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Abstract. We study the extremal behaviour of spatial moving averages
and moving maxima on a regular discrete grid. Our main assumption is that
these random fields are stationary and regularly varying with the tail index
a > 0. Using the asymptotic theory for point processes we characterise the
limiting behaviour of their extremes over an increasing grid. Our approach
builds on the results of Davis and Resnick concerning linear processes.

By analogy to the analysis of time series data, an appropriate Hill es-
timator of the tail index can be defined. We exhibit a sufficient condition for
the consistency of this estimator in a certain class of spatial lattice models.
Finally, we show that this condition holds for the models in our title.
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1. INTRODUCTION

Increasing interest in mathematical modelling of environmental catastrophes
has caused an incursion of extreme value theory to spatial statistics. This led to
a large number of research papers on spatial extremes. For an interesting recent
review we refer to Davison et al. [A] and Turkman et al. [[T6].

The fact that spatial data are rarely stationary is a big obstacle for extreme
value theory, since the stationarity assumption underlies most of its methods. It is
not uncommon to model nonstationarity in space using covariates and then to use
stationary models. One extensively studied class of models are (stationary) max-
stable processes. Such an approach to modelling frequently assumes that data can
be transformed to a common univariate marginal distribution, which is further typ-
ically assumed to be standard Fréchet or Gumbel (see [A] and [9] for examples of

* This research was partially supported by the research grant MZOS project no. 037-0372790-
2800 of the Croatian government.
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the former and latter) distribution. Data are nevertheless collected over an arbitrary
discrete or continuous set of points in RT.

The aim of our paper, on the other hand, is to study asymptotic behaviour of
extremes for two natural stationary models with a general marginal distribution in
the maximum domain of attraction of Fréchet law with index «. These are moving
average and moving maxima processes over a regular rectangular grid. More pre-
cisely, we consider an array {Z; ; : i, j € Z} of real-valued iid random variables
which for some slowly varying function L and a > 0 satisfy

(1.1) P(1Z;j] > z) = 27" L(x),
and
P(Z;; > x) P(Zi; < —x)
(1.2) S 2 apd WIS TE)
P(|Z;| > x) P(|Zi | > x)

asx — 00,0 < p < 1,¢g =1 — p. Under mild conditions (see Section [) on arrays
of real numbers {c; : k,l € Z} and {¢y; : k,l € Z} one can define the array of
spatial moving averages

Xij =Y eriZisnjr. (i,4) € 72,
k€7

and the spatial moving maxima

Yij: =V oxiZivkjr, (6,4) € 72
k,lEZ

Limiting distribution of maxima over a discrete grid has been studied earlier. The
problem seems natural in areas like (satellite) image analysis and geostatistics
where the regular grid data are often encountered. Building on results of Lead-
better et al. [IT], Turkman [5] considers a rather general stationary random field
over a regular grid (spatio-temporal even), imposing technical restrictions on lo-
cal dependence in each spatial and temporal direction. He is able to calculate an
extremal index for certain random fields of this kind, which he illustrates using a
(unilateral) moving average process (which is also a special case of moving aver-
age processes studied here).

Our main results in Section [ show that some classical results of Davis and
Resnick [5] for univariate regularly varying moving average processes carry over
to the spatial moving averages and moving maxima. More precisely, we prove a
point process convergence result which will enable us to study the weak limit be-
haviour of extremes of {X; ; : 4,5 € Z} and {Y; ; : i, j € Z} over a finite square
lattice. Moreover, we are able to determine extremal index, and in particular find
asymptotic distribution for the scaled maxima in both models. Although we ex-
plore a two-dimensional square grid only, our main results extend with proper ad-
justments to an arbitrary dimension and grid.
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Finally, since infinite order moving averages and moving maxima permit an
approximation with simpler m-dependent processes, we are able to show that the
Hill estimator of the tail index o > 0 is consistent in either of two cases (cf.
Resnick and Stdrica [[3], [I4]). This gives hope that the tail index estimation, al-
though notoriously difficult even in one dimension, can be performed in spatial
setting using standard univariate routines and estimators.

