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1. INTRODUCTION

Among all stochastic processes with independent increments, essentially only
Brownian motion and Poisson process have a chaotic representation property. The
latter property means that, by using multiple stochastic integrals with respect to
the centered stochastic process, one can construct a unitary isomorphism between
the L2-space of the process and a symmetric Fock space. In the case of a Lévy
process, several approaches have been proposed in order to construct a Fock space-
type realization of the corresponding L>-space. In this paper, we will be concerned
with the approach of Nualart and Schoutens [9], who constructed a representation
of every square integrable functional of a Lévy process in terms of orthogonalized
Teugels martingales. Recall that, for a given Lévy process (X¢):>o, its k-th order
Teugels martingale is defined by centering the power jump process

x® .= ¥ (AX,)F, keN,

0<s<t

For numerous applications of this result, see e.g. [6] and [10]. We also refer to [7]
for an extension of this result to the case of a Lévy process taking values in R%, and
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to [1] and [3] for a Nualart—Schoutens-type decomposition for noncommutative (in
particular, free) Lévy processes.

The aim of this note is to extend the Nualart—Schoutens decomposition to the
case of a generalized stochastic process with independent values. Consider a stan-
dard triple D C L?(R%,dx) C D', where D = C§°(R?) is the nuclear space of
all smooth, compactly supported functions on R%, and D’ is the dual space of D
with respect to the center space L?(R?, dx), see e.g. [2] for detail. For w € D’
and ¢ € D, we denote by (w, ) the dual pairing of w and ¢. Denote by C(D’) the
cylinder o-algebra on D’. A generalized stochastic process is a probability measure
L on (D’ ,C(D' )) Thus, a generalized stochastic process is a random generalized
function w € D’. One says that a generalized stochastic process has independent

values if for any 1, . . ., ¢, € D which have mutually disjoint support, the random
variables (w, p1), ..., (w, @, ) are independent. So, heuristically, we infer that, for
any x1, ..., 2, € RY the random variables w(z1), . ..,w(x,) are independent. In

the case where d = 1, one can (at least heuristically) interpret w(t) as the time ¢
derivative of a classical stochastic process X = (X (t)) with independent in-
crements, so that, fort > 0, X (t) = fot w(s) ds.

If a generalized stochastic process with independent values, u, has the prop-
erty that the measure p remains invariant under each transformation z — z + a
(a € R?) of the underlying space, then one calls ; a Lévy process (which is, for
d = 1, the time derivative of a classical Lévy process.) So, below, for a certain class
of generalized stochastic processes with independent values, we will construct an
orthogonal decomposition of the space L?(D’, i1), which, in the case of a classical
Lévy process, will be exactly the Nualart—Schoutens decomposition from [9]. This
paper will also extend the results of [8] for generalized stochastic processes being
Lévy processes.

teR

2. PRELIMINARIES

We start by briefly recalling some results from [5]. Assume that, for each
z € R, o(x,ds) is a probability measure on (R, B(R)). We also assume that,
for each A € B(R), R? > z + o(x, A) is a measurable mapping. Hence, we can
define a o-finite measure dz o(z,ds) on (R? x R, B(R? x R)). Let By(R?) de-
note the collection of all sets A € B(IRY) which are bounded. We will additionally
assume that, for each A € By(R?), there exists Cy > 0 such that

2.1 [ Is["o(z,ds) < CRnl, neN,
R

for all z € A. We fix the Hilbert space H = L*(R? x R, dz o(z,ds)). We denote
by F(H) = @20:0 H®"n! the symmetric Fock space over H. Here ® denotes

symmetric tensor product. We denote by © the subset of F(H) which consists of
all finite vectors f = (£, fM ... £ 0,0,...), where each f*) is a symmet-
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ric function on (R? x R)¥ which is obtained as the symmetrization of a finite sum
of functions of the form

9 W (@1, 51,y sk) = @, k) st LS

where ¢ € D% = C5°((RY)*) and iy,...,ix € Zy = {0,1,2,...}. For each
¢ € D, we define an operator A(yp) in F(H ) with domain © by

