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Abstract. In this paper, we obtain the set of all almost sure limit points
of lightly trimmed sums, properly normalized, when the underlying distri-
bution function belongs to the domain of partial attraction of a semi-stable
law supported on the positive half axis.
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1. INTRODUCTION

Let (X,),n > 1, be a sequence of independent and identically distributed
(i.i.d.) random variables (r.v.’s) defined over a common probability space (2, F, P).
Suppose that the distribution function (d.f.) F' of X is continuous. For eachn > 1,

set S, = > X;. For any integer 7 with 1 <7 < n, let X\ = X if [ X
is the r-th largest among | X1|, | X2|,...,|X,|. Note that if Z;,, < Z3, < ... <
Zy.n are the order statistics of | X1], | X2/, . .., | Xy, then x\ = Zy—r s =T
Let WS, =8, — (X + X + ...+ X{). Then ), is called a lightly
trimmed sum. The fact that d.f. F' is continuous implies that the d.f. of | X,,| is

also continuous. Consequently, Xflj ), 1 < j < r, are uniquely determined except
over a set of probability zero.

We now introduce some definitions and give some earlier developments in this
area.

A d.f. F is said to be semi-stable if it is infinitely divisible with the character-
istic function ¢(+) given by
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where the Lévy spectral function is of the form

—01(logzx) .
) — — ifx >0,
U fellosleh)
[ ’

with o € (0,2), and 0;(-), 62(-) oscillating bounded non-negative valued functions
with at least one of them positive valued.

A d.f. F'is said to belong to the domain of partial attraction of an infinitely
divisible d.f. G* if over a subsequence (nj) one can find sequences (A, ) and
(Bn,) of constants such that ((S,, — An,)/Bp,) converges to an r.v. with d.f. G*.
Kruglov [6] established that if (ny) satisfies the condition

. NE+1
lim +
k—oo N

=p, 1<p<oo,

then the class of all limit distributions coincides with the class of all semi-stable
laws (which includes stable laws). In this paper, the domain of partial attraction of
semi-stable laws is defined as follows (based on Kruglov [6]).

A d.f. F is said to belong to the domain of partial attraction (DPA) of a semi-
stable law G, if there exists a sequence (ny) satisfying

(D np < Nk, k>1,

(2) ngy1/nk — pask — 00,1 < p < o0,
and there exist sequences (A, ) and (B,,, ) of constants such that

Sny, — An, d
1.1 e
( ) Bnk - )
where Y ~ G7,.
In particular, if
lim k1l _ 1,
k—oo N

Kruglov [B] established the following:

(i) The limit law of (.S, ) is a non-normal stable law.

(ii) The sequence (S,,), properly normalized, will itself converge to the same
stable law. In other words, the d.f. I belongs to the domain of attraction of a stable
law.

For other references on DPA to semi-stable laws, see Pillai [9] and Shi-
mizu [[L1].

When the d.f. I is a symmetric stable law with index o, 0 < a < 2, Chover
[M] established that
1/loglogn

(1.2) lim sup =el/as.,

n—oo

_n
nl/a

where a.s. means “almost surely” or “almost sure” depending on the context.
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Vasudeva [I?] showed that weak convergence to stable law is sufficient for
the law of the iterated logarithm (LIL) to hold. He showed that whenever (S,,/By,)
converges in law to a stable r.v., it follows that

1/loglogn
(1.3) limsup | — =el/%as. ifae (0,2)
n—oo n
and
S 1/loglogn
(1.4) limsup | — =0 el, 61/2] as. ifa=2.
n—oo n

where (By,) is a solution of the equation n(1 — F(B,) + F(—By)) ~ 1.

Lu and Qi [7] obtained the LIL for ((T)Sn) when the underlying d.f. is in the
domain of attraction of a stable distribution with index o € (0, 2]. They established
that for {A,,} and {B,,} with B,, — oo as n — oo, if {(S, — A4,,)/ By} converges
to a stable law with index « € (0, 2], then

r 1/loglogn
M) BT atr) 5

1.5 li
(1.5) im sup < B,

n—oo

when 0 < « < 2, and that there exists a 3 € [1, e!/(("+1)] such that
|(T)S _A ‘ 1/loglogn
H) — Bas.

1. li
(1.6) im sup ( B,

n—oo

when o = 2.
When the d.f. F' belongs to the domain of partial attraction of a semi-stable
law with index «, 0 < o < 2, Divanji and Vasudeva [] established that

1/loglogn

_ el/a

a.s.,
n—oo

Sn
1.7 li —
(L.7) im sup ‘ B,

where (B,) satisfies the relation n(1 — F(By) + F(-By)) ~ 1.