2. ASYMPTOTICS FOR EXTREMES

2.1. Background results on point processes. We recall some basic notions
about point processes (see Kallenberg [I0] for details). For a state space (E, &),
where £ is the o-algebra generated by open sets, let M, (E) denote the space of
Radon point measures on E, and M,,(F) be the smallest o-algebra making the
evaluation maps m — m(F') measurable, where m € M,(E), and F' € £ is an
arbitrary fixed set. We denote weak convergence of measures by =. If we de-
fine C} (E) :={f:FE — Ry : fcontinuous with compact support}, a sequence
of measures i, € My,(E), n > 0, converges vaguely to jio (written fi, 2 o) if
1 (f) = po(f) forall f € C:(E).

Recall that a point process on F is a measurable mapping from a probability
space to (M,(E), Mp(E)). A Poisson process on (E,£) with mean measure 4
(or Poisson random measure with mean measure p, PRM(u) for short) is a point
process ¢ satisfying, for all F' € &£,

e B (u(F)* /KL if p(F) < oo,

P(&(F) = k) = {0 if u(F) = oo,

and such that, for arbitrary mutually disjoint F, ..., F,, € £,&(FY),...,&(F,) are
independent. Here, we assume p is a Radon measure, i.e. a Borel measure that is
finite on compact sets.

Let {Z; ;} be an iid array with regularly varying tail probabilities satisfying
() and (T2). Further, let {a,, } be a sequence of positive constants such that

(2.1) n*P(|Zoo| > anx) — 2~ forall z > 0.
We can define a,, as inf{z : P(|Z; ;| > z) < n~?}. Define the measure
Adzx) = apx_a_ll(o’oo)(:n)dl‘ + aq(—:c)_a_ll(_oo,o) (x)dx
on the space R \ {0}, and on the set R? x R\ {0} the measure
N = Leb x Leb x A,

where Leb indicates the Lebesgue measure on R. Under the assumptions (1) and
(2), we have
n’Play,'Z;j € ) = A(-).
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Adapting the arguments on pp. 154-156 of Resnick [I7], it is straightforward to
prove the following.

PROPOSITION 2.1. For each n suppose {Zy;; : i,j € Z} are iid random
elements of (E, £) and let X\ be a Radon measure on (E, E). Define

§n = Z 6(i/”vj/n’Z”’i’j)

1,JEL

and suppose & is PRM on R? x E with mean measure X' = Leb x Leb x \. Then
& = Ein My(R? x E) if and only if
(2.2) n*P(Zp11 € ) = M) on E.
If weset Z,; ; := a;lZm-, it is easily checked that {Z,, ; ; } and X satisfy (ZZ2)
from Proposition Z-1 on the state space R \ {0}, so
(2.3) Z’jZEZ 6(1/717]/”7&;1217]) = % 5(t§:)7t}(12>7wh)’
(1) (2

where t, 7, ¢, , wy, are such that the sum on the right is a Poisson random measure
with mean measure \' = Leb x Leb x A on R? x (R \ {0}).

For a fixed m € N set Zi(?) = (Zicmjms Ziecm+1,j—ms - - - » Zitm,j+m)s
Z{" e RCHD? et
(2m+1)?
24 I,= MZGZ(S("/"J/"’“#Z%L)) and [ = % kgl 5(t§f),tf>,whek)’
(2m+1)?2

where e, is the element of the canonical base of R
equal to one and the rest equal to zero, and t;Ll), tf) , wy, are defined as above. The
state space for the processes {I,,} and I is E = R2 x (R™+1D*\ {01). The usual
topology is modified so that the compact sets of R(2m+1)? \ {0} are those compact
sets in R@™+D? which are bounded away from the origin, and £ is the o-algebra
generated by the new topology.

Let S be the collection of all sets B of the form

with k-th component

B = (ag, a1] x (a2, as] x (b1, c1] x ... X (bam11)25 C2m+1)2);

where the (2m + 1)?-dimensional rectangle (b1, c1] X ... X (b2m11)2: C2m41)2]
is bounded away from zero and ag < a1, a2 < as,b; < ¢;,b; #0,¢; # 0 for i =

1,...,(2m +1)2 Let ij denote the k-th component of the vector ZZ-(?), ie.
zk — zm)
b (i=m,j—m)+((k=1) (mod m),|(k—1)/(2m+1)])*

Here, for a, b€ Z, a (mod b) denotes the remainder in the integer division of a by b.
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The following lemma is proved in Davis and Resnick [5] for the one-dimen-
sional lattice, but the proof remains also valid in our setting.

