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1. INTRODUCTION

Let {X,}n>1 be independent copies of a positive random variable X with
distribution function F(z) = P(X < x) and let a(-) be a continuous and non-
increasing positive function on [1, co] such that

(1.1) >~ Emin (1,a(n)X) < oo.

n>1

It is well known (see [9] or [2]) that () is the necessary and sufficient con-
dition under which the series S = Zn>1 a(n) X, converges almost surely.

Our basic aim is to get asymptotics in an explicit form for log P(S < r) as
r — 0, somewhat sharper than earlier known, assuming that

(1.2) b(u) = a~'(1/u) € Ry,

the class of slowly varying functions (here we assume that v > uy > 1/a(1) and
a~!(x) = sup{y : a(y) > =} denotes the inverse function of a), and

(1.3) F(1/-) € R_a,

* This work was supported by the Russian Foundation for Basic Research (project no. 13-01-
00256A).
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the class of regularly varying functions with index —a < 0 (or, in other words,
F(r)~r*h(1/r)asr — 0% and h(1/-) € Ry).

Note that if (I2) holds, then the weights a(n) have to decrease fast enough,
faster than any power of n, at least, and that (see [[[1]) () is equivalent to

(1.4) Eb(X) I[X > ug] < 0.

Let us recall a few earlier known results, the most close to the subject of the
note (a complete bibliography on the theme can be found in [B]; see also [8]).

Set f(u) = Ee=*X  u > 0, and formulate one result following from Theo-
rem 4 of [I4].

THEOREM 1.1. Let a(-) be a twice differentiable function on [1, 00| such that
o0 "
fl ‘(loga(t)) | dt < oo and

(1.5) limsup ) Emin (1, a(ln) X> < 0.

n—00 3] a(n)
Assume that the distribution F satisfies (1.3) and
(1.6) the function (s(log I )/(s))/ is absolutely integrable at infinity.
Then,asr — 0T,
logP(S < 7) = I(u) —ul'(u) + (log F(1/u) —loga™*(1/u))/2 + O (1),
where I(u) = floo log f(ua(t)) dt, and uw = u(r) is the unique solution of the

equation I'(u) +r = 0.

Observe that (IY) is appreciably milder than moment conditions in [4], where
the exact asymptotics for P(S < r) was examined. For instance, (I3) and (1) are
equivalentiflog (1/a(n)) = g(logn) + O (1), where the function g(y)/y does not
decrease for all y large enough.

Let us note that several conditions under which (L) holds can be found in [4]
and [I72]. For instance, it is sufficient to assume that u (log F(u))" tends monoton-
ically to —a as u \, 0 (and therefore (I3) holds).

The next result follows from Theorem 6 of [I3] (see also [], Theorem 4.1,
and [[7], Theorem 2, for the case X = ¢2 with £ ~ N(0, 1)).

THEOREM 1.2. Let a constant o > 0 and
(1.7) log F(r) ~ alogr asr — 0.
If (1.2) holds and

(1.8) Eg(X)I[X > 1] < o0
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for
B b(tu)
then

—logP(S <7)~al(s) asr—0%,

where [(s) = fjo b(u) du/uand s = s(r) > ug satisfies the condition l(s) ~ sr.
In particular, if

(1.10) a(n)=e Ve p>1 ¢>0,
thenuy = 1, b(u) = g(u) = 1 + ¢ logu and

—logP(S <)~ %logzr asr — 0%,

Observe that if {),,} is a positive sequence such that log (A, /a(n)) = O (1)
then, under the conditions of Theorem [,

logP( > M\ Xp <7) ~logP(S<r) asr—0".

n>1

Note also that (I2) is weaker than (I3). Moreover (see [[LT], Remark 2, or [[3],
Lemma 1), if

(1.11)  log (b(u)/b(u)) = O(1) and u (logh(u))’' \,0 asu — oo
then
(1.12) g(u) = O(b(u)) asu— oo,

and therefore (ICX) is equivalent to the necessary condition (I4l). Let us note that
if —u(loga(u))’ / oo asu — oo, then (ICIT) holds.

Remark that () follows from (ICR). To verify this fact one can take into
account that (IJ) is equivalent to

limsupl > Emin(l, a(l)X) < 00,

n—oo N I>n CL(TL)

and evaluate the sum above by using (), (') and the reasoning from [[IT],
(18)—(20).