Kesten and Maller [S] obtained LIL for ((’") Syp) when the underlying d.f. F
belongs to the domain of partial attraction of a normal distribution. They showed
that there exist sequences (A ) and (B}") 1 oo such that

("G, — A* (g, — A*
(1.8) — 1 =liminf ——" < limsup ———" =l a.s.,

where A} is a sequence chosen such that

(1.9) liminf P(S, < A%) A P(S, > A%) = 0.

n—oo
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Vasudeva and Srilakshminarayana [[3] extended the results of Lu and Qi [[Z] to
the class of all d.f.’s F' belonging to the domain of partial attraction of a semi-stable
law with index a, 0 < @ < 2, @ # 1. They established that

(r) _ 1/loglogn
lim sup % = !/(rt1)) 5.,
n

n—oo

where By, is a solution of the equation n(1 — F(B,) + F(—B,)) ~ 1 and

0 if0 <a<l,
An = .
EX)) ifl<a<2.
When the d.f. has support on [0, co] and belongs to the domain of attraction of
a positive stable law with index a € (0, 1), Vasudeva and Srilakshminarayana [14]
obtained the large deviation results for ((").S,,), the lightly trimmed sums. They
established that, for any sequence (x,,) of positive constants diverging to infinity,
for any § > 0 and for any integer r,r > 1,

(1.10)
lim 2 *P(X") > 2,B,) = 0o, lim 20 "*P(X") > 2,B,) =0,
(1.11)
lim zH1=9ep((g > 2,.B,) =0, lim 01+ p((g > 2 B,) = .

In this paper, we obtain similar large deviation results when F' € DPA(a),
0 < o < 1, and hence we will show that the set of a.s. limit points of the sequence
((NS,,/By,)"/ 1oglogn coincides with the interval [1,e!/(“"+1)] (when the d.f. F
has support on (0, c0)). Even though many papers on LIL for trimmed sums can
be found in literature, perhaps this is the first attempt to examine the a.s. limit
points. It is made possible by the large deviation probability results established in
this paper.

Throughout the paper, ¢, k (integer) and N (integer), with an index, stand for
generic constants. The term ‘infinitely often’ will be denoted by i.o. For any x
positive, [z] stands for the greatest integer less than or equal to z. A non-negative
valued measurable function L(x),z > 0, is called a slowly varying (s.v.) function
if forany ¢t > 0, L(tx)/L(z) — 1 as z — oc.

A point 6 is said to be an almost sure (a.s.) limit point of a sequence (&) of
r.v.’s defined over a common probability space if for any given € > 0

PO—e<&, <O+ecio)=1.

The large deviation probability results and the a.s. limit points are obtained in
the next section.
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2. ALMOST SURE LIMIT POINTS FOR TRIMMED SUMS

In this section, we show that any point 3 € [1,e!/(("*+1)] is an a.s. limit
point of ((T)Sn) properly normalized. We first present some lemmas and a theo-
rem needed in establishing the main result. Lemma 2.4 and Theorem 2.1 are the
extensions of large deviation results of Vasudeva and Srilakshminarayana [[4] to
the case when F' € DPA(«),0 < o < 1. Throughout this section, B,, is a solution
of the equation n(1 — F(z)) = 1.

LEMMA 2.1. Let L(-) be a measurable s.v. function and let (x,,) and (y,,) be
sequences of real constants, both diverging to infinity. Then for any § > 0
s L(xnyn)

=0 d 1i — 7 =
L(xn) R I

L
2.1) lim ygéi(x"y”)
n—oo

Proof. For a measurable s.v. function L(-), the Karamata representation is
given by

L(o) = ata)exp (| Phay ),

C

where a(x) — a (a € (0,00)), €(x) — 0 as x — oo, and c¢ is a positive constant.
Consequently,

(T

Tn

From the fact that e(y) — 0 as y — oo it follows that for any given ¢; > 0 one can
find a yp > 0 such that —0; < €(y) < 6; forall y > yy. Consequently, for ng large
such that z,, > yo, —01 < €(y) < &1 whenever y > x,, with n > ng. Observing
that a(z,yn)/a(x,) — 1asn — oo, given d3 > 0, one can find an n; (> ng) such
that for all n > ny

(1 —d2)exp (—51 log $nyn> < L(znyn) < (14 d2) exp (51 log xnyn)