~ 2
LEMMAZJ.LaJﬁ::Z%ﬁ%§:i$+” Oifn,j/man 75 ) Then In(B) —

fn(B) — 0 in probability for all B € S.
Now we can prove the following result.

THEOREM 2.1. Let {Z; ;} be iid satisfying (IT) and (I2) with {a,} satisfy-
ing (). Then for each fixed positive integer m
(2m+1)?
O . 0 _1m) = o
i,jZEZ (i/n,j/n,an IZZ.(J )) % kgl (til),t;lz),whek)
in M (R? x (R2mA1)?\ {0})) asn — oo, where e, € REm+D? gng tgl),tg),wh
are defined as in (4).

Proof. The class S is a DC-semiring (see Kallenberg [I0], Theorem 4.2),
so it suffices to show (I, (B1), ..., In(B;)) = (I(B),...,1(B;)) forany j > 1
and sets By, ..., B; € S. However, by Lemma ZTl it suffices to show

(In(B1), ..., In(B))) = (I(B1),...,1(B)))

or, equivalently, I, = I

Note that
Z 5(ui,u‘j,vi]’) = ( Z 5(u,-,u]-,vij-e1), ceey Z 5(Ui,ujyvij'e(2m+1)2))
i,JEZ i,jEL i,j€Z
(2m+1)?
= Z Z 6(Ui7uj7vij‘ek)
ijEZ k=1

is a continuous mapping, so by (Z3) and the continuous mapping theorem we
obtain I,, = I as desired. =m

2.2. Spatial moving averages. Let {Z; ; } be iid satisfying () and (I2). De-
fine

(2.5) Xij= > kiZitkj+i-
k€L

It can be shown (Cline [B], Theorem 2.1) that {X; ; : ¢, j € Z} are well defined if
{ck,1} satisty

(2.6) > |ck7l\6 < oo forsomed <a, § <1,
k,l€Z
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and in this case

(2.7 lim

First we prove the following lemma.

LEMMA 2.2. If {cy } satisfies (Z8) then for any v > 0

n m

(2.8) W%im limsupP[afl1 \ ‘ > itk — Xi7j| > fy] =0.

—00 .
n—0oo i,j=—n k,l=—m

Proof. Note that

n m

P[aﬁl \/ ‘ > Ck,zZi+k,j+l—Xi,j‘>’Y]
,j=—n kJl=—m

n

=Pla," V | X eriZivngu| >
i,j=—n |k|,|l|>m

Since { Z‘k‘ | >m Ckiivkj+1 - 1,] € {—n,... ,n}} is stationary, the expression
above is bounded by

@n+1)%Pla,'| Y ckiZig| > ]

HLt>m
Cn+1? Pl onitZersatl >0 o
= : " ’ |
n2 Pl|Zo0l > ann] e

By () and (Z77), as n — oo this converges to 4Z|k| >m ek 1| “y~*, which
converges to zero as m — oo. m

We can now state and prove a convergence result for point processes based on
{Xi}-
THEOREM 2.2. Suppose that {Z; j},{an}, {ck,} satisfy (T, (I2), (D),

and (I8), and {X;;} is given by (Z3). Let {(tg),téz),wh)} be the points of
PRM()\) on R? x (R\ {0}). Then

Qs s = = )
]ZEZ (i/n.3/man* Xi ) %,HZEZ (1) 2 wner)

in M,(R? x (R\ {0})) as n — oc.
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Proof. By Theorem Il we have for any positive integer m

(2m+1)2
2.9) 2 Singmartz) T 2 L O e
1,JEL k=1
The mapping
m
(Zicmj—ms - - s Zikmoj+m) = D ChiZitkj+l
k,l=—m

induces a continuous mapping from M, (E) to M,(R* x (R \ 0)), and so by the
continuous mapping theorem we have

= Z 3,0 4

. . 1 m ) ] W e .
ier (i/n,5/n,an k’lzzimck,lzz+k,j+l) b kl——m b oTh oWh k,l)

