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A WICK FUNCTIONAL LIMIT THEOREM
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Abstract. We prove that weak convergence of multivariate discrete
Wiener integrals towards the continuous counterparts carries over to the
application of discrete and continuous Wick calculus. This is done by the
representation of arbitrary Wick products of Wiener integrals in terms of
generalized Hermite polynomials and a discrete analog of the Hermite re-
cursion. The result is a multivariate non-central limit theorem in the form of
a Wick functional limit theorem. As an application we give approximations
of multivariate processes based on fractional Brownian motions for arbitrary
Hurst parameters H € (0, 1).
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1. INTRODUCTION

The Wick calculus on Wiener integrals I(f) is mainly based on the Hermite
expansion

(L.1) exp® (I(f)) = > (k,(f)) =3 %I(f)”‘i
k=0 : k=0 "*
where
1
(1.2) exp® (I(f)) = exp <I(f) — % f f2(s)d5>
0
is the Wick exponential,
k

(1.3) h¥(z) = hEy(x) == (—o?)k exp(mQ/QUQ)% exp(—z?/20?%)

is the Hermite polynomial of degree k with parameter o2, and o denotes the Wick
product. We refer to the standard monographs [[], [T0], and [T3] for these ob-
jects from stochastic analysis and white noise theory. A brief introduction to Wick
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calculus is included in the next section. Here we assume that (£2, F, P) is a prob-
ability space which carries a Brownian motion (B;).¢o,1] on the interval [0, 1] and
F is the o-field generated by the Brownian motion. Then L?(€2, 7, P) becomes a
Gaussian Hilbert space.

As a discrete counterpart we consider, for every n € N, a binary random walk

1 Lnt]

t: \/‘Z&

Here, (&7, .. .,&)) is an n-tuple of independent symmetric Bernoulli random vari-
ables with P, (£]' = 1) = 1/2 on a probability space (£2,,, F,, P,) and F,, is the
o-field generated by the binary trials (£7,...,&)). Defining the discrete Wiener
integral via

In —
\/’Zfz 527

we have the following variant of the central limit theorem:

THEOREM 1.1. For all m-tuples of Wiener integrals (I(fl), . ,I(fm)) and
discrete Wiener integrals (I"(f1'),...,I"(f1)), respectively, the following three
assertions are equivalent as n tends to infinity:

@ (1) IMR)) S (), I(fin))
(b) Forallly,...,lp€{1,...,m}

E[I"(fiy) - T"(fi)] = Bl (fi,) - I(f,)]-

(©) hm max max f|fl | = 0and, for all k,1,

oo [<m i<n

n 1
S URIUE) = | A )

=1

For a proof we refer to Theorem 1.1 in [3].

Here we prove that the weak convergence in Theorem [Tl carries over to appli-
cations of continuous and discrete Wick calculus. This is a multivariate extension
of results in [2] and [3] which leads to a multivariate Wick functional limit theorem.
We refer to [4] for an alternative approach to such strong convergence results by
Skorokhod embedding and the approximation of the S-transforms by the discrete
counterparts.

The paper is organized as follows:

In Section @ we introduce the continuous Wick product and give analytic for-
mulas for Wick products of Wiener integrals by generalized Hermite polynomials
which have been introduced in [B].
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The discrete Wick calculus is introduced in Section B. After some L? formulas
and estimates on Wick products and Wiener integrals, we give a discrete analog of
the Hermite recursion for arbitrary Wick products of Wiener integrals. Then, based
on the weak convergence in Theorem [Tl, we conclude the weak convergence of
arbitrary multivariate Wick products in Theorem B

This convergence of arbitrary Wick products is extended in Section B to the
main result, the weak convergence of arbitrary Wick products of Wick analytic
functionals on the multivariate Wiener integrals in Theorem 1. Finally, we present
an application on fractional Brownian motion based on a fractional Donsker theo-
rem from [I5].

The proofs are subsumed in the Appendix.