(2.2) Alp) = a’ (p @ mo) +a” (p ®mo) +a’(p @ my).
Here and below, fori € Z4 := {0,1,2,...},
(p @ mi)(z,s) = p(a)s';
a™ (¢ ® m;) is the creation operator corresponding to  ® m;,
atpom)fP =P o pem), ©eHM

a~ (¢ ® m;) is the corresponding annihilation operator,

a (p@m)f® =k [ dyo(y du)e(y)u’ f®(y,u,-);
RIxR

and a’(p ® m;) is the neutral operator corresponding to ¢ ® m;,

(ao(tp & mz)f(k))(:cl, 81y, Tk, Sk)
= (gp(xl)sll +...+ gp(xk)s’;ﬁ)f(k)(xh S1y- -5 Tk Sk)'
Note that A(yp) maps D into itself, and it is a symmetric operator in F(H).

THEOREM 2.1. For each ¢ € D, the operator A(yp) is essentially self-adjoint
on ®. Furthermore, there exists a unique probability measure p on D' such that
the linear operator I : F(H) — L*(D', 1) given through IQ) = 1, Q) being the
vacuum vector (1,0,0,...), and

I(A(p1) ... Alpn)Q) = (w, 1) ... (w, @),

is a unitary operator. The Fourier transform of the measure |4 is given by

(2.3) fe #9) 1 (dw) = exp —ffd:ca 0N p(x)?

+ [dx [ o(x,ds)= ! 5 (e WS _jo(x)s — 1)1,
RE  R* s?

where R* := R \ {0}. In particular, u is a generalized stochastic process with
independent values.

Note that, if the measure o(ds) = o(z, ds) is the same for all z € R, then p
is a Lévy process.
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3. AN ORTHOGONAL DECOMPOSITION OF A FOCK SPACE

We will now discuss an orthogonal decomposition of a general symmetric
Fock space. This decomposition generalizes the well-known basis of occupation
numbers in the Fock space, see e.g. [2].

In this section, we will denote by H any real separable Hilbert space. Let
(Hp)32 be a sequence of closed subspaces of H such that H = EB;OZO Hy,. Let
n 2= 2. Then clearly

3.1) H®" = (P Hi,) @ ( P Hi,) ®...@ ( P Hy,)
k1=0 k2=0 kn=0

= T~ Hy, ® Hy, ® ... Q Hy,,.
(kl,k2,...,kn)621

Denote by Sym,, the orthogonal projection of H®™ onto H®". Recall that, for any
f17f27"'7fn E H’

1
(32 1®...O fn=Sym, f1®...®fn=ﬁ Y fo) @ ® fopmy)-
foeSy

(Here, S,, denotes the symmetric group of order n.) For each (ki, ko, ..., ky,)
€ Z7, let us assume that Hy, © Hy, © ... ® Hy, denote the Hilbert space
Sym,,(H, ® Hp, ® ... ® Hy,), i.e., the space of all Sym,, -projections of ele-
ments of Hy, ® Hy, ® ... ® Hy, .

Assume that (ki ko,..., k,) € Z7 and (ly,l2,...,1,) € Z7 are such that
there exists a permutation o € .S;, such that

(3.3) (kla ko, ..., kn) = (10(1)7 lo‘(Z)a SO lo‘(n))
Then
(3.4) H],“@H]Q@...QH]%:HZIQHZQQ...QHln.

Indeed, take any f1 € Hy,, fo € Hy,,..., fn € Hy,. Then

(3.5) 10200 =100 fe2)© O fom):

We have fg(i) S Hlo(i) = Hy,. Therefore, the vector in (3.5) belongs to Hy, ©
Hy, ©...® Hy,. Since the set of all vectors of the form f; © fo © ... ® f,, with
fi € Hy, istotal in H;, ® H;, ® ... ® Hj,, we conclude that

H51®Hl2®...®HlnCHk1®Hk2®...®Hkn.