Asm — oo

(2.10) 3 Z O 421, —> >0 (D 4D pen )

h kl=—m h kJl€Z (®,

pointwise in the vague metric. Therefore, by Theorem 4.2 in Billingsley [I] it suf-
fices to show for any n > 0

lim limsup P[p( Y &

m N D Jry Ay >
M= n—oo i,jEL (i/"’j/n’a#k 2 kiZivkt) ey (l/n’j/"’anlxi,j)) n]

p— ()7
where p is the metric inducing the vague topology on M, (E). To accomplish this
it is enough to prove (see Kallenberg [II0]) that for all f € C}t(R? x (R\ 0))

(2.11) lim limsupP[

X n—oo

> f( ol > Ck,lZiJrk,jJrl)_

i,jE€Z kl=—m

-3 f<,' a,; ' X; >’>n] =0.

1,JEZL

Suppose the support of f is contained in [a, b] x [¢, d] x ([~ K + 70, =K~ — o] U
[K~1 + ~g, K — o)) for some K, o, where (K + K~1)/2 > 7y > 0,0 < a < b,
and 0 < ¢ < d. Set

w(fY) = Sup{\f(tl,tg,x) - f(t17t27y)’ z-y > 0 ‘l’ - y‘ v t17t2 € R}
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Since f has compact support, it is also uniformly continuous, and so w(7y) — 0 as
v — 0. Define

n m

Apn i ={w:a," V| Y aiZitrjnlw) — Xijw)| <~}
i,j=—n kJl=—m
B(K) = [-K,~K UK K)
and let v < min{~p, K'}. Denote the event on the left of (ZTT) by A, ,,. Then
lim limsup P(Ap, ) = lHm limsup P[(Ap . N App) U (Apn N AT )]

m—o0 5 00 m—o0 n—oco

= lim limsup P(Ann N Amp),

Mm—00 n—oo

since by (ZR) we have lim;;, . limsup,,_, . P(Ap,n N Af, ;) = 0. Note that on
Ay, it follows that a, P >0 cp 1 Zivg 41 € B(K) implies

L] tJoa
f 77570/11 Z Ck,lZi+k,j+l _f g7ﬁaan X’L,j gw(f}/):

k,l=—m

and a,' Y7 i Zik v € B(K) implies

1 j —1 O 7 _ { j 71X =0
f o > iZivkjr ) =f g Xig ) =0.

k,l=—m

Therefore,

lim limsup P(Ay,) = lim limsup P[A,, , N Ay, N B(K)]

m—0o0 pn_ o0 m—0o0 n—oo

< lim limsup Plw(v)

M—00 n—oo

X Y 0 m ([a,b} X [e,d] x B(K)) > 17]

. . 1
2 Ty s
ijE€Z (Z/n7]/n7an k',l:Z—kaJ z+k,]+l)

= lim Plw(y) én: Z(S(tf),t?,whck,l)([a’ b] x [c,d] x B(K)) > 1]

m—ee kl=—m h

= P[W(7> Z Z(s(t(l) @ e )([av b] X [Ca d] X B(K)) > 77]7
kleZ h b R ROk

where the last equality is given by Theorem 21l and (ZZ10). Since

2 2 bm e

h kleZ

([a,b] x [c,d] x B(K)) < o0 as.,

SWhCE,1)

the proof is concluded by letting v — 0. =
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From Theorem D72 we obtain the limiting distribution for maxima of {X ;}.
Let us put
M, = max X; cy = max{c,0 c— = max{—cgy,0}.
n 0<ij<n INE + Kl { k,l» }7 Kl { k,ls }
Using Theorem 22 we have

n

P(a,'M, < z)=P]| };05(i/n,j/n,aglxi,j)([o, 1] x [0,1] x (2,00)) = 0]
= P[Y Y 80,00, 0 (0.1] % [0,1] % (2,00)) = 0]
h kJIEZ

= P[Zh:dwh( z/cy,00)) = O,Zh:éwh((—oo, —z/c_)) =0]

= exp{—p(z/c)” "} - exp{—q(z/c )"} = exp{—(pc§ + qc2)2™"}.
We can summarize this in the following result.

COROLLARY 2.1. Under the conditions above, the partial maxima of moving
average process { X; ; } satisfy

P(a;an < z) — exp{—(pct + qc?)z™*} asn — oo
forall x > 0.