2. WICK CALCULUS AND GENERALIZED HERMITE POLYNOMIALS

The Wick exponential is closely related to the S-transform which plays an
important role in the white noise distribution theory. For every X € L?(2, F, P)
and h € L?([0,1]), the S-transform of X at h is defined as

(SX)(h) :=E[X exp® (I(h))].

Thanks to the injectivity ([T2], Theorem 16.11), the S-transform can be applied to
characterize random variables. In particular, it leads to an elegant introduction of
the Wick product:

PROPOSITION 2.1. Define the Wick product by

(2.1) exp® (I(f)) o exp® (I(g)) = exp® (I(f +g)),

where 1(f) and I(g) are two possibly correlated Wiener integrals. This is equiva-
lent to

(S exp® (1) o exp® (1(9)) ) (h) = (Sexp® (1()) ) (1) (S exp® (I(9)) ) (k)
and we set

D:={(X,Y) € L*(Q) x L*(Q) :
Zxy € LX(Q)Vh € L*(R) (SZxy)(h) = (SX)(h)(SY)(h)},

o:D— L*Q), (X,Y)r Zxy.

Then D is a dense subset of L*(Q) x L%(Q), the Wick product < is well-defined
(i.e., Zxy is uniquely determined), and the following properties hold true:

(a) For every f,g € L*([0,1]), (exp® (I(f)),exp® (I(g))) € D and (ZD)
are valid.
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(b) The Wick product is bilinear.
(c) The Wick product is closed, i.e., if (X, Yi)ken C D, (X, Yi)—(X,Y)
in L2(Q)x L%(Q), and X,0Yy, — Z in L*(Q), then (X,Y) € Dand X oY = Z.

For more details on Wick calculus we refer to [I22] and [[I{]. Here we notice
the following generalization of a formula in [IT]:

PROPOSITION 2.2. Suppose (X1,...,X}y) is jointly normal distributed and
(Y1, ...,Yy) is an independent copy of (X1, ..., Xk). Then

X10...0X = E[(Xl + in) R (Xk —i—iYk)‘Xl, - ,Xk].
Proof. The assertion follows by

exp® ( zk: t1X;) = exp (Zk: tX; — ;E[(étlyl)Q])

=1 =1

[exp(zf: (X +iV)) | Xy, ..., Xy,

the Taylor expansion and identifying the coefficient terms for¢; ... ¢;. =

By the definition via the S-transform or thanks to Proposition 2 we obtain

I(f) o 1(g) = I(f)1(9) = (f,9),
(2.2)
I(f) o I(g) o I(h) = I(/)I(g)I(h) — (f, 9)I(h) — (f, W) I(g) — (g, W)I(]),

where (f, g fo s)ds = E[I(f)I(g)]. In the following we generalize this
representatlon of the chk product of Wiener integrals and illustrate the connection
to the Hermite polynomials (I-3). For these reasons we consider a generalization
of the Hermite polynomials to different variables as introduced in [A]. We define
for the symmetric constants 0; ; = 0j; € RT,4,j € N, the following polynomials:

W (z1) = a1, h?,w(ﬂﬂl, T2) 1= T1%2 — 012,
and recursively
23) BN (@1,. . @g) = T (2, )

- Z O—l,n+1h2_1(xla (RN fla (RN xn)7
=1

where o denotes the appropriate set of constants ¢ for all pairs of the variables
x1,...,T, and T denotes the absence of the variable z. Thus we have, in particular,

3
(2.4) hi(x1, 2, x3) = 120203 — (X102,3 + X201 3 + 301 ,2)
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with 0 = {012,01,3,023}. For completeness we define hY := 1. For constant
Oij = o2 and x; = x for all i, j, we obtain the ordinary Hermite polynomials with
parameter 2. This is a reformulation of the products of Hermite polynomials in
[TO]. These polynomials are included in multivariate Appell polynomials in [[Z]. In
the following proposition we collect some properties of these polynomials related
to a Wick exponential representation as in (ITI).

PROPOSITION 2.3. The generalized Hermite polynomials have the following

properties:
(i) Foralln € N,
871 n
n _ <& e
ho(mlv ce 7':Un) - 6t1 . 6tn eXp (Zzzl tZ:L‘Z) |t1:...:tn:0.

