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1. INTRODUCTION

In the present paper we study the problems of existence, uniqueness and ap-
proximation of solutions of finite-dimensional stochastic differential equations
(SDEs) with constraints driven by general processes with bounded p-variation,
p > 1. More precisely, let f : R? — R?, g : R? —» R? @ R% be measurable func-
tions, A be a one-dimensional process with locally bounded variation, and Z be a
d-dimensional process with locally bounded p-variation. We consider SDEs with
reflecting boundary condition of the form

t t
(1-1) Xt :X0+ff(Xs—)dAs+fg(Xs—) dZs+Kt, t€R+~
0 0

By a solution to (1) we mean a pair (X, K) consisting of a process X living over
a given d-dimensional barrier process L and a d-dimensional process K, called
a regulator term, whose each component K is nondecreasing and increases only
when X is living on L (for details see Section 3). Equation (IT) is called the
Skorokhod SDE by analogy with the case L = 0 first discussed by Skorokhod [Z6]
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for a standard Brownian motion in place of Z and A; = t, ¢t € R™. Next, many at-
tempts have been made to extend Skorokhod’s results to a larger class of domains
or a larger class of driving processes (see, e.g., [B], [9], [1Y], [28], [33]). The equa-
tions of this kind have many applications, for instance in queueing systems, seismic
reliability analysis and finance (see, e.g., [1], [T0], [T6], [?5]). In recent papers by
Besalu and Rovira [2] and Ferrante and Rovira [I3] the SDE with non-negativity
constraints driven by fractional Brownian motion B! with Hurst index H > 1/2
and A; = t, t € R™, is studied. This equation is a particular case of (I_T) because
B™ has locally bounded p-variation for p > 1/H. In the main theorem of [[3] the
existence of a solution is proved under the assumption that the coefficients f, g are
Lipschitz continuous. The proof is based on a quite natural, in the context of SDEs
driven by B, technics based on A\-Holder norms. Unfortunately, in [I3] it is only
shown that the solution is unique for some small time interval. To our knowledge,
global uniqueness for fractional SDEs with constraints is still an open problem. In
contrast to [I3], in our paper we use p-variation norm (for the theory of functions
of p-variation and its various applications see, e.g., [Z], [8]).

In our paper we consider two conditions (see Section 3): continuity and linear
growth of f and Holder continuity of g (condition (H1)) and local Lipschitz con-
tinuity of f and local Holder continuity of the derivative of each component g; ;,
1,7 = 1,...,d (condition (H2)). We show that under (H1) and (H2) there exists
a unique (globally in time) solution to (IT), which can be approximated by some
natural approximation schemes.

The paper is organized as follows.

In Section 2 we consider the deterministic Skorokhod problem =z = y + k
associated with y € D(R*, R?) and time-dependent lower barrier [ € D(RT,RY)
with [y < yo. We show that the mapping (y,1) — (z, k) is Lipschitz continuous
in p-variation norm. In fact, we show that if (x, k) is a solution associated with
y € D(RT,RY) and barrier [ € D(R*,R?), and (2, k) is a solution associated
with 3’ € D(R*, R?) and barrier I’ € D(R*, R?), then, for any T’ € R¥,

(1.2) Vo(z — 2 ) < (d+ 1)Vy(y — y)r + dVp(I = )
and
(1.3) Volk =K < dVyly —y')r + dVp(l = U)r.

It is worth noting here that in [I3], Remark 3.6, it is observed that (y,) — (z, k)
is not Lipschitz continuous in the A-Holder norm and for that reason in [I3] the
authors were not able to obtain global uniqueness.

In Section 3 we consider a deterministic counterpart to (ITl). We prove that
under (H1) the deterministic equation has a solution. If, moreover, (H2) is satis-
fied, then it is unique. Then we show convergence of some natural approximation
schemes for a deterministic equation of the form (). In the proofs of conver-
gence we use the Skorokhod topology J; and general methods of approximations
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of stochastic integrals and solutions of SDEs developed in [13], [2T], [277], [29].
For the convenience of the reader we prove in Appendix a general tightness crite-
rion and a functional limit theorem for sequences of integrals with respect to cadlag
functions with bounded p-variation.

In Section 4 we apply our deterministic results to obtain the existence, unique-
ness and approximation of solutions to SDEs of the form (ITl). In particular, we
show that if f, g satisfy (H1) and (H2), then (1) has a unique strong solution
(X, K). Moreover, we show convergence to (X, K') of some easily implementable
approximations (X", K) constructed by analogy with the classical Euler scheme.
To illustrate how our results work in practice, at the end of the paper we consider
fractional SDEs with constraints of the form

t t
(14)  Xy=Xo+ [ f(Xso)das+ [g(Xs—)dZP + K, teRT.
0 0

Here a : Rt — R is a continuous function with locally bounded variation, and
ZHi — fo ol dB', t € RY, where Bf! ... B are independent fractional

Brownian motions and o/ : R* — R are such that ”O'i||L1/H = (fOT |0§|1/Hd5)H
[0,T7]

<00, T>0,i=1,...,d. Under the last assumption Z" is a centered Gaussian
process with continuous trajectories such that P(Vp(ZH)T < oo) =1,p>1/H,
T € R* (see Section 4), so (I4) is a particular case of (IT). Of course, (I4)
generalizes classical fractional SDEs driven by B