The following assertion takes an intermediate position between Theorems [Tl
and (the case (II0)).
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THEOREM 1.3. Let Elog (1 + X)) < oo and, for some rational o > 0,
F(r)y~br* asr— 0%, b>0.
If (1.10) holds, then
(1.13) —logP(S<r)= %82 +acslogs+ (k+0(1))s asr— 07,

where s = |logr|and k = a/2 — ¢ logb+ aclog (ac) —clogl'(1 + a) — ac

Theorem was proved in [B] by means of the reasoning using results on
asymptotic analysis of the delayed differential equations. Such a rather subtle
method led, in particular, to the redundant requirement of rationality of «.

Note also that (I'T3) for all o > 0 under the additional assumption (ICA) fol-
lows from Theorem [ (see the details in [I4], Corollary 2).

The general aim of the present note is to obtain asymptotics for log P(S < r),
lying between ones of Theorems [Tl and T2, more general and refined in compa-
rison with Theoreml[3.

Our results are arranged in Section 2. Sections 3 and 4 contain some auxiliary
results and the proofs of Theorems IZZTH2T3, respectively. In Section 5 we prove
Corollaries TT-T3.

2. RESULTS

In what follows, besides conditions (IT)—(I3) we assume that a positive non-
increasing sequence {\, } satisfies the condition

(2.1 An ~ ap = a(n),
and
(2.2) F(r) ~r*Fy(r) asr— 0",

assuming without loss of generality that a positive function Fy(-), defined on the
interval (0, 1], is continuous and slowly varying at zero (one can take, say, Fy(r) =
r~® f(1/r)/T'(1 4 «)). For instance, if X = |£|P withp > Oand £ ~ N(0, 1), then
a=1/pand Fy(-) = \/2/7.

Denote, for simplicity, P ( Zn>1 A Xy < r) by V(r). Notice that the condi-
tion V' (co) = 1 is equivalent to () (or (I-4)).

Further we present some new asymptotics for log V' (r) whose forms some-
what differ, depending on properties of a(-).

The first result is formulated under the assumption

(2.3) [loga(u)| = o(u) (thatis, b(u)/logu — c0) asu — oo.
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Thus, a(-) decreases faster than a power and slower than an exponent, as in the
case

(2.4) a(u) =e~¢ log” u (or b(t) = e(C’IIfJgt)l/‘s)

with some 6 > 1 and ¢ > 0.
Let, as in Theorem [, [(s) = fjo b(u) du/u, s > uo.

THEOREM 2.1. If(2.3) and (1.8) hold, then for any ug > 1/a(1)
(2.5)

h
—logV(r) = al(h) + [ —log Fy(u/h) db(u) + (Coq + 0 (1)) b(h) asr — 0,

uo

where Co, = aloga — a — logI'(1 4+ «) and h = h(r) > g is any function such
that

(2.6) h/b(h) ~1/r asr— 0.

Let us consider a consequence of Theorem Tl for the case (Z4)), under which
(CR) is equivalent to the necessary condition (IC4) (see (1) and (TT2)).
We shall also assume that

(2.7) Fo(e™) € R,

for some ~ or, equivalently, Fy(1/t) ~ (logt)Y H(t) as t — oo, where a positive
function H (t) is slowly varying at infinity.

COROLLARY 2.1. Let (24), (I"4) and (1) hold. Then we have as r — 0:
in the case § > 2,
~ s [6-1]
(2.8) —logV(r)=¢€* (ac5§5_1 (e® 1) 4 3y, §_l) +C(r)+o (1)),
=1

where

S=(s/0%, s = fogrl. n= (-1 [[(5-b),

[x] denotes the integer part of x, C(r)=Cy—~ylogco+~ E — log Fo(e_géfl) and
E=— fooo e~ Y logy dy is the Euler constant,
in the case § = 2,

29) —logV(r) = e +1/(2) (2aci+C(r) —2ac+a+a/(4c)+o(1));
inthecasel < 6 < 2,

(2.10) —logV(r) =e™ (acd @'+ C(r)+a(@—1)+0(1))
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provided that Yy = 5 (1 + Z]VV[:l a1 7)), M =[0/(6 —1)], 7 =8'"°/c and
the coefficients o, are defined by the relation

v km

s—1
Q1) ar=1, =Y 1051 [ ™
=0

v2>l1,

where the summation is taken over all integers k,, > Owith1 - k1 + ...+ v -k,
=v,and s = ki + ...+ k, (in particular, as = 1/6, ag = (3 — §)/(26%)).