(i1) The generalized Hermite polynomials are symmetric if the constants o; ;
are interchanged in according terms. This means that if we interchange x; < x;,
then the interchange o; y, < 0 m for all m holds true.

(iii) The derivative recursion formula

0
2. ——h™M(x1, .. xn) = A (2, T T
( 5) 8xlhg(qfl> y L ) ho' (xla y L, 7x)

foralln > landl =1,...,n holds true.

The proof goes by induction and is omitted. We refer to the computations in [[Z]
and [[] for further details. Thus we conclude the following representation which
is implied by the diagram formulae for Gaussian random variables (cf. [[Z], Theo-
rem 4, or [I2], Theorems 3.4 and 3.9).

LEMMA 2.1. (i) Forallk € Nand fy,..., fr € L?([0,1]),
(2.6) I(fi)o...oI(fx) = hlf(fi,fj>,1gi<j<k}(I(fl)’ s I(fr),s

where I(f;) are standard Wiener integrals.
(i) Foralln,m € N,

E[(I(f1) oo I(fn) (I(g1) ¢ .0 1(gm))] = bum S 1B (900))

O'ESn =1

where S,, denotes the group of permutations on {1, ... ,n}.

3. DISCRETE WICK CALCULUS AND A DISCRETE HERMITE RECURSION

Concerning the discrete setting, a discrete Wick exponential of the discrete
Wiener integral I™( ™) is defined as

L 1
. xp® (I"(f™)) = — &
(3.1) exp™ (I"(f")) ill(Hﬁflfz)
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Obviously, L?(Qy,, Fpn, P,) is a 2"-dimensional Hilbert space. A canonical
orthonormal basis of L?(€2,,, F,,, P,,) consists of the set

{Effl =J[&", AC {1,...,n}}.
1€A
Every X" € LQ(Qn, Fn, Py) has a unique expansion in terms of this basis, which
is called the Walsh decomposition,

n __ n—n
X" = Z XA‘—‘Av
Ac{1,..,n}

where X7} € R. It follows immediately that expectation and L?-inner product can
be computed in terms of the Walsh decomposition by the equalities E[X"] = X
and E[X"Y"] =3 - (1,..n} XY The discrete Wick exponential corresponds
to the terminal value of a discrete exponential martingale and was studied in [8] in
the context of discrete stochastic analysis.

Analogously to (), for two, possibly correlated, discrete Wiener integrals
I™(f™), I"™(g™) a discrete Wick product of the corresponding discrete Wick expo-
nentials is defined via the property

(3.2) exp® (I™(f™)) on exp® (I"(g")) = exp® (I"(f™ + g"))-
For the proof of the following result we refer to [3], Lemma 1.1:

LEMMA 3.1. The discrete Wick product in (B22) is well-defined and equiva-
lent to the following characterization in terms of the canonical basis {Ef}‘, AC
{1,... 7n}} as introduced in [9]: For every A, B C {1,...,n},

Ely on E = Eliuplanp=0-
Moreover, (LZ(QTL, Fn, Ppn), +, <>n) is a commutative ring.
EXAMPLE 3.1. Suppose ", g" € R™. Then
(et = N2 ST fRER

AcC{1,...,n}
AIZN

Hence, for different discrete Wick powers (/V, M € N), we obtain

(3.3) E[I"(f")N1(g") M) = s (N Y frgh
Ac{1,...,n}
|A|=N

= 1 v <y On e NIE[T (£ I (g™)Y,
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which is the discrete counterpart of the continuous formula. Analogously to (ICTI),
we obtain the Wick power series representation

G4 e (I'(fM) = ¥ n“f“'”fzaﬁzzkl, e

Ac{1,...,n} k=0
In contrast to the continuous case, we have
IM(fi") on I (f3) on I (f3')

=1

Before stating the discrete analog of the Hermite recursion formula, we relate
the L2-norms of discrete Wick products to the continuous counterparts. The proofs
of the following statements are included in the Appendix.