By inverting the argument, we obtain the inverse conclusion, and so formula (3.4)
holds.
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If no permutation o € S,, exists which satisfies (3.3), then
(3.6) Hy, ©Hp, ©...0OH,, 1 H, ©OH,®...0Hp,.

Indeed, take any f; € Hy,, g; € H;;,i =1,2,...,n. Then, since Sym,, is an or-
thogonal projection,

([100...0 frg1©g®...0gy)gon
= (Sym,(fi® fa®...® fu), g1 g2 ® ... D gn) yon

1 n 1 n
= 2 HUew9)m == > 11(figo)n = 0.

*gEeS, i=1 * eSS, i=1

Since the vectors of the form f1 © fo ©® ... ® f, with f; € H, and g1 © g2 © ...
©® gn with g; € H), form atotal setin Hy,, ® H, ©...© Hy and H;, © H;, © ...
® H,, respectively, we get (3.6).

By (3.1), the closed linear span of the spaces Hy, ©® Hy, ©® ... ® Hy, with
(k1, ko, ..., kn) € Z coincides with H®"™. Hence, by (3.4) and (3.6), we get the
orthogonal decomposition

(3.7) H"= (P  HY"OHP™ 0HZ"06...

Q€ LY, lal=n

Here Zi‘fo denotes the set of indices o = (g, 1, g, . . .) such that all o; € Z 4
and |a| :== g+ a1 + az + ... < co. Hence, by (3.7), we get the following

LEMMA 3.1. We have the orthogonal decomposition of the symmetric Fock
space F(H) = .~  H™nl, ie.,

(3.8) FH)= P (H™ o HP™ @ HY* .. )|al!.

aEZf’O

Next, we have

LEMMA 3.2. Let o« € ). Then

(3.9) Symy, : (HP™ © HY™ @ HY*? @ ... )aglonlag! . ..
— (HF™ 0 HY* 0 HY™* ©...)|a|!
is a unitary operator.

Proof. We start the proof with the following well-known observation. Let
k,l > 1, n := k + [l. Then Sym,, = Sym,, (Sym;, ® Sym,). Hence, for any o €
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72, la] = n, we get Sym,, = Sym,, (Sym,, ® Sym,,, ® Sym,, ®...). There-
fore, we have the following equality of subspaces of H®™ :
HY™ 0 HP @ HY™ © ...

= Sym,,(HY* ® HY' @ Hy** ®...)

= Sym,, (Sym,, ® Sym,, ® Sym,, ®...)(Hy* @ HY*' @ HY* ®...)

= Sym,,(H{ @ HP™ @ HY* ®...).
This shows that the image of the operator Sym,, in (3.9) is the whole space H, 0® O
HP™ © HY** ® ... n!. Hence, we only need to prove that this operator is an

isometry.
Fix any f;,g; € H; withi € Z,, and any o € ijo. Then, by (3.2),

(Sym,, (f5*°® fE @ f5? ®...), Sym, (95" ® 97 ® g5*2 ®...)) yom

- (Symn(j‘"ggo‘0 ®ffml ®f§®a2 ®...),gg9a°®gi®al ®g§a2 ®"')H®"
1

= n! Z (f0790)(;£)‘ Z (fhéh)%ll
: UOESOLO O'1€Sa1
1
= 77,'( ((?aovg(?ao)HO@aoaol( f@al,g?al)H?alal!...
1
® 24 ® ®
= n'( 0 [e7s) ®f1 il ® ceey gOCYO ®gl [e5) ® . )H(?a()@HiDal@OéO'Oél'

Since the set of all vectors of the form f?ai with f; € H; is a total subset of H. ZQ e
we conclude that the operator in (3.9) is indeed an isometry. m

We define the symmetrization operator

3.10) Sym: P (H{* ® HP™ @ HY** ® .. )aglaglas! ... — F(H)

a€Z?,
so that the restriction of Sym to each space
(HOQO‘O ® Hl®a1 ® HQQO‘2 ® .. )aplarlasg! . ..
is equal to Sym,,,|. By Lemmas 3.1 and 3.2, we get
LEMMA 3.3. The symmetrization operator Sym is a unitary operator.