The next our result is valid if
(2.12) — (loga(u))l—>1/c>0 as u — 00,
which, in turn, is equivalent to (1) — ¢, and implies log (1/a(u)) ~ 1/cu and
b(u)/logu — c.

THEOREM 2.2. Let (2.12) hold and Elog (1 + X) < oo. Then we have for
any ug > 1/a(1l)asr — 0

(2.13) — log V(r)

f log Fo(u/h) db(u) + (cCo + /2 + aclogc+o(1)) log (1/r),

where h = |logr|/r (see also the notation in Theorem I1).

Note that the moment assumptions in Corollary -1 and in Theorem 22 are
necessary and sufficient for V' (co) = 1.

COROLLARY 2.2. Let Elog (1 + X) < oo and )\, ~ e4~"/¢ with some con-
stants d and ¢ > 0. Moreover, let (IZ1) hold true. Then, as v — 0,

(2.14) —logV(r)=cs <(;s + a logs —log Fo(r) + k + o(l)),

where k=alog (ac)+a(d—1)+a/(2¢) —logT'(1 4+ «) + yand s = log (1/r).

Putting Fy(-)=b>0 (or y=0) and d=1/c in (Z14), we get (L13) for any .

The relations (Z3) and (ZZ6) presuppose that \; (or a(j)) tends to zero not too
fast, for instance, — log a(j) = 49, 0 < § < 1. The following approach allows us
to consider a more general (in comparison with Theorem [ situation, including
the case 1 < § < 2.

Assume, in addition to (Z) and (Z2), that the functions a(t) and F(1/t) (see
(Z22)) are twice differentiable for all ¢ > g > 1.

Put 14(t) =t (log Fo(l/t))/, t > to, and introduce the conditions

(2.15) f|ﬂ )| dt < oo
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and
17 "
(2.16) Tf‘(loga(t)) |dt -0 asT — oo.
to

Note that (-13) is a mild version of condition (ICA), and it obviously holds if
p(+) is monotone at infinity (since p(f) — 0 as t — 00) as in the case Fy(1/t) =
¢ log® t in which ¢ i/ (t) = —6/log? t.

THEOREM 2.3. Let (13), (Z18) and (LX) hold true. Then we have for any
> 1/a(1) (see the notation in Theorem 1)

(2.17) —logV(r) f log Fy(u/h) db(u) — (a/2)log (1/r)
— (b(uo) — 1/2) log Fo(r)+ (Ca+0(1))b(h) asr— 0.
Now consider the example which follows from Theorem 3.

COROLLARY 2.3. Let A\, ~ ed=(n/9° \yith some constants d, ¢ > 0 and
0<d<2IfElog!/ (1 + X) < 0o and (2.7) holds, then, as r — 0,
(2.18)

—log V (r) :031/6< a9 —i—g log s — log Fy(r) —&-/@—i—o(l)) — gs

1+6°75 2
with s =log (1/r), k = a(d —1) + alog (ac) — logI'(1 + a) — v v, where

1—u)1/‘5
U

du.

O%»—-

Note that Theorem Tl does not work in the case a(n) =e4~ (/9 1 < § < 2.

3. AUXILIARY RESULTS

We start with several auxiliary results.
Let {\, } be a positive non-increasing sequence, Z = » -, A, Xp,and V(r) =
P(Z < r). Assuming that V' (co) = 1, put for u > 0

Mu) =Ee %2, L(u) = log A(u),
(3.1

m(u) = —L'(w),  o*u) = L'"(w), Qu) =ul/(w) - L(w), 7(u) = uolu).
LEMMA 3.1. Let (L3), (IK3) and () hold true. Then

(3.2) —logV(r) = Q(h) +1log7(h)+ O (1) asr—0,
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where h = h(r) is the unique solution of the equation
(3.3) m(h) =r.

Lemma BT follows from Theorem 3 and the Lemma of [I4] (recall that ([CX)
implies (IC3)).

Let us continue. At first we show that if (LX) (along with (), (Z2) and (21))
holds, then (see the notation in (B1)), as h — oo,

(3.4) —L(h) = K;N (—log f(a; h)) + o(b(h)),
(3.5) hm(h) ~ 72(h) = h? c%(h) ~ ab(h)

provided that the integer N = N (h) satisfies the condition hani1 < 1 < hay,
and hence N < b(h) < N + 1.