In the sequel we will use the following notation. M¢ is the space of d x d
real matrices A with the matrix norm ||A|| = sup{|Au|;u € R%, |u| = 1}, where
| - | denotes the usual Euclidean norm in R, R* = [0,00). D(RT,R?) is the
space of cadlag mappings = : RT — R i.e., mappings which are right continu-
ous and admit left-hand limits equipped with the Skorokhod topology J;. For z €
D(RT,RY), ¢ > 0, we put 2 = limgy s, V(%) [p) = SUPy iy [T, — T, [P
< oo, where the supremum is taken over all subdivisions 7 = {a =ty < ...
< tn = b} of [a, b] Vp(x)[a,b] = (Up(aj)[a7b])1/p and Vp(x)[a,b] = Vp(l‘)[a,b} + |J,‘a‘
is the usual variation norm. For simplicity of the notation we write v,(x)r =
vp(@) (0,17, Vp ()1 = Vp(2) 10,77 and Vp(2) 7 = Vp(2)jo,1)- If 2 € D(RT, M), then
in the definition of p-variation v, we use the matrix norm || - || in place of the
Euclidean norm. We write x < 2/, z,2’ € D(RT,RY), if 2} < o, t € RY, i =
1,...,d. Every process Y appearing in the sequel is assumed to have cadlag tra-
jectories.

2. LIPSCHITZ CONTINUITY OF THE SOLUTION OF THE SKOROKHOD PROBLEM
IN p-VARIATION NORM

Let 4,1 € D(RT,R?%) be such that Iy < yo. We recall that a pair (z,k) €
D(R*,R?) is called a solution of the Skorokhod problem associated with 3 and
lower barrier [ ((x, k) = SP;(y) for short) if
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() ze =y + ke > I, t € R
(i) ko = 0, k = (k!,..., k‘d), where k' are nondecreasing functions such
that, for every ¢t € R,

(' =1 dk! =0, i=1,...,d.

O— =

The Lipschitz continuity of the mapping (y,1) — (x, k) in the supremum
norm is well known. More precisely, let (x,k) = SP/(y), (¢/,k') = SP:(y).
Since ky = sup,<;(ys — ls)~ and k{ = sup (v, — ;) ~, forany ' € R* we have

S

2.1) sup |z — o] < 2sup |ye — yf| + sup |y — ]
t<T t<T i<T

and

(2.2) sup |ky — ki| < sup |y; — i +sup Iy — 1],
t<T t<T t<T

On the other hand, it was observed in Ferrante and Rovira [[3] that the above
property does not hold in the A\-Holder norm. We will show that the Lipschitz
continuity of the mapping (y,!) — (x, k) holds in the variation norm. A key step
in proving it is the following estimate.

THEOREM 2.1. Forany y',y> € D(R*,R) and T € R*,

vp(supyl —supy?)r < vp(y' — v)r-

s<- s<-

Proof. Itisclear that without loss of generality we may and will assume that

(2.3) vp(supy! — supy?)r > 0.
s s<-

Step 1. We assume additionally that y/', 42 are step functions of the form
yg:yﬂ, t e [ti_l,ti), izl,...,n—l,

and y{ = Yjn, t € [tn—1,tn =T, j = 1,2, for some partition 0 =ty < t; <
... < tp, =T of the interval [0, T'.

Set V! = maxici<k Yji k=1,...,n,j = 1,2. By (E3) it is clear that there
exists k£ such that Yk1 > Ykl_1 or Yk? > Y,f_l. Without loss of generality we will
assume that, forany k£ = 2,...,n,

(2.4) Ykl > Ykl_l or YkQ > Yk2—1'
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Indeed, if (Z4)) does not hold, then we set
uy =0, up=inf{i >wup_ ;Y >V o V2 >Y2 M An, k=1,...,n

and 1 = inf{k; uk—n} g}t‘—yjuk,te[tuk Lty) fork=1,...,n—1, g]‘
yjn for t € [ty, o tu, = T, j = 1,2. Then (Z4) holds for the functlons y &
and vp(sup,<. Yy — SUPs<. Y2)T = Vp(SUDs<. U5 — SUPs<. U375 Vp(§' — 7)1

S Up(yl - y2)T-
It is clear that there exist numbers 0 = 79 < 71 < ... < %y, = n such that

m

25)  wp(sup Ys — supys =2l Yo ) - (Y =Y )P

s< k=1
and

1 1 2

(2.6) (Y, =Y, ) — (V2 =Y ) #0
for kK = 1,...,m. In particular, this implies that if m > 2, then for k = 2,.
we have
(2 7) (( lg—1 Y;i 2) (Yli 1 Y;i 2)) ((Yl Y;i 1) (Y2 Yli 1)) <0.

Indeed, if (ZZ2) is not satisfied, then, by (Z-8),
(VL =Y )= (Y2~ Y2 P+ Y ) - (2 Y2 )P

k-1 1k—2 1k—1 k-2 k-1 1k—1
<YV, =Y ) = (i, — Y )+ (Vi —Yi ) — (Y =Y )PP
= (Y, =Y ,) — (Vi =Y )PP,

which contradicts (Z3). Set li = max{i < iy : Y]} j=12 and [} =
min{l}, 2}, 1) = max{l}, 2}, k=1,...,m. Then
(2.8)

Yk = Yl Y11+1 = Yii and You2 = Yz% = Y2+1 = Yii'
We claim that, forany k = 1,...,m,
(2.9) i1 <Ip <1 < ig.