Observe that the extremal index for arrays of random variables can be defined
as in the case of stationary random sequences (see, e.g., Leadbetter et al. [IT]; see
also Ferreira and Pereira [[Z], and Jakubowski and Soja-Kukiela [8]). In particular,
let {XZ ,j + be iid copies of { X ;} and Mn =Maxo<i,j<n Xm If we assume ¢y, ; >0
and Z; ; > 0 (therefore p = 1), from () and (E72) we can calculate that

P(a;lﬂn <z)— exp{ - > |ck7l\ax_°‘}.
k€T
Therefore, from Corollary P71 it follows that the extremal index of the array {X; ;}
equals
Ci

Zk,leZ

2.3. Spatial moving maxima. Again, let {Z; ;} be iid satisfying (I'T) and ().
Define

(2.12) Yij= \ ¢riZitkji-
k,EZ

If {1} satisfy

(2.13) 3 ok’ < oo forsomed < a, 6 <1
k,€Z
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then, as above, the sum Zk lez P14k, is finite a.s., and obviously we have
P(Y; ; < 0o) = 1. In this case, one can also show that (Y} ;) is a stationary random
field and (see Cline [3], Theorem 2.3) has the following regular variation property:

P(|Vy jeneriZii| > t)
2.14) lim pCL7 7 7 = a
( Jim P(Zoo] > 1) k%z\s%ﬂ

As in Subsection I, one can show the following lemma.

LEMMA 2.3. If {¢y} satisfies (ZI3) then for any v > 0

n m
2.15) lim limsup Pl \ |V oriZipkgn—Yig| > 1] =0.

n—00 i,j=—n k,l=—m

For fixed p, ¢ € N we define random vectors
) ._ -
Yz(g )= (Yiepj—g> Yiept1j—gs- - - Yidpjta—1, Yitpjte)s 17 € Z,

and analogously we define a vector of real numbers goz(}}’q), i,J € Z.

Finally, we can state a convergence result for point processes based on {Y ; }.

THEOREM 2.3. Suppose that {Z; j},{an}, {¢k,} satisfy (D), (T2), D),
and (Z13), and {Y; ;} is given by (Z12). Let {(tg),tf),wh)} be the points of
PRM()\) on R? x (R\ {0}). Then

0. . —1 = 1)
’ijZEZ (i/n,3/n.an Yi,j) k>é2§ t;l),tg),whtpk,l)

in M,(R? x (R\ {0})) as n — <.

Proof. The proof is analogous to the proof of Theorem 2, we use only a
different continuous mapping from M, (E) to M,(R? x (R 0)), namely

m
(Zifm,jfma ceey Zi+m,j+m) — \/ Pk 1Zi+k,j+1
k,l=—m
and then apply the same argument but using Lemma 3 instead of Lemma 2. =

Finally, if we put M, = maxo<; j<n Yij, and ¢ = maxy {¢r, 0}, p_ =
maxy {—¢k,1, 0}, we have

COROLLARY 2.2. Under the conditions above, the partial maxima of a mov-
ing maxima process {Y; ;} satisfy

P(a,' M) <y) — exp{—(pp + q¢®)y™*} asn— o0
forally > 0.
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Therefore, from (ZT14) and Corollary U2, if ¢ ; > 0 and Z; ; > 0, the ex-
tremal index for the array {Y; ;} equals

_
D g ezlenil®

3. CONSISTENCY OF THE HILL ESTIMATOR

Let {W; ; } be an arbitrary array of (possibly dependent) identically distributed
regularly varying random variables with tail index « indexed over square lattice Z2.
Let E := (0, oo] be the one-point uncompactification of [0, oo] so that the compact
sets of E are of the form U¢, where U is an open set in [0, c0) containing zero.
Suppose € is the Borel o-field on E. Define the measure ;1 on (E, £) by

(3.1) p({z,00]) =2~%, x>0.

Let My (F) and C}.(E) be spaces defined as above. Let (k,) be an increasing
sequence of positive integers such that k,, — oo and n/k, — oo as n — oo. For
{W;;}, we define

b(t) == inf{z : P([Woo| > z) <t '}.