REMARK 3.1. Let us assume that each Hilbert space Hy, is one-dimensional
and in each Hy, we fix a vector ey, € Hy, such that ||ey|| = 1. Thus, (ey)32, is an
orthonormal basis of H. By Lemma 3.3, the set of the vectors

o ao! .. )~ 1/2e800 o oBa1 o Baz
((aolonlag! .. )71 2ef* @ ef™ © ) ®"‘)an?§0
is an orthonormal basis of F(H ). This basis is called a basis of occupation num-
bers.
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4. AN ORTHOGONAL DECOMPOSITION OF L2(D’, 1)

We want to apply the general result about the orthogonal decomposition of the
Fock space to the case of F(H), where H = L?(R? x R, dz o(z,ds)). We note
that, by (2.1), for each = € R, the set of polynomials is dense in L*(R, o(x, ds)).
We denote by (q(”) (z, s))n20 the sequence of monic polynomials which are or-

thogonal with respect to the measure o(z, ds). These polynomials satisfy the fol-
lowing recursive formula:

4.1)
sq™ (,5) = " (2, 5) + ba(2)q" (2, 5) + an(2)g" D (z,5), n>1,
Sq(o) (J;> 5) = q(l) (.%', S) + bo(%)
with some b,,(z) € R and a,(z) > 0. (Note that if the support of o(x,ds) con-
sists of k < oo points, then, for n > k, we set ¢ (z,s) = 0, a,(x) = 0 with
bn(z) € R being arbitrary.)
From now on, we will assume that the following condition is satisfied:

(A) For each n € N, the function a,,(z) from (4.1) is locally bounded on R,
i.e., for each A € By(RY), sup, ¢ an () < 00.

Denote by £ the linear space of all functions on R? x R which have the form

4.2) f@5) = 3 ap(@)e® (x,s),

k=0
wheren € N,ap € D, k=0,1,...,n.

LEMMA 4.1. The space £ is densely embedded into H.

Proof. Let f(z,s) = a(x)q® (z, s), where a € D. Let us show that f € H.
Put A := supp(a). We have, for some C > 0,

4.3) [ [dzo(z, ds) f(z,s)* < C [dx [ o(x,ds) q®) (z,5)2.
Rd R A R

If k = 0, then ¢(9 (x, s) = 1, and the right-hand side of (4.3) is evidently finite. By
the theory of orthogonal polynomials (see e.g. [4])

(4.4) [o(a,ds) ¢ (x,5)* = ar(x)as(x)...ax(z), k> 1.
R

Hence we continue (4.3) and obtain

[ [ dx o(z,ds)f(z,s)? < C [ dzai(z)az(x)...ax(z) < 0o
R4 R A

by (A). Thus, £ C H.
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We now have to show that £ is a dense subset of H. Let g € H be such that
(9, f)g = Oforall f € £ Hence forany a € D and k > 0

f d;vf o(z,ds) g(z, s) a(z) ¢*™ (z,s) = 0.

Fix any compact set A in R? and let a € D be such that the support of a is a subset
of A. Then,

f dx a(x (é x,ds) g(x,s) q(k)(x,s)) =0.

Hence

4.5) [ dza(z)( [ o(z,ds)g(z,s) q(k)(as,s)) =0.
A R

We state that the function

Aamb—>f (2,ds) g(z, s) ¢¥) (z, )

belongs to L2(A, dz). Indeed, if k = 0, then ¢(°)(z,s) = 1, and this statement
evidently follows from Cauchy’s inequality. Assume that k£ > 1. Then, by Cauchy’s
inequality, (4.3), and condition (A),

[ do( [ ol ds) gla,9) W (a.5)”

dxfa(x,dsl)g(x,sl)2 fa(x,dsz)q(k)(x,82)2
R

R
dx {{? o(z,ds) g(x,s)? ay(x)ag(x) ... ap(x)