The last two inequalities are obvious. Moreover, 0 = iy < [{'. Assume that there
exists 2 < k < m such that 4,1 > l/\. In what follows we will consider only the
case [y = l1 (the case [} = l2 can be handled in much the same way). We have
ip—o <) because ifip_o > lA then, by (ZR),

(Vi = Yi) = (Vi =Y )P +1(Yi, =Y, ) = (Vi =Y )PP

Tk—1 1g—2 k-1 1k—2 Tk—1 Tk—1
R B N B I
<|OVE V2P
=1 =) - (O -2,
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which contradicts (Z3). From the inequality if_o < l,ﬁ:\ and (Z4) it follows that

1 1 1 _ vl _ vl
(2.10) Y;k72<}/l]1€:Y211€+1__}/7'k71__}/;k
and
(2.11) Vi, SYP<Yi, <..<YP <...<YR
Since

(Y —Yi ) — (Vi =Y ) =—(Yi = Y7 ) <0,

Tk—1 Tk—1 ik—1

(2-2), (ZI0) and (2T imply

0< (vt —vi )y—(w? -Y? ):(Yli—yl ) — (Y2 —Y2 )

1k—1 tk—2 1k—1 1k—2 k-2 Tk—1 tk—2
1 1 2 2
< (}/Ellg - }/;k_g) - (iflllC - }/Z'k_g)7

and hence

@12) (L, =Y )~ (2, = Y2 )P < |(V] ~ i)~ (VF V2P

lg—1 ik—2 Tk—1 ig—2 ik—2 ik—2
Similarly,

0<—((v; - Y

ik—1

)= (Y2 =Y ) =Y =Y

2 2
<Y - Yl}C
R T )
which implies
@13) (=Y - (V2= YE P < |G-V - (V2 - ¥R)P.

Combining (ZZ1I2) with (I'T3), we obtain

VL, =Y )= (2, — Y2 P+ (Vi - Y ) - (2 = Y2 )P

lg—1 ik—2 ig—1 ik—2 ik—1 lg—1

<10 =YL, = O = YRR+ 10 = i) = (03 - VP,

lg—2 ig—2

which contradicts (Z3) and completes the proof of (Z9). It is clear that for any &

we have Yiat > Y12 and Y22 > Yot Consequently, in the case Yli — Y;}c_l >
Y2 —Y? wehave
k 1e—1
0< (V=Y )= (2 =Y2) = (g vy ,) — (o — vz,
i Tg—1 i T—1 yl,l}c yl,l}c71 y2,lﬁ y2,lﬁ71

< (yu}ﬂ - yl,lz_l) - (3/2% - vali—)'
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Hence

(2-14)|(Y Yzi 1)—(Y2 Y;i P <y A= Y2 1) (y2l1 — Y22 I)VJ-
Similarly one can check that if Y1 Yli L < Y2 Yli ,» then

(2-15)|(Y Yzi ) _(Y2 Yzi DIP < |(y 2 Y 1) (leQ — Youi_ 1)|p‘
By (14) and (Z13),

Z ’ zk 1) (Y2 zk 1 )P < Z |(y1 I — yl,zk,l) - (?42,1,c —yz,zk,1)|p,
where I, = [}, or ly = [3. Moreover, by (Z9), i1 <l <ip fork=1,...,m
Hence

m
1 2 2
(sup ys — sup ys kZ::l| ytlk - ytlk_l) - (ytlk - ytlk—l)‘p

for some partition 0 = ¢;, < t;, < ... <t < T, which proves the theorem under
our additional assumption.
Step 2. The general case. Let us assume that {y'"} and {y*"} are
. . . 1 ) . . 1In 1 2,n 2
sequences of discretizations of y - and y~, respectively, i.e., y; " =y, oYt = Yijno
te[k/n,(k+1)/n), ke NU{0}. By Step 1, forany n € Nand T’ € R™ we have

vp(sup y" — sup Y2 < vp(ytt = y>")
s<-

s<-

T-

Clearly, v,(y"" — y>™)r < vp(y! — y*)r, n € N, T € R*. By using, e.g., [TT],
Chapter 3, Proposition 6.5, one can check that

1n

yb" =yt and  ?" — 9% in D(RT,R).
Consequently, by Proposition 2.2 in [T4], Chapter VI,
" y*") — (' 9% in D(RY,R?),

which together with Proposition 2.4 in [T4], Chapter VI, implies that

supyl™ — supy>™ — supyl —supy? in D(RT,R).

s< s< s< s<-
Therefore, for any 7 such that Ay} = Ay% =0,

vp(supy; — supyy)r < liminf vy (supy,™ —supy")r

ES Y ESY X ES Y

1n

<supvy(y™" — > < vp(y' — y7)r
n

If Ay} # 0 or Ay2 # 0, then there exists a sequence {7} } such that T | T and

Ay%k = Ay%k =0, k € N. Then v, (sup,. yl — SUpP;<. )1, < vp(yt — vy,
k € N, so letting £ — oo we obtain the desired result. m
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THEOREM 2.2. Assume 1,y,l',y € D(RT,R?) are such that ly < yo and
Iy < yo. Let (z,k) = SP,(y) and (z', k') = SPy(y'). Then, for any T € R,

Vplz —2")r < (d+ 1)Vp(y — ¥')7 + dlyo — yo| + dVy(l = U') 7 + d|lo — Ig]
and

Vp(k — k) < dVip(y — y') 7 + dlyo — yo| + dVp(l = U')r + d|lo — Ig]-

Proof. Observe that ky = sup,<;(ys — ls)~ = Sups<y4¢ ¥s» Where s = 0
for s € [0,1) and §s = ls_1 — ys—1 for s > 1. Similarly, k; = sup,<; 75, where
g, =0forse[0,1)and g, =1._; —y._, for s > 1. By Theorem T,

Vip(k — E')p = V,(sup §s — sup §y) 741

s<- s<-
d A :
< 4 1)/P( > vp(sup g — sup @;Z)Tﬂ)l/p
i=1 s S
d . . 1/
<dP/p( Z w(@ — 5" )r1) "

.
I
_

.

dmaxV}) 7741 < dV(y — ?l)[o,Tﬂ]-

N
|

Since

V(T =511 < V(T =7 + Vol — 7 )+
=(yo =) — (o =) + Vo ((y = o) = (1 = 1)) 1
<Vp(y = )7+ lyo — yol + Vol = 1) + |l — 1]
and
Vole =) r < Vply = y)r + Volk = &)1,
the proof is complete. =

COROLLARY 2.1. Under the assumptions of Theorem D2, for every T € R
the estimates (L) and (IL3) hold true.