It is shown in Resnick and Starica [I4] that the condition

1 & P
(3.2) P = g DL OWaljb, = B

n j,j=—n

is sufficient for the consistency of the Hill estimator. In other words, if we denote
the k-th largest order statistics of the sample {|W; ;|: 4,7 = —n,...,n} by [W|y),
the convergence of measures in (B2) implies that the Hill estimator H,,, defined by

1 ka
=13 > log [Wlg) —log [W](x241),

n (=1

H,y,

converges in probability to o1,

3.1. Sufficient condition for consistency. We will find a useful way of proving
condition (B2) for different types of arrays.

PROPOSITION 3.1. Suppose for each n € N that {X,,; j: i,j € Z} is a sta-
tionary array of random elements of E. Let {ky} be a sequence such that k,, — co
and n/k, — oc. Suppose that

(2n)?
k2

n

(3.3) P(Xp11€°) > p,
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where p({z}) = 0 for all x € (0,00). Assume further that { X, ; ;} satisfies the
following two conditions:
(i) For any sequence l,, such that l,, — oo and l,,/k, — 0 and squares

Iy = [(a— 1)kn + 1,ak, — 1] x [(b—1)kn + 1, bky, — 1],
a,b=—[n/ky,| +1,...,—1,0,1,..., |n/ky], we have, for f € C}L(E),

n—oo

n/kn] 1
(3.4) lim E< I1 exp{l€2 > f(Xn,i,j)}>_

ab=—|n/kn]+1 noQ,j€lap
[n/kn] -1
~ I Eexp {kz > f(Xn,z‘,j)} =0.
ab=—|n/kn|+1 n g,5€l.

(ii) Define I' := [1, k] x [1,k,] \ {(1,1)}. Forany f € Cj(E)

n2

(3.5) Jim 7 3 B(f(Xn)f(Xnig) =0,
n (ij)el’
Then
Y ‘
(3.6) pn =05 Z 0x,.,; = pin My (E).
n ,J=—n

REMARK 3.1. For f € C}(E) assume that [c, o] contains the support of f
and set | | = supgs £(z). Then f < | F|[Lo.) and

E(f(Xn1,0)f(Xni)) < NfIPP(Xnag > ¢ Xnij > ).

Therefore, condition (BX) is implied by
2
G7)  lim = Y P(Xp00> 7, Xni; > 1) =0 forallz>0.

4
ek e

Proof. For simplicity, note that k,, in (33) can be chosen so that n/k,, is an
integer and let us put

n
P=Dn = Ln/knJ = ? and Nn,a,b = Na,b = Z 5Xn,i,j'
n (iaj)ela,b

Next, we consider random measures

1 p ~
Mp = 75 Z Na,ba
a,b=—p+1

where Nmb are iid copies of IV, introduced above. From (B-4) it follows that

(3.8) my, = p ifand only if g, = pin My (F).
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Hence it suffices to prove the former statement. Let us consider the family B of
relatively compact sets on £. Notice that

(kn — In)?
L2

n

E(mn(B)) = (2p)? P(Xn11 € B),

so from (B3) it follows that m,,(B) — 0 for all B € B such that u(B) = 0. For
p(B) > 0 define

my(B) _
((2n)/kn)* P(Xn11 € B)

Tn(B) =

kn)® & Na
)2 o)
2n ab——p+1 knP(Xn,l,l c B)

Note that 7},(B) is a sum of iid terms whose expectation tends to zero as n tends
to infinity, since

E(Na,b(B)) . (kn - ln)2 1
k%P(Xml,l (S B) N ]{% '

Therefore, it suffices to prove that Var (75,(B)) — 0 as n — oo to conclude that

T.(B) L. 0, which will prove the claim. We have

Var (Tn(B))
— Var . 1 Na,b _ k%
- <a,b=¥p+1 <(2")2 P(Xn11 € B) (2n)2>>
_ (2p)° E(ﬁ B) — (k. —L)2P(X B2
= o (X1 Bt (Na(B) = (e =) P(Xn1 € B)
_ (2p)® - )
B (2n)4P(Xn7171 c B)2E< (i,j)zejjlyl (5Xn,i,j (B) - P(Xn,z,j S B)))
_ (2p)? )
- (2n>4P(Xn,1,1 < B)Q [(i,j)gh,l E((SXn,i,j (B) - P(Xn,i,j S B))

+ Y E(dx,,,(B) = P(Xpi; € B))(0x,,,(B)~P(Xpnxi € B))]

(ifj)i(kvl)ell,l
(2p)* .
= - B
@n)TP(X, 11 € By in = b)™Var (0x,1,(B))

+ Z E((;Xn,i,j (B)(;Xnkl(B))
(ivj)i(kvl)ell,l

+ (kn = 1n)?[(kn — 1n)* — 1]P(Xp11 € B)?