ﬁ sup a;()) fdxfa(x,ds)g(:c,s)2 < 0.

i=1TEA A R

Since the set of all functions a € D with support in A is dense in L?(A, dx),
we therefore conclude from (4.5) that, for dz-a.a. z € A,

(4.6) [ o(z,ds)g(x, s) ¢™(z,s)=0 forallk >0
R

Since g € H, we infer that, for dz-a.a. z € R%, g(z,-) € L*(R,0(x,ds)). Since
{q"®)(x,)}32, form an orthogonal basis in L? (R, o(z,ds)), we conclude from
(4.6) that, for dz-a.a. * € R?, g(x,s) = 0 for o(x,ds)-a.a. s € R. From here, we
easily conclude that g = 0 as an element of H. Hence £ is indeed dense in H. =
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For each n € Z, we define

€= {gulw,5) = f(2)¢"(z,5) | f € D}.

We have £, C £, and so the linear span of the £, spaces coincides with £.

Forany g, (2, ) = fu(7) ™ (2, 5) € £, and gyu (. 5) = fin() ¢ (2, 5) € L,
n,m € Z,, we have

4.7) (gmgm f gn x 3) gm(x s)da:a(x ds)
RIxR

— f fn(z) fm(x)(fq(")(x,s) q(m)(x,s)a(a},ds))dx.
R4 R

Hence, if n # m, then
(gnv gm)H = O
which implies that the linear spaces {£,,}°2 , are mutually orthogonal in H. De-

note by H,, the closure of £, in H. Then, by Lemma 4.1, H = (5", H,,.
By (4.7), setting n = m, we get

48) lgnllzs, = [ fale LM o(x,ds))dx = [ f(x)pn(dx),
Rd Rd
where
= ( f q (z,ds))dx

is a measure on (Rd, B (Rd)). Consider a linear operator

D> fn— (Jnfn)(xvs) = fn(m)q(n)(xvs) € Ly

The image of J,, is clearly the whole £,,. Now, £, is dense in H,,, while D is
evidently dense in L? (Rd, pn(dx)). By (4.8), for each f,, € D,

[ o frllm, = [ fall L2Re, o (d)) -
Therefore, we can extend the operator J,, by continuity to a unitary operator
(4.9) Iy o L*(RY, po(dx)) — H,y,.
In particular,
Hy = {ful@) ¢ (2, 8) | fo € L2(RY, po(da)) ).
Therefore, for each k > 2

H®k {fn T1y.e, Tk) q(")(xl, $1) ... q(”)(xk, sk) |
18 € L2 (RY, po(da)) ™" = L2 (R, pu(dar) ... pu(day)) }-
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Since the operator .J,, in (4.9) is unitary, we infer that the operator

JE* L2 (RY, p(d)) " — HEW
is also unitary. The restriction of J2* to L2 (Rd, pn(daz)) Fisa unitary operator
(4.10) JE* L2 (RY, po(da)) " — HOF,

Indeed, take any f, € L*(R?, p,(dz)). Then f&* € L? (Rd,pn(dx))Qk and the

set of all such vectors is total in L? (Rd, pn(da:)) ok, Now, by the definition of J&¥,
we get

Jgkf;?k = (Jn fn)®k S Hgka

and furthermore the set of all vectors of the form (.J,, f,,)®¥ is total in HY*. Hence,
the statement follows. N
For any f,(Lk) € L*(RY, pn(dm))® ,

(J,‘?qugk))(z:l, Slyeeny Ty Sk) = fff) (x1,... ,:Uk)q(") (r1,81) ... q(”) (K, Sk)-

Hence, the unitary operator (4.10) acts as follows:

L2 (Rd7pn(dx>)®k > f’r(Lk)(xb ey .’Ek)
— (J;?kf,(lk))(xl, S1yeeny Ty Sk) = fflk)(xl, . ,xk)q(”)(azl, 51) ... q(")(:vk, Sk)-

Thus, each function gy(Lk) € HOF has a representation

9P (@1, 81, g, sk) = (@, 2k)g™ (e, s1) - g™ (e, s1),

k ok k k
where £ € L2(R%, p,(dx)) ™" and g8 || or = A" | 2220 (a0
For each a € ZF), we consider the Hilbert space

@11)  L2((RY) == L2(RY, po(dz)) ™ @ L2(RY, p1(dz)) " @ . ..
We now define a unitary operator
Jo : L2(RYN) — HY* @ HYM @ ...,

where
Jo=J3" @I @ ...