PROPOSITION 3.1. (i) Suppose ki,...,km € N, > " ki < n. Then
E[(I"(f1)°% o ... o I*(f3)°"5) ] < m) H DE[(I(F))]".

(i1) Suppose (I”(ff), IR I ), - ,I"(g?{,)) converges weakly to
the continuous counterpart. Then

lim B [((I”(ff) on - on I"(F3)) — (I"(g7) on - - - o I"(g%))ﬂ
_ ]E[((I(fl) o oI(fy)) - (I(gl)o...ol(gN))ﬂ.
REMARK 3.1. () Forall (I"(f™), I"(g")) % (I(f),I(g)), N, M € N,

E[I"(f")*N 1™ (g")*M] — ELL(f)*V1(9)*M].

(i) From Proposition Bl (ii) we infer that the assertion in Proposition Bl (i)
holds true for continuous Wiener integrals as well.

Now we can proceed with the derivation of the discrete analog of the Hermite
recursion.

LEMMA 3.2 (Discrete Hermite recursion). For all k € N, fT', f3', ..., fi €
R", we have

3.5 I"(f1)on...on I"(f7)
= (I"(f1) on ---on I"(fE_0) I"(f)

k—1 —
= ST oo P on 00 I'(1)
+RE (I, ),
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and

(3.6) E[(Rkv”(ln(f?),...,I”(f;?))>2}

n |4 _
< (kB=1)N(k— 1)3 max sup ‘fl’z| (maXE[(In(fln))Q])k 1‘

ISk ign M I<k

REMARK 3.2. This generalizes the discrete Hermite recursion formula for
Wick powers in Proposition 1.2 of [B] to arbitrary Wick products.

THEOREM 3.1. Suppose that (I"(f7), ..., I"(f1)) < (I(f1)-- -, I(f))-
We define, for all N > 1, I%; as the random vector of all discrete Wick products of

the components in the vector (I"(f{"), ..., I"(f}')) up to the order N such that it
contains for every A C {1,...,N}and m : A — {1,...,k} the component
(On)ical™ (fini))-

Analogously, for the random vector of Wiener integrals (I (f1),---, I( fk)) , we de-
fine Iy as the continuous counterpart of Iy, in terms of continuous Wick products.
Then, forall N > 1,

d
v —=Inv asn— oo
4. A WICK FUNCTIONAL LIMIT THEOREM

By Theorem Bl we are able to extend the weak convergence of the Wiener
integrals in Theorem [Tl to square integrable Wick analytic functionals.

THEOREM 4.1. Assume that (I"(f7), ..., I"(f2)) % (I(f1)s -, I(fm))-
Additionally suppose that the coefficients in the Wick analytic functionals

ool n l

F(e) = Y Pt Fe() = Y etk le (1 m),
k=0 k=0

satisfy the following conditions:

(1) lim,, almk, = ai, exists forallk € Nandl =1,...,m.

(2) There exists a C € Ry with ‘af’L,k‘ <CFkforalln,keN,l=1,...,m.
We define F7,, as the random vector of all discrete Wick products of different com-
ponents in the vector (Fy™ (I"(f1")), ..., Egr (I™(f1))) up to the order m such
that it contains for every A C {1,...,m}, A # 0, the component

(On)iea ™ (I"(f1))-
Analogously, we define the continuous counterpart ¥, as the random vector of all
Wick products of different components in the vector (Fl<> (I(fl)) v B (I(fm)))
Then it holds true that

d
F, —F, asn— occ.
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REMARK 4.1. (i) For a simple case of the assertion (cf. the proof) a weaker
assumption on the coefficients is

(1) limy, oo ail’k = af,€ exists forallk € Nandl =1,...,m.
2*%) Foralll =1,...,m,

> 1 1 F
> 71 SupP {(aln,k)2 ( Z(fﬁi)2> } < 0.
k=0 "* neN T i=1

For technical reasons in the following convergence results we deal with the
simpler assumption (2*). By the boundedness of % Z?’:l ( fl”Z)2 foralll=1,... m,
the assumption (2) in Theorem Bl implies (2%).