Let € = €(h) > 0 tend to zero slowly enough together with % and let parame-
ters M = M (h) and R = R(h) be such that

(3.6) haR+1 < l/ﬁghaR, haM+1 <e< hayy,

which (see (I)), in particular, implies that R < b(he) < R+ 1, M < b(h/e)
< M + 1, and, by standard properties of slowly varying functions, we get R ~
N ~ M ~ b(h) as h — oc.

We have (recall that f(u) = Ee™%¥X)
(3.7
L) =( X + X + X + X )(-logfNh)=L+...+1L

1I<GKR  R<j<N N<j<M j>M

(if R = N or/and N = M, the reasoning is only simplified).
Now, by (ICR), arguing as in [I1] ((27), etc.), again, one gets

(3.8) Iy=o0 (b(h)) as h — oo.

It is well known that () implies, as t — oo,
(3.9) F(8) ~ 1a(t) = T(1+ )t~ Fo(1/1),
(3.10) t (log f(t))/ — —a, (log f(t))” — Q.
Taking into account (39) and (ITI), we obtain

L= > (—logf(ajh))+o(b(h)) ash— occ.
ISGSR

Moreover, as h — 00,
I+ I3 < (M — R)( —log f(h Ap41)) = o (b(h) [log f(1/€)]) = o (b(h)).
Combining these estimates, (BZ2) and (BR), we obtain (E4).
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By using (B10), the condition (B3) can be verified similarly.
Let a function h, = h.(r) tend to infinity and satisfy the condition

(3.11) hyi/b(hy) ~afr asr — 0.

We infer by (B3) and (BI) that the solution % of the equation (B3) satisfies the
condition

(3.12) h~hy, hr~ablhy) asr—D0.
Now we show that (see (B1))
(3.13) Q(h) = —hyr — L(hy) + 0 (b(hy)) asr — 0.

Indeed, Q(h) = —hr — L(h). Since, by (B3) and (B12),

(he =) -
—her — L(hy) — Q(h) = G (1) |renn,y = o (b(hs)) asT — 0,
and (B13) follows.
Using (B13), (B11) and (B-4) one easily gets
(3.14) Q(h)=— Y logf(ajhs)— (a+o0(1))b(hy) asr—0,
1<G<N

where N, = [b(h.)], and therefore (see (IT2)) hy an,+1 < 1 < hyap,.
Next we change the sum in (B-I4) by the appropriate integral. The Euler—
MacLaurin summation formula of first order gives

(3.15)

N, Ny
> log f(heaj)= [ log f(h«a(u ))dU+ (log f(h« ar) +log f(hsan,))+21,
j=1 1

where
N*le%;l (108 £ (. a(t—i—j))) dt.

Obviously,

3.16) || < ;? (logf(h alu )))ldu:%log (f(hw an,)/ f(hs ar)).
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4. PROOFS OF THEOREMS 2.1-2.3

Proof of Theorem . Let the assumption (Z3) hold true. Then from
(B18), by () and (B9), it follows that

4.1) Y1 =0(1)b(hy) asr—0,
and, moreover, — log f(hsa1) ~ a log hy = 0 (1) b(hs),

42) 0< [ —logf(hsa(u))du<—log f(h«an,) < —log f(an,/an,+1)
N

~ a (log (1/an, +1) — log (1/ax.)) = 0 (1) b(h.).
Thus (Z3) implies

4.3) Q(h) = { —log f(hva(u)) du— (a+0(1)) b(hy) asr — 0.

We have by (B9) (irrespective of (Z3)), for any ug > 1/a; asr — 0,

b(h)
@4 [ log f(h«a(u)) du
1

h
= (b(uo) — 1) log f(hs) + [ log f(hs/u) db(u) + o (b(hy))

uo

hy
= (b(ug) — 1) log f(hs) + [ log Fy(u/hy) db(u)

uo

h
+a [log(u/hy)db(u) + (log (1 + a) + o(1)) b(hs).

ug
Next (see the notation before Theorem D),

R
45 [ —log(u/h.) db(u) = I(h.) — b(uo) (log b — logup),

uo

U(hy) = l(hi/a) + (loga+ 0 (1)) b(hy) asr — 0.