=:Ip1+ In,2 + In,S'
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We consider each of the three terms separately. We have

I,1= (2p)° (kn — 1n)? Var (6xn,1,1(B))
T 2n)iP(Xpa€ B2 b

_ 1 (kn _ ln)Q (2n)2
- (@n)/ka)'P(Xp11€BR Ki ki Var (dx

(B)) =0

n,1,1

as n — oo because k;,, can be chosen in such a way that n/k2 — 0 as n — oo.
Next,

_ (2p)?
fon = Gy iP(X, g € B n ~ ) Lk = o)~ P (X € B
n)? )
= /{7%2(27)1)4(kn — l")Q[(kn _ ln)Q 1< (2121)2 o

Note that B € B implies that B is bounded away from zero, i.e. there exists § > 0
such that B C [, 0o]. Define

(2p)?

¢i= (2n)P(Xp11 € B)?

=C Z E((SXn,i,j (B)an,k,z (B))
<C Z P(Xn,i,j > (5, Xn,k,l > 5)

=C Z (kn—ln—i+1)(kn—ln—j+1)P(Xn’171>(5, Xn,i,j>6)

L @)’ S (kn—ln—i+1)(kn—ln—j+1)P(Xn11>0, Xpi;>0)
n—ln—1 n—tn—J] n,1,1 y AAngg
:U(B)2 k';lz (i)l !
An2k?
< —2 P(X 0, Xnii>0),
IU’(B)2k167, (i7£1/ ( 77»,171 ~ I - )

which goes to zero by (33) and (B72). Thus we can conclude that 7}, (B) il 0 and
my, = W, which completes the proof. m

We shall say that a stationary array {W; ;} of random elements is pairwise
m-dependent if for all 4, j, k,l € Z, W; j and W ;1 are independent whenever
|k|, || > m. The following proposition shows that if an array can be approximated
by an m-dependent array then it also satisfies (Bfl), which makes the Hill estimator
consistent in this case as well (cf. Resnick and Starica [I4]).
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PROPOSITION 3.2. Suppose for eachn > 1,m > 1, {ij' i,j €Z}isa
stationary array of m-dependent random elements of E,and {X,,; : 1,j € L} is
a stationary array of random elements of E for each n > 1. Suppose there exist
Radon measures "™ on E and a sequence {ky}, k, — o0, n/k,, — oo such that

for any fixed m
(2n)*

(3.9) K2

P(Xﬁﬁ?l €))L u™() asn— .

Suppose further that 1™ > 1 as m — oo. Finally, assume that

n2
(3.10) lim limsup —

m—oo n—oco k,%

PUX — Xopal > €) =0 foralle > 0.

Then
1 &2 .

(3.11) = Y 0x,,; = win M (E).
n ¢,j=—n

Proof. First we apply Proposition B to {Xn p J} As in the proof of Propo-
sition B, we put p = p,, = |n/ky,|. Condition (B:ﬂ) is given, and condition (B4)
holds trivially since for [, > m

{ Z f n,z,j =P + 1 }
7] ela b
are independent.

For simplicity, we put

pij(xy) = P(XTD > 2, XU > ) and I, = [1,m] x [1,m] \ {(1,1)}.

n,.,J
To check the condition (B33) we apply (BZ2). Note that

2

n
o > pijle,y) <

nlzjel/
n2
<;74( > pijlmy)+ X pijley)
n (ij)el, (i,5)eINI,
n’ (m) (m)
= ]?4( > piglwy)+ Y P(X,1h > :c)P(XmJ > y))
no (i,§)€l}, (i,5)eINIL,
n2 n2 "
<Y PXT s )+ Sk —m)?PXY > ) P(XTY) > )
k k4
n (i,5)el,
© 20 ) kn @n)? o o (202 o)
<@ 2 P(Xn,i,j>y)+16n2 2 P(X, 1) > 2)~=~P(X,V) > )
m2 2

