the volume of the
interval [£j41,&;]. This means that the leading term of

[Z ]C;;rl[p](fl — ... %fj >T]>—fj+1 - ... >—§t)
n€l€i+1,¢;

will be a homogeneous polynomial in variables vy, ..., v;,...,v; of degree kg +

oot ki + k](-l) + kj(?) +1+kjiq1+ ...+ k = m, which does not depend on j.
Thus summing over all 7 =0, ..., we get a sum of polynomials in the same vari-
ables, homogeneous of the same degree m. The result will be of the same type.
Finally, we need to consider all blocks Bi,..., B),. Let P; denote the homoge-
neous polynomial in variables vy, ..., vj,...,v; of degree m;, corresponding to
the block B;. Since the choice of the points labelling blocks in different subparti-
tions o1, ...,0, can be regarded as independent (formally, the points should not
repeat, but such a situation is negligible), the number of subsequences nested under
fixed &1, ..., & is the product of P;’s, which is again a homogeneous polynomial
in variables vy, ..., v;, ..., v; of degree Zle m; =n —t.

By the same technique we can show that the remaining terms are of type
(aj — aj+1)k(bj — bj+1)l withk+l<n—tandj=0,...,t. =u

The next lemma estimates B£1 (n,d).

LEMMA 3.2. For any n € N there exists a constant L, > 0, independent of
p, such that
B (n) = [pENCE ) (Jp)| = L - [I,|" + O " 7).
Proof. Forany fixed sequence inb£NCy, (J,) let§ = (a, b) denote the label

of the outer block in the sequence. By the bf-ordering property we must have & ~
p = (M, N). Applying Lemma 3.1 to the case of ¢ = 1, we see that

SAN/[/J N
==t [Po1(ab, (M = a)(N = b)) + pn(ab, (M — a)(N = b))]

M N 1
=X X X g @)*[(M —a)(N - b))
M
+X X X By )M - a)(N - )"

ol (m,n—m—1)*(MN)" +O((MN)""),
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which shows that

n—1

BY(n) = L3, " + O(13,["7Y), L,= Y ot (m,n—m —1)2,

m,n—m-— 1Y
=0

and the proof is completed. m
Now we are ready to estimate the number of b £NC-sequences.

LEMMA 3.3. For any n € N there exists a constant K, > 0, independent of
p, such that

IDENCE ()| = Ko - |3," + O(1T,"7Y).

Proof. Let us consider m = {&;,...,&;,} € bENCH(J,) associated with
a non-crossing pair partition of n blocks. Consider the block {1,2k} labelled
with & = & = &op. The bf-ordered subpartition 7’ = {1, ..., o1} has exactly one
outer block, i.e. 7' € beC’QC,l(Jp). The remaining part {€2511, - . ., &2, } belongs

to beCS_k(J p) and its ordering can be chosen independently of 7’. That is why

[ENCE(T,)|= 3 [pENCE*(J,)|B, (k)= ( X Kn-rLi) - I, +O(13," 1),
k=1 k=1

by Lemma 3.2 and the inductive assumption. =

The application of Lemma 3.3 completes the proof of Theorem 3.1, because
(cf. (3.2))
_ [pENCEH(J,)| =
d)=lim ————r= =K, = K, Ly < 0.

gn( ) pggo ‘Jp|n n kzzzl n—kLk 0. m

REMARK 3.2. The same idea of proof applies to bf-CLT in higher dimen-
sional space R?. The difference is that the variable vj, j = 0, ..., d, in Lemma 3.1
is the volume of the d-dimensional interval (€11, &;]. Also all possible coordinates
of differences ; — £; 1 will appear in the polynomial p,, ;. Consequently, the d-th
power of y(k, d) will appear in the constant Ly, but the limit g,, remains finite for
anyn € N.

REMARK 3.3. The recurrence for the sequence (g )nen is given by

n
go = 17 In = Z g’n—kLka n > 17
k=1

where Ly, is a linear combination of the coefficients in the polynomial P, 1 from

Lemma 3.1, and thus is difficult to compute. The first values of the sequence, for

d=2,are
3 22 599

= :1 = — [ p— = —,
90 g1 y 92 27 g3 9794 144
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