Combining (B3)-(E3) and using (B2), (33), (39) and (I3), (ZAH), we easily
obtain (Z3) (with h = h,/«), and complete the proof of Theorem 1. m

Proof of Theorem . Assuming (ZI2), we return to (BId) and
(B139), provided that h, = c« |logr|/r (and thus (3.11) is satisfied). Observe that
the conditions (E11) and (E2) still hold.
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Let us verify (B1). We have, taking R such that h.ap > 1/e > h.ap1, where
€ = €(r) tends to zero slowly enough,

L=( X + X + ¥ )z%”(logf(h*a(t+j>))'dt

1GK[eNy]  [eN«]<G<R R<G<N«
=1+ 1+ Is.

Then, as earlier in (B18),

1] < 5 log ( (b agoe)/f (e ), |Ts] < 5 Tog (S(hyaxc)/f (e asn)

and, due to (Z12), I; + I3 = o (1) b(hs) as T — 0.
Now, if e N, < j < R, then by (BI0) uniformly in ¢ € [0, 1], as r — 0,

(k’gf(h* a(t +j>)>/ = (s 108" f(9))] s—p, a(r) <10g (1/aft +j))>, — —a/c,

which, keeping in mind that fol ((2t — 1)/2) dt=0, leads to Iy =o0(1) b(h,) as
r — (. Hence, under the condition ('I2) we get, as r — 0,

b(h.)

(4.6) Q(h) = { —log f(h«a(u)) du+ o (1/(2¢) — 1+ 0(1)) b(hs).

Since
@4.7) log (f(h«)/f(1/r)) ~ a logr hy ~ a logb(hy) =0 (b(hs)) asr — 0

(see (B9) and (B1)), using (EA) instead of (E3), one can obtain (Z13) in just the
same way as (Z3). Thus, Theorem 22 is proved. =

Proof of Theorem 3. We have (see (B9), (B), etc.), putting R, =
R(hy),

@8) > (—logf(ajha))= > (—logf(ajhi))+o(1)b(hs)

1< N« 1<j< R

= Y (—logla(ajhi)) +o(1)b(h.) asr— 0.
1<j< R

Applying the Euler—-MacLaurin summation formula of second order to estimate the
last sum in (&X), we find

4.9) > (—logla(ajhy))

1<j<R.
R.

- Jl" ( —log o (hs a(U))> dqu% ( —logla(h a(1)) —logla (ha a(R*))> 2,
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where

Ri—11 t— t? 1

Y= 3 (108l (b alt + ) dt

— 0 2

J
Next,

1

(4.10) 13o] < g(Al‘f‘AQ);
where

Ry

A = { ‘(loga(u))”‘ \tta (he a(u)) | du,
R , /

Ay = | |(log a(u)) ‘ ‘(u(h* a(u))) ‘ du.
1

But A; = 0 (R.) = o (b(hs)) as r — 0, by (ZI8), and

hs+a
As < sup }(loga(u))/‘ fl W (s)|ds =0 (b(hy)) asr—0,
1<u Ry hyar,

since due to (-I3) the integral above tends to zero (recall that h, ar, > 1/€) and,
by virtue of (II8), as r — 0,

(4.11)
sup }(loga(u))" < sup (|loga(l)| + [ ‘(loga(t))”‘ dt) =0 (b(hy)).
1<u< Ry 1<u Ry 1
Moreover, (B9) and (IZ18) imply in (E9), as » — 0,
—logla(hs a(1)) = —logla(hs) + O (1)

and
—logla (hya(Ry)) = O <log 1/€ +log (a(R.)/a(Ry + 1))) =0 (b(hy))

because, similarly to (Z1T),

R.+1 ,
log (a(Ry)/a(Rs + 1)) = }{ |(loga(t)) | dt

< sup  |(log a(u))l‘ =o(b(hy)) asr— 0.
Ri<usRy+1
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Therefore, using (B9), (B2) and (E=R)—(E10), one easily obtains

R*

> (—logf(ajh))= [ (— log lo (D a(u))> du—% log lo (hs)+o (b(hy))

1<G<N. 1
R.