= iz (5 (0.00)) + 0(1) + 2 (5 ({0, + o(1))
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Therefore,
s (m) (m)
nlggoj >, P(X,)) >, ij>y)—>0.

n (ij)el’
By Proposition Bl we can conclude

1 n
(3.12) = 2 Oy = p™in My (E).

n n,t,J

]_771

To complete the proof we will again use the converging together argument. It suf-
fices to show that for any f € C}t(E)
><) =0,

Since f is continuous with compact support, it is uniformly continuous, and there-
fore

(3.13) lim limsup P<

Mm—00 n—oo

k‘2 Z f nz,j k?2 Z f n,Z,j

n 4,j=—n n i,j=—n

wi0):= s |f@) =) —0 aso—0.
le—y|<0,z,yeE

Suppose that the support of f is contained in [a, oo] for some a > 0. Let § < a/2
and define the following sets:

{|Xn1] Xn77"7.]| 5X( )-/a—é}

n,%,J

7.7 _{‘an] Xn,i,j‘ 5 nglﬂ;j <CL—5}
9.] = {|Xn7,] n,z’,j| > 5}
for i, 7 = —n, ..., n. The observed probability is now

(s )

k‘2 Z f n,z,] Z f n,z,]

n ij=—n k% ij=-n
<P ,jzg RO = £ (X)L, > o/3)
+P(ig X WO~ Cussle, > 3)
+P(k1%iji_ X~ Kuilte, >s/3>
<Plw n”;n(SXr(m —,00]) >€/3) +0
3(2n + 1)2

E(If(X) — f(Xnij)1c,).
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-and X, ; ; from B; ; are not in the

. m
where the second term is zero because X ( l)j

n
support of f. From (B12) we have

1 .
3 by (e 0.00]) = p)(fa = d00]) = (0 - 8)
n i,j=—n Tty

so for 0 and wy(9) sufficiently small we get

1inrlsupP<qu((5)kl2 i 5X(m)‘([a—5,oo})>5/3) =0.

n—o00 nigj=—n b
Finally, define M := sup,cp f(x) < oo and observe that

3(2n+1)? m

Rl FX) = F(Xnig)iey,)

6M(2n +1)°
k2e

X

P(IXS,% = Xpa1| > 9),

which goes to zero as n — oo by (BI0). Now (B follows from (B-I2), and
(B13) from Theorem 4.2 in Billingsley [I]. =

We now apply Proposition B2 to the two models of Section D

3.2. Consistency of Hill estimator for moving averages and moving maxima.
As before, assume that {Z; ;} and {c;} satisfy (ICT), (), and (Z6), and that
{X; ;} is given by (Z3). Let {k,,} be a sequence such that k,, — oo, n/k, — oo
(for instance, take k,, = \/n).

Recall that b is a quantile function for {X; ;},

b(t) = inf{x : P(’XQQ‘ > JZ) < til},
and let b, mean b((2n)?/k2). Also, we define

m

(m) . _

Xii' = Y kiZivkjil-
k,l=—m

Recall that the measure p is defined by (Bl) and define

(m) — Zzl:—m|ckvl ‘a m
Zk,leZ |Ck7l |

For

X - X!
Xn,i,j = b and X(m) =

bn n7l7.] : bn )
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it is not difficult to show that they satisfy the conditions of Proposition B2, First
note that

TLQ (m) nZ
ZPUX 0 = Xnaal > e) = 5P| > ekiZivkjn] > bne).
n n &Ll >m

Applying (I717), we see that this is asymptotically (as n — +o00) equivalent to

n? k2
]472‘ Z |Ck7l|a( Z |Ck,l a) 16 O‘.TTZ
n k| em Kiez
= Y e (X Jew®) e,
k|| >m kleZ

which goes to zero as m — oo for all € > 0, so condition (B-10) holds.
From Cline [B] we can conclude that

asn — oo,

(2n)2P<X7,(,T) > [L’) - ZZZ:—m|Ck7l‘ax_a
Zk,lez|ck=l|a

which satisfies condition (E9). Therefore, the Hill estimator is consistent in the
spatial moving average case. Analogously, one can prove that condition (B2) holds
for the array {Y; ;} of spatial moving maxima given by (Z12).

Acknowledgments. The authors are grateful to Natalia Soja-Kukiela for point-
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