(i) By Theorem [, condition (2) implies that

— (GL)Q " k

> ] (ffl(s)ds) <oo, l=1,...,m,

k=0 0
which is equivalent to the existence of F}’ (I(fl)) in the space L*(Q, F, P) for all
I =1,...,m. For further criteria for the existence in L*(Q2, F, P) we refer to [I1].

(iii) The existence of the component (ic AF; (I ( fz)) in L?(Q, F, P) for some
A C {1,...,m} follows by condition (2) as well.

(iv) The assumption on the convergence of the possibly correlated Wiener
integrals in Theorem Bl is based on the weak convergence of the underlying pro-
cesses

B" % B.
This inspires us to speak about a Wick functional limit theorem.

EXAMPLE 4.1. The Molchan—Golosov representation of the fractional Brow-
nian motion is given by

t
BF = sz(t, s)dBs, te€]0,1],
0

for some deterministic kernel zz(t, s) (see [I4], Chapter 5). In [I5] we prove the
following Donsker type theorem extending a result in [I6]:

THEOREM 4.2. For every H € (0, 1), we define the discrete Volterra inte-
grands as the pointwise approximation of the Molchan—Golosov kernel:
b (1,4) :=n [z (U/n,s)dslggy.
(i—-1)/n

Then the sequence of processes (of discrete Wiener integrals)
H, — .
(Bt n)te[o,l] =1I" (an(L”tJ ) '))tG[O,l]

converges weakly to the fractional Brownian motion (B} )te[o,l] in the Skorokhod
space D([0, 1], R).
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Thus we obtain the following non-central limit theorems. Let Hy,..., H; €
(0,1). By the embedding methods in [&], we obtain, for all ¢1,...,t; € [0, 1],
Hy, Hgny d  pH H
(B;,"", ... , B* ") = (B B

Then, from Theorem B we infer that the random vector of all Wick products of
fractional geometric Brownian motions

(epr(Bgl), e ,eXpQ(B,fLIIl + ng), e ,expo(Bg1 +...+ Bti[’“))
is approximated weakly by the discrete counterpart. We notice that the different

fractional Brownian motions are correlated by the same underlying Brownian mo-
tion. The tightness of such processes will be considered in an accompanying article.

5. APPENDIX

Proof of Proposition B (1) Weobservethat

G a N Yy [1 i = 2 IIIEIﬂ/f" I"(g50)]-

OESN i1, iN= 15=1 O’ESN]
Here, the objects of interest have the form

n
—N/2
I"(f1) on...on I"(fN) =n / > fln,n fNuv ={i1,ensin}”
i1yein=1
pairwise different

Then, by = =1 for all ¢ € Sy and interchanging sums,

n. . :n. .
: H{Zl7~~'71N}H{ZG(1)7"'710(N)}
we obtain

(52) E[(I"(f1)on---on I"(f3) (I™(g]) on - - on I™(g}))]

n

—N
=n > > f{l,n e ffr\zfyiNgiiou) - ‘gRﬂia(N)

TESN  i1,..,in=1
pairwise different

n n
-N
=n Z ( Z H Jl]gj lo(j) Z H J%g] Za(]))

cESN  i1,..in=1J=1 i1,.,in=17=1
Elklzk =1
-N
= Z HEI” fn In( n )]_n Z Z H ]Z]gjlo.<])
O'ESN,] 7,17 ,ZN_laESN]
ki =1,

The remaining sum on the right-hand side in (82) allows for the following refor-
mulation:

53 N Y Y H 790

i1,...iN=10€SN J=
ki =1;

= Nin™V i (1 > H J7a<J>><Z\1f 2 Hg”"”)

01yt N=1 ! ceSy j=1 oeSy =1
3k, =1y

o (5)
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Therefore, we conclude that

1
(5.4) N' Z H EIn fn In(fn])) N' Z H EIn g] )In<ga(j))]
oc€SN J= cESN J=
_27 EIn fn In n
N! O’EZSN]H ( ))]

