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Abstract. Let us assume that (Bél),Bgz),Bt(S) + pt) is a three-
dimensional Brownian motion with drift u, starting at the origin. Then
Xt = H(Bt(l), B£2)7 Bt(s) + ut)||, its distance from the starting point, is a
diffusion with many applications. We investigate the supremum of (X¢),
give an infinite-series formula for its distribution function and an exact esti-
mate of the density of this distribution in terms of elementary functions.
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1. INTRODUCTION

In his famous paper [[I0] (see also [9], p. 436) David Williams showed how one
can decompose the paths of a transient one-dimensional diffusion at its maximum
(or minimum). One of the best-known examples of such decomposition is that of
B(t) + pt, a Brownian motion with a positive drift 4, as a Brownian motion with
a negative drift B(t) — pt and a diffusion with generator A,

2
d
(1.1) = §@+Mc0th(u1:)%.

Namely, for > 0 let B(t) — it be a Brownian motion with constant drift —pu, Z;
a diffusion with generator (), started at zero, and let v be a random variable with

exponential distribution with parameter ﬁ Assume that By, Z; and -y, defined on
the same probability space, are independent. Put 7 = inf{t > 0: B, — ut = —v}.
Then the process
By — ut 0<t<T,
Xt — t :LI’ ) T
thr -7 t> 7,
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has the same law as B; + ut, a Brownian motion with a positive drift . Williams
[T0] also showed that Z; can be viewed as a Brownian motion with drift condi-
tioned to stay positive forever. Later on a process with generator (IT), known as a
hyperbolic Bessel process ([8], p. 357) or as a Bessel process of drifting Brownian
motion and denoted by BES(3, ) (see [9], [5]), appeared also in many papers as a
drifting Brownian motion conditioned to not to hit zero. Recently, it was proved in
[M] that it can be obtained as a deterministic involution of Brownian motion with
drift p. If p = 1 then (Z;) is a radial part of a hyperbolic Brownian motion in
three-dimensional hyperbolic space.

The transition density function of (Z;) is well known (cf. [[Z] or [5]) but to
our best knowledge, the distribution of different functionals of this process has
not been investigated yet. In this paper we investigate the process (Z;) killed on
exiting interval (0, ro) and give a formula describing the distribution of M; =
Supg<; Zs, the supremum of the process (Z;). Because the formula is given as an
infinite series, we obtain its exact estimate using elementary functions. Moreover,
our method of estimation applied to a theta function ss,(v,t), used in a hand-
book by Borodin and Salminen [], gives a very precise estimate of this function
(cf. Remark 5.1 after Theorem 5.3).

2. TRANSITION DENSITY OF A BESSEL PROCESS OF DRIFTING BROWNIAN MOTION,
KILLED ON EXITING INTERVAL (0, ro)

Let Z(t) be a diffusion on (0, c0) generated by the operator (1.1) with > 0.
The speed measure of this diffusion is equal to m(dy) = sinh?(uy) dy, and with
respect to m(dy) the transition density of Z(¢) has the following form (cf. [[Z]):
eI 2 (e~ (y=2)?/(20) _ o= (yt+a)?/(20))

V27t sinh(px) sinh(uy)

(2.1) p(tiz,y) =

By (Z;°) we will denote the process killed on exiting (0, 7). For positive yu, the
process starting from x > 0 cannot reach zero and drifts to infinity so that almost
all trajectories will be killed at 9. Even if (Z;) starts from zero, with probability
one it will never visit zero again.

The transition density p" (¢; x, y) of (Z;°), with respect to m(dy), is a solution
of the following Dirichlet problem:

St m,y) = Aup™ (4 3,y), t>0, z € (0,70), y € (0,70),
(2.2) < pO(t;z,m9) =0, t>0,z¢e(0,79),

limg o p™ (£; 2, y)m(dy) = dz(dy), = € (0,70), y € (0,70),
where d,(dy) is the Dirac delta function. Because of killing, p" (¢; z,r9) = 0 for

t > 0. Moreover, if ¢ > 0 then by (1) we have limsup,_, p(t;x,y) < oo for
t, x > 0,and p"(t; z,y) < p(t; z,y) implies lim sup, o p" (¢; 7, y) < oo.
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We will use the separation variable technique, which is well known in math-
ematical physics. Suppose that p™ (¢; x,y) = Y (y)T'(t). Then, by (), the first
equation of the system (I2) takes on the form

23) Y0 = (570 + neoth)¥ ) 70,

We add 3 (A% + p2)T(t)Y (y) to both sides of (Z3) and get two separate differ-
ential equations. The solution of the first equation, 7”(t) + (A% + p?)T(t) = 0,
is T(t) = cre~ V412 1f in the second equation, Y (y) + 2u coth(uy)Y (y)
+ (A2 + 12)Y (y) = 0, we substitute Y (y) = u(y)/ sinh(uy) (see [6], Chapter XI,
formula (1.9)), we get