Proof. It suffices to observe that zg = yo, 2(, = y, and kg = k{, = 0. =

REMARK 2.1. (a) The case p = d = 1 was studied earlier in [31] (see also
[2a]).

(b) Let (x™, k™) = SPn(y"™), (x,k) = SP,(y). By (Z0) and (Z2) it is clear
that if (y™, ™) tends to (y,l) in the uniform norm, then (x™, k™) tends to (x, k) in
the uniform norm. From this one can deduce that

(y™,1") — (y,1) in D(RT,R?*}) = (2™, k™, y™, ") — (x,k,y,1) in D(RT, R),
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and if {(y™,1™)} is relatively compact in D(RY,R?%), then {(z™, k™, y™,1")} is
relatively compact in D(RT,R?) (see, e.g., [B1]). From Corollary I it also fol-
lows that if (y™,1") tends to (y,l) in the variation norm, then (x", k™) tends to
(x, k) in the variation norm.

REMARK 2.2. Let (x,k) = SP(y). Since ky = sups;(ys — ls)~, for any
T € RT we have

Vp (k)7 < dsup || + dsup |l¢]
t<T t<T

and

Vp(z)r < (d+ 1)V, (y)r + ds1<1¥ |l¢].
t<

3. DETERMINISTIC INTEGRAL EQUATIONS

Letz € D(R*,M9), 2 € D(R*, R?) be such that V, (z)1 < o0, V,(2)7 < o0,
T € RT, where 1/p+1/q > 1, p,q > 1. Itis well known (see, e.g., [B]-[R], [34])
that the Riemann—Stieltjes integral fo rs—dzs is a well-defined cadlag function
such that, for any a < b,

CRY V;?(fxs—d%)[a,b] < CpgVa(®)(a,6) Vo (2,05

where C, , = 2¢(p~! + ¢~ ') and ¢ denotes the Riemann zeta function, i.e., {(x) =
Yoo 1/n”.

Leta € D(R*,R), 2,1 € D(RT,R?) be such that Vi (a)7 < oo, V,(2)r < oo,
T € RT, and z¢ > lo. We consider equations with constraints of the form

t t
(3.2) ar=z0+ [ flzs—)das+ [ g(ws—)dzs + ke, t€RY,
0 0

where f : R? — R? and g : R* — M are given functions and the integral with
respect to z is a Riemann—Stieltjes integral.

DEFINITION 3.1. We say that a pair (z, k) € D(R™, R??) is a solution of (32)
if Vy(z)r < oo, T € RY, and (2, k) = SP(y), where

t t
yt:x()+ff($s—)da5+fg(xs—)d557 teRT.
0 0

We will need the following conditions.

(H1) (a) f : R* — R is continuous and satisfies the linear growth condition,
i.e., there is L > 0 such that

[f(@)| < L+ z]), zeR™
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(b) g : R — M is a Holder continuous function of order o € (p — 1,1],i.e
there is C,, > 0 such that

lg(@) = g@)ll < Calx —y|*, 2,y €R™

(H2) (a) f: RY — R? is locally Lipschitz continuous, i.e., for any k € N
there is L > 0 such that

|f(x) = fW)| < Lilze —yl, |zl |yl <k

(b) g : R® — M¢, each of its components gi,; 1s differentiable, and there are
v € (p—1,1] and C}, > 0 such that, for every k € N,

Vagij(2) = Vagij(y)| < Mpyle =y, el lyl <k, i,5=1,....d.

Similar sets of conditions were considered in papers on equations without con-
straints driven by functions (processes) with bounded p-variation (see, e.g., [6],
(21, [, [IR], [20], [22], [23]).

The outline of the rest of Section 3 is as follows. First we study convergence
of solutions of equations of the type (B2) in the Skorokhod topology J;. In our
proofs we use a general tightness criterion and a functional limit theorem for se-
quences of integrals with respect to cadlag functions (see Appendix). As a simple
corollary to our convergence result we show that under (H1) there exists a solution
of (B2). Next, assuming additionally (H2), we prove that (B22) has a unique solu-
tion (x, k). Under (H1) and (H2), we show at the end of Section 3 that (z, k) can
be approximated by simple and easily implementable approximation schemes.

Let us assume that 2", [" € D(R*, R?) and a™ € D(R*, R) be such that x5 > [?
and Vi (a™)p, Vp(2")r < oo for T € R*. We will consider solutions (z", k™) €
D(RT,R?%) of equations with constraints of the form

t
(3.3) af = + [ f(z})dal +fg ) d2" 4k, teRT,
0

ie., (2", k™) = SPn(zf + fo _)da? + fo _)dz") and Vj,(z")r < oo,
T e RT.

THEOREM 3.1. Suppose that functions f and g satisfy (H1). Let {a"} C
D(R*,R), {z"}, {I"} C D(R*,R?) be sequences such that sup,, V1 (a™) < oo,
sup,, V,(2™)r < 00, T € R, and

(zl,a", 2", 1") — (xg,a,2,1) inRYx D(RT, R,
If {(z™, k™)} is a sequence of solutions of (B3), then
{(z", ™)} is relatively compact in D(R™, R??),

and its every limit point is a solution of (B2).
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The lemma below will be our main tool in the proof.