- ﬁEK(I”(ﬁ‘) on . on IM(f)) = (I"(g?) On -+ On I"(Q%)))Q}
n 2
N T <N 3 Hfm(]) N' > Hgmm)> > 0.

i1,yin=1 ‘oeSN I= ceSy j=1
ke i =1y

By (B4) for g' = 0,7 = 1,..., N, and the Cauchy—Schwarz inequality, we obvi-
ously have

(5.5 E[(I"(fI") on-. o0 I"(f3))]
N
< > TR U) ] PRI Un)) T

Then, via (83) and the associativity of the discrete Wick product, we conclude the
assertion.
(i) By (B4) and Lemma T (ii), we obtain

5.6 E[((ImU) 0u 00 I"(R) = (I"(G8) 00 00 I"(5R)) ) |
~E[((I(h) oo I(fw) - (I(gl)o...ol(gN)))2
N
= Z (HE[In(f]n)In ;L(] HE fa]))]

O'GSN Jj=1

Jj=
N

—2 H E[I"(f) T (g50)] + 2 TT E(f;)1(90(;)])

j=1 =1

N n 1 N 1 N 2
— Nln— — n I U
i i Zz: 1 <N! 2 1l Mo NI 1:[1 g”"(j)> '
1y IN= - N J—
Ikl =i

.

Now, for simplicity, we write

Y(fo) =N Y T1UE,)*
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Interchanging sums and using the Cauchy—Schwarz inequality we obtain

n 2
S (5 S ) S T S0 S

i1yt N=1 *oeSy j=1 o,0'€SN
3k, i =1;

Here we notice

n|2 n N-1
(o)< (3 sl 0 S (T

i<n T

= () s Ly

Thus we have

n 2
(57) n_N Z (N Z H jZU(]))

i1yt N=1 ‘oeSy J=
3k, =1

N fni2 N—L
< (2>maxsup‘ | (%%E[(I”(ff)ﬁ) ’

ISN j<n M

and the analogous upper bound for g7, . . ., gy, respectively. Hence, via (88), (57)
and applying the convergences in Theorem [ (c), we obtain the assertion (iii). m

Proof of Lemma BZ. For k < 2 we have R*" = 0 and the formula
(B3) is clear by Example B and I™(f™)°"? = 1. Moreover, we observe that the
first non-zero remaining term appears for k = 3 as

R (I (f1). 1" (f3). 1" (f5))
2 n
o SL RN D H PRI SN O DR /A7 (40

=1 i1 =1 UIS USRI
= 2n~3/2 Enflfﬂf%f&f?
=
This proves the assertion for £ = 3. For k > 3 we obtain
(5.8) (I"(1) on -0 I"(Ji1)) on I"(fi)
=n~ (=12 i Sl Tt B in 1} On (”_1/2 i fea &)

01,0tk —1=1 =1
pairwise different

= (I"(f1) on - on I"(Fi)) I (F7)
nk/2 > > Sl T SR B e 0 i

15entk—1=1 dp€{i, ..,ip_1}
pairwise different
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Here we define the remaining term as

n
—k/2 n n n_ =n n
n > > Slay - St Tl Einin 1) Sin
1yenik—1=1 i €{i1,0 g1}
pairwise different

k—1 n
= E (nil Z fﬁzzflglz)

1121

 (nE2D
Tyl yeenyip—1=1

n /n\ n —=n R )
flﬂl to fl,ll o fkf—lvlk—l_‘{il,...,il,...,’ikfl}
pairwise different

_ Y (/2o 3

Uyeenslyseesip—1=1
pairwise different

X (”_1 > fz?i,fﬁil)

€01 yeensilsensi—1}

n o n n
flall e fl,ll e fk’_lﬂ/k—l {81 yeeeyigyensip—1}

T
L

| 11E[I”(ff)1”(f£)](I”(fF)On--~<%zfgzﬁﬁ)0n---<%1I”(f£;1))
— REM(IM(f), . I (fE)).