Tn L(xy) n
or
L nJn
23 (1= dui® < 7 < (14 ol

From (23), for any > 9, one can see that

) L(xnyn)

— L(Scnyn)
Y o) P

— oo and y, L(zn)
n

— 0 asn — oo,

which establishes the lemma. =
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LEMMA 2.2. Let L(-) be an s.v. function over [z, c0). Then, as x — 00,

14+~

[OL(t)dt ~ =

L(z)
2 I+~

whenever v > —1.
Proof. See Feller [3]. m

LEMMA 2.3. Let a d.f. F be supported over (0,00) and let F' € DPA(«),
0 < a < 1. Then there exist an s.v. function L(-) and a bounded function 0(-) with
0 <c1 <0(x) < co < oo, for some cq,co > 0, such that

i 2%(1— F(x))

A T L@eE)

Proof. See Divanji and Vasudeva [?]. =

LEMMA 2.4. Let F'(0) = 0 and let F € DPA(«a),0 < a < 1. Then, for any
sequence (x,) of positive constants diverging to infinity, for any 6 > 0, and for
any integer r,r > 1,

lim zUT)*P(X") > 2,B,) = co and lim z0*P(X(") > 2,B,) = 0.
n—oo n—oo
Proof. The proof follows, with minor modification in the arguments, in the
way of Vasudeva and Srilakshminarayana [I4]. One needs to apply Lemma 3 in
place of the regularly varying tail of F. The details are omitted. m

THEOREM 2.1 (Large deviation results for lightly trimmed sums when
F € DPA(a),0 < a < 1). Let F(0) = 0andlet F € DPA(«),0 < a < 1. Then,
for any sequence (x,,) of positive constants with x,, — oo as n — oo, and for any
6 >0,

(2.4) lim 27+ p(Ms > 2. B,) = 0o
and
(2.5) lim zr+1=92p(™g, > 2,B,) =0.

Proof. The proof follows the lines of Vasudeva and Srilakshminarayana
[T4]]. The details are omitted. m

THEOREM 2.2. Let F(0) = 0 and let F' € DPA(«),0 < « < 1. Then the set
of all a.s. limit points of ((") S,/ B,,)Y/ 19818 ™) coincides with (1, '/ (1)),
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Proof. The proof consists of two parts. In the first part we show that the
set of a.s. limit points S is contained in [1,e'/(("*1)®)] and in the second, each
point € [1, e/ ("+D)] s shown to be an a.s. limit point. In showing that S C
1, el/((”+1)o‘)], we establish that, for any given € > 0,

(T)S 1/loglogn

2 P((52)"" < vi0) <o
and

r 1/loglogn
e p(<( ;5> T e/ i.o.) o
We have . 1/ Togl

g oglogn B
n —€ _ (7’) n
() =)= (s <wiy)
By the relation X,(fH) < (T)Sn, (Z8) follows once we show that
(2.8) P X+ < B o) =0
(logn)e

Let my, = 2%, k > 1. Define

A, = <X£;"+1>< Bn > and B,Q:( min X<’“+1><Bmk“>.

(logn)e mp<n<myi1 (log my41)€

Observe that (A,, i.0.) C (B, i.0.) and that

: B
P(By) =P X{th < T _
(5e) ( e S (log mp41)°

- p <X7(,Z:+1) < Bmk+1 Bmk (logmk)e >
k B, (logmy)¢ (log my11)*

By Lemma 73 note that B,, is a solution of the equation 2%/ (L(z)0(z)) = n.
Hence, by Divanji and Vasudeva [], one can see that

By ~ 0Ly (n)m(n),

where L1 (+) is an s.v. function and 7, (-) is a function bounded between two positive
constants, say, 0 < a < n1(z) < b < oo for z > 0. Consequently,

1
B mkﬁLl(mkH)m(mkH) < ol/o Li(2-2F)
Bmk L1(2k)a '

mi/aLl (M) (mg)
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By the definition of an s.v. function, we have
L1(2-2F)
Ly (2F)
as k — oo. Hence, one can find a k1 and ¢; > 0 such that, for all k¥ > kq,
B

M1

B,

1 € €
og My _ k <1
log my11 k+1 ’

for all k& > k1 we have
By ( log my, )6 <ep
B, \logmgq

Let Yy, = (c1Bpm,)/(logmy). Then, for all k > ky,

— 1

<Cl.