LEMMA 3.1. Assume f and g satisfy (H1). Let (z, k) be a solution of (B2),
and let b, T > 0. If

max (Vl(a)T,Vp(z)T,sup ]lt]) < b,

i<

then there is C = C’(d,p,a, L, ¢(0), zo, b) > 0 such that Vy,(z)7 < C.
Proof of Lemma 3.1. By Remark I, forany ¢t < 7',

‘_/p(x)t < (d+ 1)‘717(3/)15 + dsup |l

< (d+ 1) [|$0| +%({f(xs)das)t+%({g(l‘s)d'zs) ] +dsuP‘l |

s<t
We have

%&gﬂ%Jd%L<Vﬂwt$yf@#M<L%um(r+%@%)

and, by (B),

qu 9(2:-) d22), < Cpp/aVoya(9(2)) Vi (2)e

< Cppja(CaVE (@) + Calzo|™ + [9(0)]) Vi (2):
CppfaCalaVp(@)e +2(1 = ) + |g(0)[]Vp(2)s
g D‘/;)(Z)t(l + %((L‘)t),

N

where D = C,, /o (Ca(2 — a) + [g(0)]).

Set t1 = inf {t; LVi(a); > 4(d71+1) or DV, (z): > d+1)} AT. By the above,

1
Vi() 0,61y < (d+ 1)]xo| + 5(1 + Vo(@)[0,01)) + dsup |Lg],

S< 1
which implies that Vj,(2)[.+,) < 2(d + 1)]xo| 4+ 1 + 2d sup,, |Ls]. Since

|Azy | < |f (w1, )Aay, | + |g(ze, - ) Az, | + |Aly |

<
< (L1 A+ |24, -]) + Calze,—|* 4+ |9(0)] + 2)b,

there exist C'1, Cy > 0 depending only on d, p, o, L, g(0), b such that

Vp(®)[0,6,] < C1 + C2|z0].
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Set t;, = inf {t > tk,l;LVI( )[tk e 4(d+1) or DV( )[tk Wt 2 Aar D d+l } AT,
k = 2,3,..., and observe that, for the same constants C, C5,

V(@)1 0] < C1+ Calzg, | < C1+ 02‘7;,(x)[07tk_1].

What is left is to show that m = sup{k;¢; < T'} is finite and depends only on
p,a, L, g(0),b. To see this, let us observe that

1 p m
" <4(d—i_1)> < ]{;l L‘/l (a)[tk—lytk] + Dpvp(z)[tk_l,tk]
< Lb+ DPbP,
which yields m < (4(d + 1))”[Lb + DPb?]. This completes the proof.

_ Proof of Theorem 3.1. By Lemma BT, sup,, V,(z")1 < oo. Since
Vi/a (g(a:”))T < Co V3 (™) + |g(xg)|, we also have

(3.4) sup %/a (g(ac"))T <oo, TeRt.

Since f is continuous, there exists a sequence of Lipschitz continuous functions
{f*} such that, for any compact K C R, sup,cj |f¥(u) — f(u)| — 0. Hence
and from the fact that sup,, V,,(z")7 < oo, T € R, it follows that

(3.5) sup Vp(f¥(a")), < o0, TER', k€N,
and
(3.6) hm limsupsup | f*(z?) — f(z)| =0, T eR".

—0 n—oo t<T

Putting ¢ = p/a in Corollary B (see the Appendix) and using (B4), (B3) we
show that, for any k € N,

{ ( f Fe: _)dal,a" f gzl )dzl, 2z ) } is relatively compact in D(RT, R34+1).
By the above and (B8),

{( [ fa})daZ,a", [ g(a%_)dzL,2")} is relatively compact in D(R™, R34+,
0 0

Therefore, {(a™,y", 2", 1™)}, with y" = zf + fo fzd ) da? + fo _)dz7,

relatively compact in D(R*, R34+1). Now, put (2", k:”) SPpn(y ) n € N, and

observe that, by Remark I (b),

{(z"™, a™, 2", 1™)} is relatively compact in D(R*, R34+1),
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Assume that (z", a”, 2", I") — (2, a, z, [) in D(R*,R34+1), By Corollary 52,
(y™,1") — (y,l), where y = o + fo fzs—)das + fo g(xs—) dzs. Consequently,
by Remark 11 (a),

(", k™) = SPn(y") — SP(y) = (z,k) in D(RT,R??),
which completes the proof of the theorem. =

COROLLARY 3.1. Assume f, g satisfy (H1) and let a € D(RT,R), 2,1 €
D(R*,R%) be such that Vi(a)r < oo, Vp(2)1 < oo with xg > ly. Set xf = xo,
ky =0, and

AYGesym = F@h )@ty n = Q) + 925 1) 2kt 1)m = Zk/n)s
Tty /m = MAX(T 1 + AYi1y /o Lk 1)/n)
knk-i—l)/n = k?/n + (‘r?k—i-l)/n - fUZ/n) - AZ/&H)/W

and i = xy, kP =Ky, L =10, t € [k/n, (k+1)/n), k € NU{0}. Then
{(z™, k™)} is relatively compact in D(R™,R??), and its every limit point is a solu-
tion of (B2). Consequently, equation (B2) has a solution (possibly nonunique).

Proof. It suffices to observe that (2", k™) is a solution of (B3) with a}’ =
Ak s 2" = 2o i = lgno t € [/, (k+1)/n), k € NU{0}. Also observe that
sup,, Vi(a™)r < Vi(a)r < oo, sup, Vp(2")r < Vp(2)r < oo for T € RT and

(a™, 2", 1") = (a,z,0) in D(RT, R+,
Therefore, the result follows from Theorem B-1. =

THEOREM 3.2. Assume f, g satisfy (H1) and (H2). Then there exists a unique
solution (x, k) of (B2).