7”&” 2U = U.
Sinh(My)( (y) + Nu(y)) =0

By the above discussion, limsup,,_,; Y (y) < oo and Y (y) = u(y)/sinh(uy), so
lim, o u(y) = 0.Itis well known that this boundary problem has a solution if and
only if A = %, n = 1,2, ..., and this solution (up to a multiplicative constant) is
given by u, (y) = sin(nmy/rg). Thus we may expand p" (¢; x, y) as

(2.4)

n=1

To determine the coefficient a,, () let us multiply the equation (Z-4) by

sin(kmy/ro)
(@) sinh(py)

)

then integrate the product over (0,7g) with respect to the measure sinh?(uy)dy
and let ¢ — 0. Then we get

ag(x) sin (kmx/ro) _T0 o
sinh(pz)

hence ai(z) = 2sin(krx/ro)/(ro sinh(pa)). To sum up, we have just proved the
following theorem.

THEOREM 2.1. Transition density (with respect to the measure sinh? (uy) dy)
of the Bessel process of drifting Brownian motion, starting from x € (0,ry) and
killed at r, is given by the following formula:

(2.5)

it () o )

n=1
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Observe that

POt z,y) =

_(_2exp(—p%t/2) ism nar o (PTY N n2e2)2
ro sinh(px) sinh(py) ) = 70 70

and use the Jacobi-type identity (see Exercise 3, p. 67, in [B]). In this way we get

THEOREM 2.2. Transition density (with respect to the measure sinh? () dy)
of the Bessel process of drifting Brownian motion, starting from x € (0,7y) and
killed at r, is given by the following formula:

Ptz y) =
—u? e’}
_ et S [ HRk)/(21) _ o (ar+a2hro)? 20)
V2mt sinh(pz) sinh(py) 2"

3. EXIT TIME

Let us consider M; = sup,<; Zs, the supremum of the Bessel process of drift-
ing Brownian motion. The distribution of (M;) is closely related to the distribu-
tion of the time when the process (Z;) exits the interval (0, r). Recall that for
wu > 0 the process (Z;) exits (0, r9) at the point rg. For o > 0 let us define
Tro = inf{s : Z5 > ro}. The distribution of (M;) and the survival probability of
the killed process (Z,°) are related by the following formula:

To
P*(M <o) = P*(1,y > t) = [ p°(t; 2, y) sinh?(uy)dy.
0

Integrating the n-th term of (IZ3), we get (cf. [4], formula 2.671)

"o nmy (—1)"* Lrrgn sinh(urg)
1 _ 1 h d =
{sm( o )sln (1y)dy 22 + 213

i

so that we may write the following:
THEOREM 3.1. Fort, ro > 0and x € (0, 1¢) the following formula holds:

G e e G

If we differentiate the above series term by term with respect to ¢t we get

wsinh(yir) (_/?) S (~1)™n sin(nmz/ro) exp <—n27r2t)-

sinh(px)rg el 2r}
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Since P* (7, € dt) = —%]P’“(Tm > t), the exit time density is given by the fol-
lowing formula.

THEOREM 3.2. Forfixedrg > 0,0 < x <rgandanyt >0

P?(r,, € dt)
dt

msinh(uro) e o ntl, o 22t /(252
- WB witl Z(_l) + nSIH(nﬂ'.’L‘/To)e /( 0).

(3.2)

n=1

In order to obtain another representation of the exit time density, we will use
the Poisson summation formula (cf. (13.4) in [IT]): for any function g absolutely
integrable on (—o0, 00)

(3.3) § g(n) = i Ofg(m)e_%ikxdw.

n=—00 k=—o00 —00
Note that the series in formula (B22) can be written in the following form:

[e.9]

(—1)"*'nsin (nm;) e/ (2r5)

n=1 To

1 nmwx 2.2 2
_ = 1 n+l, _: ed n?w t/(27‘0)‘
=3 > (—1) nsm( o >e

n=—oo

In order to use (B3), we will compute the Fourier transform of its n-th term, taking
z in place of n. First we take only the cosine of exp(—2mikz), next we integrate
by parts and finally we use formula 3.896.4 in [4] to get

00 2.2
. 2Ty —zemt )
3.4 — —2mikz)d
(3.4) _foozsm< - >exp< 27 >exp( mikz)dz
2
-0 [(y + rio)e—(y+2kro)2/(2t) +(y— rio)e—(y—%roﬁ/(?t)]_