Also, since

r

P(B}) < P(X[ <ym) =3 ("l”“) (Fm) (1= Flym )™
=0

where F(z) =1 — F(z),z > 0. Since 0 < F(-) < 1,for j = 0,1,2,...,r it fol-
lows that '
P (Ymy ) < E™ T (Ymy,)-
Using the fact that
1—F(z) ~z “L(x)d(z),

we obtain, for k large,

(2.9) (”;’“) (F(ym,))’ ~ (”;'“) U L (Ymy) 0 (Umy))’

_mi(mg = 1) (me — (= 1)) ((logmk)“‘ L(ymk)ﬁ(ymk)>j
By,

) e 7

where ¢y > 0 is a constant. Also, for k large, F(ym,) ~ Yo L(Ym,,)0(Ym,,) im-
plies that F'(ypm, ) > cyp® L(ym,, )0(ym,,) for some ¢ > 0. As such (for k large),

F(ym,) < 1= FWm;,) < (1 = Yt LYy )0 (Ymy,))

- (1- WL@mk)@(ymk)).



Almost sure limit points of lightly trimmed sums 137

Hence, one can find a ks such that, for all & > ko,

ea (mg—7)
2100  P(XTH) <y,) < e (1 — c(loisz(ymkW(ymk))
Ly <mk<logmk>a L(ymk)g(ymk))j |
7=0 B%k
Note that
Ly )0(yim,

QI Ll )ne) = G LB 0( B

Lym)0ma) g yo(B,,.).

B L([(log mk)e/cl]ymk)e(Bmk)
By Lemma I for any given d; < « one can find a k3 such that, for all & > ks,

L([(log my)¢/c1]ymy )

Also, from the definition of 6(-), we have

) —651 651 X

VA

(log my, < (log my)

c 0 c
a  Oym) _c

c2  6(Bm,) S
Hence, for a ¢ € (91, «) one can find a k4 (> k3) such that, for all k > ky,

i L))
) S LB 0B

In turn, for all £ > k4 from (ZZI1) we have

(log my, < (log my)*.

c(logmy ) c(log my ) @)
1— (BQ)L(yMk)H(ymk) <1-— (BCV)L(Bmk)G(Bmk)
mi i
o c(log mk)(a—5)e mxL(Bon,)0(Bum)
= — i
and
my(log my, )« L (B )O(Bor
k(BOék)L(ymk)e(ymk) < (Iogmk)( +6) ( BZ) ( k)
mp o

Consequently, from (Z-I0) one can see that, for all k > k4,

c(log my) @9 my L(By, )0(Bm,) ) (mg =)

mpg B%k

PXU) <y, ) <es <1 -

(atd)e ka(Bmk )Q(Bmk) 7
((10g mg) B, )

X

r
J=

0
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Since

B,
as k — oo, one can find a k5 (> k4) and ¢4 > 0, c5 > 0 such that, for all k& > ks,

(1 B C(log mk)(afa)e ka(Bmk)0<Bmk)>(mk_T) < 6—64(10gmk)(a76>6

—1

my, B%k
and
T J
Jj=0 mg

In turn, by (ZI0) one can show that, for all £ > ks,

P(X(T'H) < Ymy) < Cﬁk‘(o""‘s)(7"~'1)66_‘37]“((X_(5)e

mi )

where cg > 0, ¢; > 0 are constants. From the order test we get » -, P (B},) < oo.
By the Borel-Cantelli lemma, P (B, i.0.) = 0 follows. Recalling that

(A, i.0.) C (By, i.0.),

we obtain (ZR), which implies (IZ6).

In Vasudeva and Srilakshminarayana [I3], (22) has been established by using
the truncation arguments given in Mori [B]. We give an elementary proof based on
large deviation results in Theorem 1.

Note that
(r)S 1/loglogn
<< n) > 6(1+6)/((r+1)a)> _ ((T)Sn > Bn(log n)(l+e)/((r+1)a))'
By,
Define
Dy, = (S, > Bu(logn) e/ (+1)e)
and

Ey=( sup s > By, (log mk)(1+e)/((7'+1)a)).
M <N<Mp41
Observe that (D,, i.0.) C (Ej i.0.). Also, since X,,’s are positive valued, ((r)Sn)
is an increasing sequence. Consequently,

P(Ey) = P (Wsmkﬂ > By DM (log mk)<1+e>/<<r+1>a>>_

m
k+1 Bmk+1

Let

B
Py = - (log )1/ (€ +D),

Mp41
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One can find kg, cg > 0, cg > 0 such that, for all k > kg, cg < B, /By, < co.
Hence, by Theorem I, for all £ > kg,

P(Ey) < co(log my)~[+1-0a1+0l/[r+1)a] _ ¢ p=[r+1-0)a(1+)])/[(r+1)a]

where ¢19 > 0 is a constant. Choosing J small such that

) €

one can have, for k > kg,
C10
From the Borel-Cantelli lemma and the relation (D,, i.0.) C (E}, i.0.) we obtain
(IZ2). By (Z8) and (Z22), note that S C [1, e!/((r+1)o)],
We now establish that every point in [1, e/ (D] is an almost sure limit
point of (((")Sn /By,)'/ 108 logm) "and hence complete the proof.