Proof. Assume that there exist two solutions (z7, k7), j = 1,2.
Step 1. We first replace (H2) by the following stronger condition:
(H2*) (a) f: R4 — RY s Lipschitz continuous, i.e., there is L > 0 such that

[f(z) = fy)l < Llz —y|, =,y R
(b) g : R — M, each of its components gi,; 1s differentiable,
C = maxsup |V,g; (z)| < oo,
(2% xr
and there are v € (p — 1, 1] and M., > 0 such that

|V:Eg7,,j(x) - ngl,](y)’ < M’Y‘x - y"Y’ T,y € Rd? Z?] = 17 .- '7d'
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Fix T' € R*. By Corollary I, for any ¢ < T' we have
V(o' =% < (4 D[ [ (o) = [0 das),

+ (d+ 1)V, (fg )dzs)t.

Moreover,

s<t

Vo[ Fed) = 1 dan), < L¥i(alrsupled — 2] < LA@UTh(o" - %)
and, by (B),
V};({g(mi_) - )dys) Cy, p/vvp/v( (wl) - 9(332))t‘/}>(2)t-

By [6], Theorem 2, fori,j = 1,...,d we have

Vi (953 (2) = gi(2)), < CVpyo (2" — 2% + Mysup |2} — 22| (Vp(z')r) ™.

s<t
Therefore,
Vo (9(ah) = g(2%)), < 5 Vo (915(") = g15(2),
t,j=1
< C~'1V/W(x — 22); + Cosup |z — :U2|(Vp(x1)T)7,

s<t

where G = C%, Cy = (M. )d Set

~ R 1
t; = inf {t; max [LVl(a)t, Cpp/~y (01 + 02‘/1)(:E1)z)%(2)t] > 4(d+1)} AT

Then V(2! — 2%)94,) < V(2! — 2%)[0,41)> thus 2! = 22 on [0,1). Since for
7 = 1,2 we have

CCgl = max (xg1— + f(xi1—)Aa‘t1 + g(xgl—)Aytl ) ltl)a

x%l = a;?l, too. For k > 2 set

tr = inf {t > lp—1;max [LVl(a)[tk—lvt}’

3 ~ 1
Cppfr (C1+ C2Vp(a) ) Vi (2) gy ] > 4(d+1)} M
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Arguing as above we show recurrently that 2! = z2 on each interval [th—1,tK].

Since, by the same arguments as in the proof of Theorem B, m = sup{k;t; < T'}
is finite, ! = 22 on the interval [0, T'], which completes the proof under (H2*).

Step 2. The general case.Set sy =inf{t; max(|z}|, |z?|) >k}, keN.
By the first part of the proof,

xf =2, t<sp keN.

Since sj, — 00, this proves the corollary. =

COROLLARY 3.2. Assume (H1) and (H2) are satisfied. Let a € D(RT,R) be
such that Vi (a)7 < 0o, z, LED(RY,RY), with V,,(2)1 < oo, T €RT, and z¢ > .
Let {(x™,k™)} be a sequence of approximations defined in Corollary B1. Then

(3.7) (" k") — (z,k)  in DR, R??)
and, for any T € R,

(3.3) kr/r;ang |$Z/n — T — 0 and kI/I:lang V‘CZ/n — kil — 0,

where (x, k) is a unique solution of (B2).

Proof. The convergence (B72) easily follows from Corollary Bl If we set
x,gn) = Tk /ns k:gn) = kyn-t € [k/n, (k+1)/n),k € NU{0}, then by [I4], Propo-
sition 2.2,

(x”,x(”), k",k’(”)) — (x,z,k, k) in D(R+,R4d).

Consequently, z” — z(™ — 0 and k" — k(™ — 0 in D(R*, RY), which is equiva-
lent to (BX). m

COROLLARY 3.3. Assume (H1) and (H2) are satisfied. Let a, z,1 satisfy the
assumptions of Corollary B2 and let {a™} C D(RT,R), {z"}, {I"} Cc D(R*,R?)
be such that sup,, V1 (a")p < 00, sup,, V,(z")r < 00, T € RT, and

(3.9) sup(|ay — ag| + |2f* — z¢| + I = Ig]) — 0, T €RT.

23
If {(z"™, k™)} is a sequence of solutions of (B3), then

sup(|a} — x¢| + [k — k¢|) — 0, T € RT,
t<T

where (x, k) is a unique solution of (B2).
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Proof. By Theorem B,
(2", k", a", 2" ") — (z,k,a,2,1) in D(R+,R4d+1).
Since, for any t € RT,
Axy #0= Aa; #0 or Az # 0 or Al # 0,

Lemma C in [27] implies that sup, < [z} — 2¢| — 0, T € R*. Similarly we show
the uniform convergence of k" to k. =

COROLLARY 3.4. Assume (H1) and (H2) are satisfied. Let a, z,1 satisfy the
assumptions of Corollary B2, Set x{} = xq, ki = 0,15 =0,

1 1
7 = inf {t >t ;max(|Aay, |Az, |AL]) > n} A ( o1+ n)’ keN,

and
Ay = fleip)ag,, — ag) + g(wip) (2, — 2);
n _ n n
xtTkLJrl o max(xt? T AytTkL+1 ’ lt2+1),
k?lerl - k&l + (x?ZH N x%) N Ay’%ﬂ’
and xi' = Tin, kp = k:l%, tefty,th), ke NU{O} If {(z™, k™) } is a sequence
of solutions of (B3), then

sup(|a} — x¢| + |k} — ke|) — 0, T € RT,
t<T

where (x, k) is a unique solution of (B2).