We evidently have, for each f,, € L2 ((Rd)w ),

(Ja fa)(l’l, 51,22,52, ... ,LI?‘O[|, S‘a|)
= fa(x1,229,. .. ,x‘a|)q(0)(x1, $1) - O (Zag, Say)

X q(l)(xao-i-l? Sa0+1) s q(l)($a0+al, Sao-i-al) s
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For each a € ZF), we define a Hilbert space

Go = L2((RY ) aglay! ...
The J,, is evidently a unitary operator
Jo:Ga — (HP @ HP™ @ .. )aglaq! ...

Put G := (B ;= Ga- Hence, we can construct a unitary operator
QLYo

J:G— P (HF*®HP @..)aglay! ...

aEZj_o,O

by setting J := EB@GZ‘X’ Jo. By Lemma 3.3, we get a unitary operator R : G —
+,0
F(H) by setting R := Sym J. Thus, by Theorem 2.1, we get

THEOREM 4.1. Let condition (A) be satisfied. We have a unitary isomorphism
K:G — L3(D', ) given by K := I'R, where the unitary operator I : F(H) —
L?(D', u) is from Theorem 2.1.

5. THE UNITARY ISOMORPHISM K THROUGH MULTIPLE STOCHASTIC INTEGRALS

We will now give an interpretation of the unitary isomorphism /C in terms of
multiple stochastic integrals. We will only present a sketch of the proof, omitting
some technical details.

Let us recall the operators A(y) in F(H) defined by (2.2). Now, for each
k € N, we define operators

5.1 AP(p) ==aT (g @my_1) + a’(p @ my) +a” (o @ my_1).

In particular, A () = A(p). The operator A*)() being symmetric, we de-
note by A*) ()™ the closure of A%¥)(¢). For each k € N and ¢ € D, we define
Y =D (p) := I(¢ ® my_1). It can be shown that, for each k € N, TA®) (p)~1~1
is the operator of multiplication by the function Y ¢=1),

Suppose, for a moment, that the measures o (, ds) do not depend on z € R
For a fixed ¢ € D, let us orthogonalize in L?(D’, i) the functions (Y(k)(go))zozo.
This is of course equivalent to the orthogonalization of the monomials (sk)zozo in
L?(R, ). Denote by (¢(*))°, the system of monic orthogonal polynomials with
respect to the measure o. Let us put (¢ @ ¢¥))(x,s) := ¢(x)¢*)(s). Thus, the
random variables

ZW () =I(p®q™), ke,

o0

appear as a result of the orthogonalization of (Y(k) (¥)) o Since ¢ (s) =1, we

have
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For each k > 1, we have a representation of ¢(¥)(s) as follows:

k .
(®(s) = b .
i=0
Thus,

k -
Z® () = I(p © ¢W) = S 0P I(p @ my) = bV ().
7=0 3

Hence, under 1!, the image of the operator of multiplication by Z (k)(gp) is the
operator

k
R®(p) : = 3 0¥ (0t (9 @my) + 0 (9 @ my) + a(p @ miys))
1=0

=a (e ®¢") +a (p®¢™) +a’(p & pk)),

where p*) (s) := sq¥)(s).