= [ ( — log f (R a(u))) du — % log f () + 0 (b(h4))

1
b(ha) 1
= [ ( — log f (h« a(u))) du — 3 log f(h«) + 0 (b(hy)) asr — 0.
1
Applying here (B4), (BE3) and (E4), we find that the conditions (Z13), (Z-16) and
(V) (see also (B14), (B2) and (B9)) imply (ZI7). Thus, Theorem 3 is proved. =

5. PROOFS OF COROLLARIES 2.1-2.3

Proof of Corollary . In order to derive the corollary from Theo-
rem 2711 we have to estimate suitably two first summands on the right-hand side
of (I3).

So, let (Z4) and (Z8) hold, and let I(z) = ff” e® 291 dz. Then
(5.1)

h h
J b(w) duju= [ e(c™ logw)!/? du/u=céI(logb(h)) +O(1) asr— 0.
uo

uo

Let M = [6/(6 — 1)] be the integer part of 6/(0 — 1), and therefore
M=k>1s (k+1)/k<d<k/(k-1).

Further, we need the following result (see, for instance, [R], (6.5)).

LEMMA 5.1. Let y(x) = 14 Y7, - cxa®. Then y'o(x) =1+ > sy bt

where

v km

s—1
(5.2) b= [1(1/5 -1 ] % s=ki+...+ky,
=0 m:

m=1
and the summation is taken over all integers k,, > Owith1 -k1+...+v -k, = v.
Put s = |logr|, § = (s5/c)Y/? (thatis, e = b(1/r)), 7 =5§/s = 5% /c.
Next we show that one can define the function h from (ZZ8) by means of the
equality
M

(5.3) logh =s (1 +> ¢ Tl),
=1

where c; = 1land ¢ 41, 1 <1 < M — 1, satisfy the equation ¢;1 = b; (see (B2)).
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In particular, cg = by = 01/(5 = 1/(5, 03=b2262/5+ (1/5)(1/5 — 1) C%/Q =
(3 —10)/(26%).
We have

M M
5.4) logh(h)=5 (1+ > cxm)* =5 (1+ L by 7'+0 (*M+1)  asr — 0,
k=1 =1

where, by virtue of (83) and Lemma B with y(z) = 1 + 22/121 ¢ =", the coeffi-
cients b; satisfy (52). Hence,

M M—1
logh —logh(h) =s(1+ Y ) —s7(1+ Y o7t + 0 (™))
k=1 =1

=s+O0(s™)=540(1) asr—0,

and (Z-8) follows.
Now we examine the asymptotic behavior of ( log b(h)) (see (BD)).

PutY,, =35 (1 + zf\il b Tl). Note that due to (54)) we have as r — 0

s eYM o oYM-1 b(h),
) I(logb(h)) = I(Yar) + O (37T b(h) 8°71) = I(Yar) + o (b(R)).

We will study the cases d > 2,§ =2and1 < <2 (e, M =1, M = 2 and
M > 2) separately.

In the first case we have Yy = Y1 = §+ §7/0.

Put A =357/6 =327°/(cé), k=2+[1/(0 — 2)]. Then we have

k—1 Al A
66 IY)=I(E)+Y I(l +k—I(k)( S+0A), 0<6<1.
=1

But
10t ==L (1+0(1/1), 1>2,t— oo,

and, in addition, we have T(*)(3 + 0 A) ~ b(1/r) 3" and A* 51 = o(1) as
r — 0. Hence,

Al 561 S0-2 A2
(5.7) l:zl o I10(5) = €5 59- ZZZIA/Z!JrO(s*A)

=P e -1 +o (b(1/r)) asr—0.
Taking into account (B3)—(B) and the relation
[6-1]

(5.8) I(3) =€ 81 (1 + Z 1)! ﬁ(a—k)g—l)+o(b(1/r)) asr — 0,

= k=1
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one easily gets for 6 > 2, asr — 0,

(5.9)
[5-1]
I(logb(h)) = & &1 (57710 £ 3~ (~1)! ﬁ (0—k)§") +o(b(1/r)).
=1 k=1

Now consider the case § = 2. We have

1 1
Yyy=Yo=5+57/24+572/8=5+—+

2 ' 8c25’
Y2 — o5+1/(20) <1 4 +0 (1/§2)> asr — 0.

8c?s

Thus, as r — 0,

I(Ya) =€ (Ya—1)+ O (1) = b(1/r) "/ (g ~1+ 2% + 8—102 + O(l/§)>,

and, therefore, for § = 2 we have

(5.10) I(logb(h)) = b(1/r) e/ <s —1+ 2% + $ + 0(1)> asr — 0.