For any p € (0,1), define nj, = [ekl/p]. We now show that, for any e with
0<e<p,
(T)S 1/loglog ny
(2.12) P > ePt/((r+D)a) 5 ) =0
Bo,
and
(T)S 1/loglog ng
(2.13) P((B"’“> > e(P=9)/((r+1)e) i.o.> =1,
Nk

which together imply that e?/(("+1)a) i an almost sure limit point of the sequence
(1) S,/ B, )/ 108108 ™ Note that

r 1/ loglog ny
(S "o r/(r+1)a)
B

= P((r)snk > By, (lognk)(p"re)/((r-i-l)a)).

Taking z,, = (logn)®+)/(("+1)a) in Theorem IZT, one can find a k7 such that, for
all k > k7,

1
(log 1) [ 1=+ (r+1)

< C11
= g(1=6/(r+1))(1+¢/p)’

P((T)Snk > By, (log nk)(p“)/((rﬂ)a)) <

where c11 is a constant. Choosing ¢ small such that

(1—5) <1—|—6>:1+61>1
r—+1 P
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for some €1 > 0, one gets, for all k£ > kv,

(7«)5 1/ loglog ny c
_ Pk (p+e)/((r+1)a) 11
() )

By the Borel-Cantelli lemma, (Z12) follows.
In order to prove (Z-I3), note that (T)Snk > X}LZH) > M, 1, where M, 1,
is the (r + 1)-st largest among (X, ,+1, Xn,_,+2,- -, Xn, ). Consequently,

P("S,, > By, (logny)®=9/ (D)
> P(M41 > B, (logny) =9/ (mHDa))y
= P(x[T) > By, (logny,) =9/ (D),

NE—Nkg—1
Applying Theorem 1 and using the property that nx_1/nx — 0 as k — oo, one
can find a kg > 0 and a ¢15 > 0 such that, for all k& > kg,

P(XUHD S B (log my) =/ (e

NE—Ng—1
1 S 12
(log ny) [(r+146)(p—e)l/(r+1) = [(1+6/(r+1))(1—¢/p) "

>

Choosing 6 > 0 such that (14 &/(r + 1)) (1 —€¢/p) = 1 — €, for some € > 0,
one gets, for k > kg,

—€ T « 1
P(Mr—i-l,k > Bnk (lOg nk?)(p )/(( +1) )) > klfez :

From the fact that (M, ;1 ) are mutually independent, by the Borel-Cantelli lemma,
we have

(2.14) P(Myi1 > By, (logny,) @~/ o) = 1.

Recalling that (’")Snk > X,(Z,;) > M, 41k, we see that (Z14) implies (Z13). Points 1
and e!/(("+1)a) are limit points by continuity considerations. Hence 1, et/ ((TH)“)}
is the set of all a.s. limit points of ((")S,/B,)/1°¢ls"). u

COROLLARY 2.1. Let F(0) = 0 and let F belong to the domain of attraction
of a positive stable law with index o, 0 < o < 1. Then the set of all a.s. limit points
of ("S,,/By)Y/ 1gloen js [1, !/ (r+1))] \where B, = n'/®1(n) and 1(-) is slowly
varying.
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3. AN APPLICATION

Positive semi-stable distributions (which include positive stable ones) are of-
ten considered for fitting data on loss due to natural calamities such as flood, fire,
cyclone, etc. Also, these distributions are considered for fitting the claim size in
non-life insurance sectors. If X,, denotes the loss incurred/claim size on the n-th
occasion, then S;, stands for the total loss/total claim up to n occasions. As such
Sy, plays an important role in many policy decisions. A natural question that arises
is to know how far some of the extremes/outliers effect the total loss/total claims.
Based on the estimate of the index « of the semi-stable law, by our result, one can
note that eventually the total loss on n occasions, after removing the r extremes,
fluctuates a.s. in the interval

n!/®l(n)n(n) W () (log ) 16/ (r+1)a)
(™ et /ety g ) )
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