Proof. Observe that {(z", k™)} is a sequence of solutions of (B3) with a}’ =
ag, 2 = zgp, I = b, t € [t 17,1), k € NU {0}, and that

sup Vi(a™)r < Vi(a)r < oo, supV,(z")r < Vp(2)r < oo, T eR™.

Moreover, simple calculations show that (B39) is satisfied. Therefore, the desired
result follows from Corollary B3. =

4. SDEs WITH CONSTRAINTS

Let (0, F,(F;),P) be a filtered probability space and let A be an (F)-
adapted process with trajectories in D(RT,R), Z, L be (F;)-adapted processes
with trajectories in D(R™, R?) such that, for any T € RT, P(V4(A)r < o0) =1
and P (Vp(Z )T < oo) = 1. Note that Z need not be a semimartingale. However, it
is a p-semimartigale and a Dirichlet process in the sense considered in [I7], [TX]
and [4].
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DEFINITION 4.1. Let Xy > Lo. We say that a pair (X, K) of (F;)-adapted
processes with trajectories in D(RT, R?) such that P(V,(X)r < 0o) = 1for T €
R™ is a strong solution of (L) if (X, K) = SP;(Y), where

t t
Y =Xo+ [ f(Xs-)dAs + [ g(X,-)dZ,, teRT.
0 0

THEOREM 4.1. Assume (H1) and (H2) are satisfied. If Xo > Lg, then equa-
tion (ICOl) has a unique strong solution (X, K). Moreover, if we define (X", K™)
so that

XP = XD, KP =KW, te[f.mfy). keNU{o},

T
where X} = Xo, K =0, and
AY’%H - f(X%L)(ATI?ﬂ —Amp) + g(X%LMZTgﬂ o ZTI?)’
X:Zl+1 = ma.X(X%z + AYTZL+1 5 LT£+1),
n _n n oyny n

Tk

witht = 0,7 = inf {t > 70 ;;max(|AA4|, |AZ|, [AL) > L} A (r, + 1),
n,k € N, then, forany T € RT,

sup | X} — X¢| — 0 P-a.s., sup|K} — K| — 0 P-a.s.
t<T t<T

Proof. From Theorem B2 we deduce that for every w € () there exists a
unique solution (X (w), K (w)) = SPp,) (Y (w)). Moreover, by Corollary B4, for
everyw € Qand T € RT,

sup | X{'(w) — X¢(w)| — 0, sup|K'(w) — K¢(w)| — 0.
t<T t<T

Since for any n € N the pair (X", K™) is (F;)-adapted, the pair of limit processes
(X, K) is (F;)-adapted as well, which completes the proof. m

COROLLARY 4.1. Under the assumptions of Theorem Bl with random se-
quences of partitions {TX} replaced by constant sequences {k/n}, k € NU {0},
n € N, we have

(X", K") — (X,K) P-as. inD(RT,R*),
where (X, K) is a unique strong solution of (ITI).

Proof. It suffices to apply Corollary B2. m
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Let BY be a fractional Brownian motion with Hurst index H > 1 /2, 1e., a
continuous centered Gaussian process with covariance

1
EBIB/! = 5(t%H + 13ty — 112, t1,ty € RT.

Let Z" = [ oy dBI, where o : RT — R is a measurable function such that
T H : :
lollyym = (/5 |os|'/Hds)" < 0o, T € R*. Then Z* is also a continuous cen-
[0, 7]

tered Gaussian process with continuous trajectories. Moreover, if p > 1/H, then
(4.1) P(Vy(Z")p <o0) =1, TeR'

(see, e.g., [2], Proposition 2.1). Note also that Z¥ is a Dirichlet process from the
class DY/H studied in [3].

We now show how to apply our results to fractional SDEs with constraints of
the form (I4). Let B = (BH:1 ... BH4) where B!, ... B are indepen-
dent fractional Brownian motions, and let ZH# = (ZH:1, ... ZHd) where ZH7 =
- ol dB" with o' : R* — R such that Ho—i||L[10/IT{] <00, T>0,i=1,...,d.

COROLLARY 4.2. Assume (H1) and (H2) are satisfied. If Xo > Lo, then
equation (4) has a unique strong solution (X, K). Moreover, if

X=X K=K}, telk/n,(k+1)/n), keNU{0},neN,
where X = Xo, Ky = 0, and
AY 1y n = FXE) @iy = arm) + 98 D1y — ZE0),

X{kt1ym = max(Xy, + AY( 1y, Lkt 1y/n)s
Kiiym = K + (Xesym = Xign) = DY) s

then, for any T € R,

sup | X} — X¢| — 0 P-a.s., sup |K}' — Ki| — 0 P-a.s.
t<T t<T

Proof. It suffices to apply Corollary B and use the facts that a is a contin-
uous function and Z* has continuous trajectories. m

REMARK 4.1. To approximate Z™ one can use the methods developed in [12]
and [B2].
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5. APPENDIX
PROPOSITION 5.1. Let {z"} C D(R*, M%), {z"} c D(R*,R%), and

sup Vy(2™)r < 00, supVp(2")r < oo, T € R,
n n
where 1/p+1/q > 1, p,q > 1. If {2"} is relatively compact in D(R*,R%), then
{( [ o} dz,2")} is relatively compact in D(R™, R24).
0

Proof. Without loss of generality we may and will assume that
2" -z inDRT,RY).