Let us now consider the general case, i.e., the case where the measure o (z, ds)
does depend on x € RY. We are using the monic polynomials (q(k) (z, -))ZOZO
which are orthogonal with respect to the measure o (z, ds). We have

k .
¢®(z,5) = 3 0 (2) 5",
=0

We define

k
— _ ' k)
20(p) == I(pg®) = 3 YO (o),
i=0
where (¢q™™)(z, s) := ¢(2)¢"® (z, 5). Hence, under I~ the image of the opera-
tor of multiplication by Z*) (i) is the operator

R¥() = Y (" (b)) @ ma) +a (b) @ mi) + 0 () @ miga))
1=0
k

_ a+((¢§: b)) ®m¢> +a*((ﬁp S o) ®mi>

1=0

where p¥)(z, 5) := sq¥)(z, 5).
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It is not hard to see that the above definitions and formulas can be easily ex-
tended to the case where the function ¢ : R* — R is just measurable, bounded, and
has compact support. In particular, for each A € By(R?), we will use the operators
Z0(A) = M) (xa).

We will now introduce a multiple Wiener—Ito integral with respect to Z(*)’s.
So, we fix any a € Z5°%, || =n,n € N. Take any Ay, ..., A, € Bo(Rd), mutu-
ally disjoint. Then we define

dZO (1) ... dZO(200)dZM (20g41) - - . dZMD (2 agrar)
A1 XAgX...XAp,

X dZ(2) ($a0+a1+1) ..

= [ xa@)xas(@2) . xa, (@)dZ20 (@) .. dZ2O0 (w,,)
(Re)™

X dZM (20041) - - - dZMD (20g 40, )AZP (T agtrar+1) - - -
= Z(O)(Al) s Z(O)(AGO)ZO)(AO«)-H) s Z(l)(Aa0+a1)Z(2)(Aao+a1+1) s

Using the fact that the sets Ay, ..., A, are mutually disjoint, we get

I(ZOA) . Z29(A0) ZP (Aag11) - - ZD(Angr00) 2P (Aagrar+1) - - )
=RO%xa) - RO (xa0) RV (Xanget) - - BN (X g0 ) B (X oy 1) - -
=a"(x2,0) .. 0" (X2u, @) (X20g110M) - 0T (Xany 1o, @)

X a+(XAa0+ozl+1q(2)) )
= (X214 @+ O (X80, 1) © (Xa0g210™M) © - © (XA 4oy @)

O] (XAao+a1+1q(2)) ©...
= Sym, ([(x2,4™) ® ... ® (xa,,a")]

® [(X20g17M) @ - © (X2ugsa, @) ® - ..)
= Sym,, ([(xa; @ -+ © X2 ) (@15 -+ Zag)d P (@1, 51) ... ¢V (2, 5a0)]

® [(XAQOH ©...0 XAa0+a1)($ao+1a oy Tagtar) q(l)(l‘aoﬂa Sag+1)

o W (Tagtars Saptar)] @ - -+

=R((X21 @+ O Xang) © (XAugs1 @+« O XAugpay) © -+ )-

Hence

ZO(A) .. ZO(A0)) 2V (Dagi1) - 2V (Dagran) 2P (Dagpar 1) - -
= K((xa1 @+ O XAng) @ (XAags1 @+ O XAagsa,) @ -+ )-
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The set of all vectors of the form

((XAI ®"'®XAao)®(XAa0+1 ®"‘®XAa0+a1) ®)

is total in G,. Therefore, by linearity and continuity, we can extend the definition
of the multiple Winner—It6 integral to the whole space G,. Thus, we get, for each

fa € Ga,

[ fal@r,. o 210)dZ O (21) ... dZ) (200)dZD (ag41) - . . dZM (Tagray)
(Rl

X dZ(Q)(an+a1+1) oo =Kfa-

Thus, we have the following theorem.

THEOREM 5.1. The unitary isomorphism K: G — L*(D', ) from Theo-
rem 4.1 is given by

g= @ Ga 2 (fa)anfo =f=Kf

0‘623-0,0

= Y [ falwr.ozp0)dZ90(@1) ... dZO (z4,)

aEZfO (R)lel
X dZM (2a011) -+ - dZD (20g 10, )AZP (T agrars1) - - -
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