For the estimate (Bf), due to the orthogonality of =, A C {1,...,n}, we
observe that

0< E[(Rk’"(ln(ff), o I”(fz?))ﬂ

k—1 n n n
- Y ad v > (T2 (TT £72)
LI'=1 0cESK_2 =1 7j=1

U1 yeeeyByeenl—1=1

JAi 47
__ pairwise different J#l J#
(7‘17“'7i27“"i;§;71):0’(i17"'7%;7“'7?:}671)
-1 —1
X (n Z: fl??iz f’?ﬂz) (TL Z fﬁ,iu f’?ﬂ'l/) )
QE{81 eyl yeesil—1}

-/ -/ =7 -/
11/6{117""%7“'7%71}

where Sy_o is the group of permutations on k£ — 2 elements. Clearly, we have

(n~ > T Fia,

QE{i1, ity ik—1}

) < (k — 2) maxsu | ;’li|2
h <k 7;<5 n

Moreover, by the Cauchy—Schwarz inequality, for all [,!’ € {1,...,k — 1} and
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every fixed permutation o € Si_o, we get

n

n_(k_g) Z ( 1:[1 ffz])(]l;ll fjrfl;)

- (T,
() seoes) sty )= (01 eyl —1)
k—1 n k—1 n
< 1 P um)? T (et
j=1,j#1 i=1 G=1,jAU i=1
< (maxE[(I"(fﬁ))sz 1.
1<k

Hence, by |S;_2| = (kK — 2)!, we conclude the asserted estimate (36). m

Proof of Theorem Bl The proof goes by induction on N. The weak
convergence of I'y; to Iy in the case N = 1 equals the assumption on the weak con-
vergence of the Wiener integrals. Suppose the convergence is already proved for
N > 1. Making use of the assumption and Theorem [, we see that the conver-
gence of the deterministic terms limy, oo E[I"™(f]*)I"(f}')] = E[I(f:)I(f;)] holds
true for all 4,5 € {1, ..., k}. Hence, from the Cramér—Wold device, we infer that
the extension of I'y by these deterministic components to the random vector 1%,
defined as

( LI, - LB G)--S B )I(f)])

all components of If; E[I(F7) 17 (f7)] forall i,j€{1,....k}

converges weakly to the continuous counterpart Iy . Moreover, we build from
I’y 41 the random vector Iy, 5 of the same dimension in the following two steps:
1. Take a copy of Iy k.
2. Every discrete Wick product of N + 1 Wiener integrals,

(f) on - on I (i y)s  d1seosingn € {1, K},

is replaced by
I"( ;}VH)(I"( i) on . oon I7( Z’IL\,))

N
- ;E[I”(ffj‘_)ln( ZVH)](I”( g)on...onln(f;;)on...on I"(f72))

on the right-hand side in the Hermite recursion formula (B5). Hence, I%, | 5 is
a continuous function of I’ .. Moreover, by (B3), all components of the random
vector

n . In S 1
N+1,R ‘= AINt1 =Ny m
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are equal to zero or equal to some

RNTL((fm), o IR )y ity e singt € {1, kD,

N1

in (B3). By Lemma [Tl and the estimate (B8-6) in Lemma B2, we obtain
(5.9) Jim E[IT} 11, glRacv+] = O,

where ||-||gx denotes the Euclidean norm on R and d(N 4 1) is the dimension of
I 41- Since I, 5 is a continuous function of 1%, p, by the induction hypothesis,
the Hermite recursion formula (Z3), and the continuous mapping theorem we get

d
(5.10) Wi 2 Ingr.

Hence, by (B9), (B10), and Slutsky’s theorem we obtain the asserted convergence
forN+1. m

Proof of Theorem Bl Firstly we prove the simple case, i.e.,

d

A1) (FP (D) B () ) 2 (R (IGD))- - (1))

as n tends to infinity. Here, we assume the weaker conditions on the coefficients,
that is, (1) and (2*) in Remark B (i). By [8], Theorem 4.2, it is sufficient to show
that the following three conditions are satisfied:

(5.12) VN €N,
(B @), B (1)) S (FY A, Ee (1)),

(5.13) Vi <m, lim limsupE|(Fn (1"(f1)) = 7" (I”(fl”))>2] =0,

—0 n—oo

G149 vi<m, 1im E|(F(I(A) - FlN”(I(f,)))Q} = 0.