We follow the arguments from the proof of Proposition 3.3 in [Z1] and Propo-
sition 2 in [27]. Let 7. = 0, ¢3;,y = min(¢}; + O, inf{t > 47 ;1 |A2| > 6k })
and tgo = 0, tgr1 = min(ty; + Ok, inf{t > t54;|Az| > i }), where {04},
{{6k,}} are families of constants such that 65 | 0, |Az| # 8, ¢ € R, 6;,/2 <
Oki < O and [Azy, .15, ;| = 0,4 € NU{0}, k,n € N. Define

(k) (k)

n, n n n
2 =z tE M), and 2z =2y, b€ [Tk, trit),

for i € NU {0}, n,k € N. Then V,,(2®))r < V,(2")r, n € N, V,(2(F)p <
Vy(2)r for T € R and

(5.1) tei = thi zt"?i — z,,, 1€NU{0},keN.
Consequently,
(5.2) sup V(2" — z"’(k))T < 00,
n,k

and
(5.3) (zm®) 2 = (2 2)  in D(RT,R*), ke N.
Moreover,
(5.4) sup |z§k> —2z|—0, TeRT,

t<T

which together with (B3)) implies that

(5.5) lim lim sup sup |zf’(k) — 2 =0, TecR".

k—oco n—oo t<T
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t
On the other hand, fo :c?fdzg’(k) = i T _(z{% — Zn D te [t i th i1)-
SE ¥ = R,

Using (B1), (3) and the fact that sup,, V,(2")r < oo implies that {sup,<7 [z}'|}
is bounded, we conclude that, for any k£ € N,

(5.6) {( [ a"_dz»® z")} is relatively compact in D(RT, R??).
0
Letp’ > p be such that 1/p’ + 1/¢ > 1. By (B),

t
sup | [ @l d(z" = 2 0)| < Gy g Vala")r V(2" = 2P
< 0

Moreover,

/

V(2" — va(k))T < Osc(z" — z"’(k));_p/p,%(z" _ Zm(k))z%/p :
where Osc (7)1 = supg ;<1 |71 — |. Since

Osc(z" — 2" < 2sup 2" — ztn’(k)\ — 0,

t<T
we deduce from the above that
t
(5.7) lim lim sup sup } [l d(z" - z”’(k))s‘ =0, TecR"'.
k—oo n—oco t<T 0

Combining (B6) with (2), we get the desired result. m

COROLLARY 5.1. Let {a"} C D(RT,R), {z"}, {y"} € D(R*T,R?) and {z"}
C D(RT, M%) be sequences of functions such that

supmax (Vi ()1, Vy (=")r, Va(y")r, Va(w")r) < o0, T € R,
n
where 1/p+1/q > 1, p,q > 1. If
{(a", z™)} is relatively compact in D(RT R4,

then

{ ( f yo_dal, a", f xy_dzl, 2" )} is relatively compact in D(R™, R3THD),
0 0

S

Proof. Set d = 2d and for every n € N define 2" € ID)(]R+,RJ) and " €
D(R*,R%) by the formulas

ni _ a”,‘ 1=1,...,d,
Zwi=d i =d41,...,2d,
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and
Y™ i=j=1,...,d,
(@")i; = (@™)i—dj—d, t=d+1,...,2d, j=d+1,...,2d,
0, otherwise.
By Proposition B,

{( f Ty dzy, z") } is relatively compact in D(R™, ]RQJ),
0

from which one can deduce the corollary. =
PROPOSITION 5.2. Let {z"} C D(R*,M?), {z"} ¢ D(R*,R?), and

sup V;;(x”)T < oo, supVp(2")r <oo, T € R,
n n
where 1/p+1/q > 1,p,q > L If (2", 2") = (x, 2) in D(R*,RT+4), then
(a", 2", [x} dzl) — (2,2, [@s—dzs) in D(R+,Rd2+2d)_
0 0

Proof. Since V;(z)r < liminf, .o V4(2™)r < oo and, similarly, V,(z)r
<liminf, o Vp(2")r < oo for T € R, the integral fo Ts_dzs 1s well defined.
Let {{2"7(k)}}, {z(®)} be families of functions defined in the proof of Proposi-
tion 51 with families of constants {05}, {{0k;}} such that & | 0, |Az| # 6,
t € RT, 0r/2 < 5k,i < 0 and |Aztk,i+5k,i| + |A$tk,i+5k,i| =0, i € NU {0},
k,n € N. Then

ki = this zﬁlz_ — 2ty x?z — xy,,, 1€NU{0},keN,
and ,
(z", 2% 2"y = (2,2 2)  in D(RT, RY T29),
Hence and from the equality f; xs_dzgk) = Zj@. xtk’j_(ztk’j — Ztk-,j—l)’ where
t € [thi,trit1), forany k € N,

(5.8) (:U”,z",fm;‘_ dz W) — (m,z,fggk d=P)  in DR, RT+24),
0 0

As in the proof of (57) we check that limy, o sup;<r ‘ fot rs—d(z — z(k))s‘ =0,
T € RT. From this and (57), (58) the result follows. m

Using arguments from the proof of Corollary B it is easy to check that Propo-
sition B2 implies the following corollary.
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COROLLARY 5.2. Let {a"} C D(RT,R), {z"}, {y"} C D(R*,R?) and {z"}
C D(RT, M%) be sequences of functions such that

supmax (Vi (a™)r, Vp(2") 1, Vo(y™) 1, Vo(a™)1) < 00, T €RT,

where 1/p+1/q>1,p,q > L. If
(v", a", ", 2") = (y, a, 2, 2) in D(RT,REFH),

then
(fy?_ day, a", f:v’;_ dz, z") — (fys, dag, a, fxs, dzs, z)
0 0 0 0

in D(RT, R34+1),
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