It remains to examine the case § < 2. Here (see (B4)), asr — 0,
I(Yar) = ™Y + 0 (b(h)),
Vo t=8" Y 1+vn)+0(r), v=(-1)/5 F'1+vr)=8"+v/e
Hence, by (B3), for 1 < é < 2 we have

(5.11) I(logb(h)) = ™ <§5—1 + % + 0(1)>.

Thus, under the condition (Z4)) the required asymptotics for the first summand on
the right-hand side of (Z3) follow from (&) and (B59)—(BT).

Now evaluate the second one. We can assume without loss of generality (see
[M]) that under the condition (21)

(5.12) —log Fo(e ") = g(t) +0(1), where tg'(t) — —v, t — oo.

Let us put

h
(5.13) J(h) = [ —log Fy(u/h) db(u), u(t)=0b(e'), k=Iloguy, 7=Ilogh.

uo
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If R = R(h) tends to infinity slowly enough as r — 0, then (see (I2) and [[])
T—R

(5.14) J(h)= [ g(r —y)du(y) + o (b(h)).
k

Sete =6 (c/7)/%, Q = eT and

Q T—k
Ji = ég(U) d(u(r) = p(r —u)), Jo=— é g(w) dp(r — u),
~ Q B T—k
Ji=— [ (u(r) = plr —w))dg(u), Jo= [ u(r—u)dg(u).
R Q
We have
TR T—k
(5.15) [ g(r—y)duly) = — [ g(w)du(t —u) = Ji + Ja,
k R
and

Ji= (u(r) = p(r = Q) 9(Q) = (u(r) — (T = R)) g(R) + Ji,
Jo = p(t = Q) g(Q) — u(k) g(r — k) + Jo,

whence
(5.16) Ji+ S = j1 +j2+ (g(Q)—l—o(l)) b(h) asr — 0.

Let us write

(1 — )/
(5.17) w(u)_l(luu), u e (0,1].

Then (recall (Z4) and (B13)) u(T — y) /(1) = e~wW/m)y/Q and therefore

1
Ji/u(r) == [ 1 —e @) (Qyd (Qy)) dy/y,
R/Q
) (r—k)/Q
B/u(r)= [ eV (Qyd(Qy))dy/y.

1
From (BT7) and the dominated convergence theorem it follows that
1

Ji/u(r) — 7{(1 —e Wdyly, Jo/u(r)— —vTe‘y dy/y asT — oo,
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Thus (see (B13), (B3) and (B12)), we have, as r — 0,
(5.18) Ji+Jo=(v€+0(1)b(h),

and

Q
(5.19) g(Q)=g(& )+ [ tg(t)dt/t=—log Fy(3~ ) —ylog () + o (1).

§6—1

The relations (B13)—(5-T9) imply the relevant asymptotics for the second summand
on the right-hand side of (3). Thus, the proof of Corollary 1 is complete. =

Proof of Corollary 2. For the proof we use Theorem 2 for a(u) =
ed=u/e 4 > 1 (thatis, b(t) = c(d + logt), t > 1/a(1)).
Sets =log(1/r), h =se®, T =logh = s + log s. Then we have

h
(5.20) I(h) =c [(d+1logt)dt/t = c(ds+slogs+s*/2) +o(s) asr— 0.

uo

Further (see (BI2)—(B14) with kK = R = log s), as r — 0,

h s
(521) J(h) =c [ —log Fo(u/h)du/u=c [ g(t—y)dy+o(s)

uQ log s

=c [ gt)dt+o(s)=c(— Rg(R)+sg(s) — [ tg'(t)dt) +o(s)
log s log s
=cs(y+g(s)+0(1)) =cs(y—log Fy(r) + o (1)).
The relation (ZZI4)) follows from (Z13), (820) and (B2TI), i.e., Corollary 27 is
established. =

Proof of Corollary I3. Let us substitute b(t) = ¢ (¢ + logt)*/? and
h = cs'/9 e with s = log (1/r) in (7). Then we have, as r — 0,

I(h) = cs'/? <1+58—|—; logs+d—|—logc+o(1)>
and (see (EE12)-(B14))
(=) 1/5
= (ot =k = [ (1= 1 ) datr ) ) 061,

where g(7 — k) = g(s) + 0 (1) = —log Fy(r) + o (1) and the integral tends to  v.
Consequently, (-I8) follows. =
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