N—oo

Here FV° and FN:°n denote the partial sums of the Wick analytic functionals.
Condition (B12) is a consequence of the generalized continuous mapping theo-
rem ([8], Theorem 5.5) and Theorem B-1l. Condition (514 follows directly by Re-
mark BTl (ii) and due to the orthogonality of different Wick powers of Wiener in-
tegrals in (B3) of Example Bl Finally, thanks to the orthogonality of the different
discrete Wick powers of discrete Wiener integrals, we obtain, for the inner limit
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superior in condition (B13),

limsup E KFIO" (In(fln)) - FZN’% (In(fln>)) 2]

n—o0

sy 35 gy
n—oo pny1 (K1)? :
()2

2
= > R[] = (R ) - )
k=np1 (kD)

where we are making use of the convergence in Remark B (i), assumption (2*)
and, hence, by Fatou’s lemma for sums for introducing the limit superior under the
series. Thus, (B13) follows from (5-T4) and we conclude the simple case (B-1).

The proof of the convergence of the assertion in Theorem B proceeds simi-
larly. Thus, by Theorem 4.2 in [B], it is sufficient to show that the following three
conditions are satisfied:

(5.15) VN e N,

(B (). Y () 00 FE (712
d

L (F () B (I() 00 BN (1(Fn)) )
(5.16) YAC{l,...,m}, A+,

lim limsupE{((Qn)ieAan (I”(fz")) - (On)iGAFiN’Qn (In(fzn)))ﬂ =0,

—00 n—oo

(517) VAC{l,...,m},A#10,
]\}ETIOOE[(OieAFiQ(I(fi)) — OicaF,"* (I(fi)))? =0.

Condition (B13) is a consequence of the generalized continuous mapping theorem
([8], Theorem 5.5) and Theorem Bl
Suppose A C {1,...,m}. Then we have

(5.18) OicaFP(I(fi)) — OieaF " (1(f:))
0o l
_ ak’l ok
_ %GA (IEA (k'z)!> (<>leA(I(f1)) )




A Wick functional limit theorem 143

Thus, by the Cauchy—Schwarz inequality and Remark Bl (ii), we obtain

(5.19) E[(Oie AFY (I(f3)) — GieaFN (1 (fi)))2]

00 al al/ " N
) kzzoz,leA (zle—,[ax (k];g' (k%!)EKOZEA (1(/1)) ’ ) (OZEA (I(f) k’)}
kj=0,lcA

max kl max k >N
leA

— jab, |l 21k /2 21k]/2
< Al L L_E|(] VEE[(1 !
Zl:%,‘;eﬁ 4 ll;[4 (k) v/ (Rp)! ()] ()]
olc

max k;,max k; >N
leA leA

x al A
—iap( S IR s ()

ky=01cA leA v/ (kp)!

max k; >N
leA

By the assumptions on the coefficients and by the condition

max E[I(f;)?] < L < oo,

1=1,....m
we have

S [e%9) Ckl

|a“§c | 21k /2 k
5.20 L_E[(I P — /2
(20 %:IEA lgx V (kp)! ()] z=%,:l€A lgx (Fo)!

max k>N max k; >N
lcA leA

S 00 k
Z C qu/2> < H < Z cr Lkz/2)>
q€ A N+ leA\{q} \ k=0 VFi!

2\ [ s C0 ke Al
1 O )
N+1\F k=0 V!

00 k
ZC Lk/2<oo
k=0

Hence, via

we conclude that

0 l

a
S I —2=E[I(H)]"* -0 asN -0
ki=01cA lea / (k)!
max k; >N
leA

Thus, due to (B=19), the condition (B17) is satisfied.
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Analogously to (BT8) and (5-T9), we obtain for the discrete counterpart

E[ (a2 (") ~ OnieaF e (7)) ]

s al 2
k;=0,lcA l€A (ky)!

max k; >N
leA

Hence, by (B20) and the assumptions on the coefficients, we conclude condition
(ET6). =
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