V2(mt)3/2

Observe that

sin (W) — (=1)"* sin(nrz/ro):

hence putting y = ro — « in (B8-4) and using the Poisson formula, we get the second
representation of the exit time density:

THEOREM 3.3. Forfixedrg > 0,0 < x <rgandanyt > 0

P (7, inh —p?t/2 oo
(T;te dt) _ sin (pro)e e R Dhorg)e—(ro—a+2kr0)2/(21)
sinh(px)V2mt3/2 |, 2=
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4. MEAN EXIT TIME

Now we want to compute E? (7, ), the mean exit time of (Z;) from the interval
(0, 70). We will use the formula E*(7,,,) = |, OOO t P*(r,, € dt), hence we need to
compute the integral

sinh(ur %0 o=p?t/2 ro—
\ﬁmiiﬁl&)w [~ X (ro—z+2kro)e ™ TR0/ (30 gy,
k=—0oc0

Integrating a single term we use formula (3.471(15)) from [2] and get

| - 2kro —z)?  p? V2
| —=exp < (ro + 2kro = @)° _ M) dt = Y7 exp(—p|ro + 2krg — x|)dt,
o Vi H

2t 2

which gives

4.1) E*(1,) = m kzioo [(ro — = + 2krg) exp(—p|ro — x + 2kro|)]
_ sinh(urg) & S ) exc 4w 9k sinh(uro)
~ psinh(ux) ,gl [( 0 + 2kro) exp (H( o+ 2k 0))] + wsinh(pz)
X [ki [(ro—x—Zkro) exp (,u(rg—:zj—rio))] +(ro—x) exp ( - ,LL(?“(]—ZL‘)):|.
But -
S exp(—2pukr) = 1/(270 — 1)
k=1
and

3 kexp(—2pukry) = 70 /(e2HT0 —1)2,
k=1

If we put them into (B, after some algebraic manipulation the formula for E* ()
can be simplified a lot. Namely, we get the following:

THEOREM 4.1. For any fixed ro > 0 and any starting point x € (0, o)

E*(7,) = i(ro coth(uro) — x coth(pz)).

5. ESTIMATES

Except for the last one, all the above formulas are given as series so that they
are not convenient for computations or applications. In this section we give exact
approximations by elementary functions of the transition density of the killed pro-
cess, of the killing time and of the density of the distribution of the supremum of
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the process. The notation f ~ g means that there exist two absolute constants c;
and cy such that for all possible values of variables and parameters it follows that
af<g<cf.

For simplicity let us put 4" (¢; z)dt = P* (7,,, € dt). Recall that by Theorems
and B3 we have

7 sinh(prg)e 12 >

2

-1 n+1 . fn27r2t/(2r8)
sinh ()72 (—=1)" " nsin(nmz/ro)e ,

(5.1) A"(t,x) =

n=1

. —u?t/2 oo
sinh(prg)e "t/ 3 (TO_x+Qnro)e—(ro—anro)z/(%)

sinh(pz)v2rt3/2 , 2=
and, by Theorem 2,

(5.2) 7"(t,z) =

(5.3) p(ta,y) =
ef,u,Qt/Q ()

B sinh(pz) sinh(uy)v/2mt nzz_oo

We will start with estimates in the particular case vy = 1. We also make separate
calculations for ¢ € (0, 1] and fort € [1, co).

[e—(y—w+2nro)2/(2t) o e—(y+x+2nro)2/(2t)] )

THEOREM 5.1. Letrg = 1. For0 <t < %andO <z<l1

0.25 < 71 (t, 2) | i ST SIBGL) zeya—ay2can T a0
T 7 V2rt3/2 t+x  sinh(ux) S

Proof. First we consider the case 0 < x < 2 and use the formula (B2). It
is enough to estimate only the part of v! (¢, z) consisting of a series, multiplied by
e(1=2)%/(20) /3 that is, the following quantity:

e(l—m)Q/(Qt) 00

[= T S (g1 e @R/,
x k=—00
Observe that we can group terms of the series: kK = 0 with £ = —1, k£ = 1 with
k = —2, and so on. In this way we get

54y T= 3 ettty (PR 1= 2) = 2k L aje 2RI

k=0 €z

Now

Cok(kt1-z)t 2k +1—2) — (2k+1+ x)e 2(2k+1)z/t
. :

o0
(t+2)l =Y (t+z)e
k=0
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Below we will estimate separately the term for £k = 0 and terms for k£ > 1. The term
for k= 0isequalto g(z,t) =1 -z —t + L(1 — e 2/t) — (1 + 2 + t)e 22/%.
We will show that for 0 < z < 1/2 and 0 < ¢t < 1/4 it follows that g(z,t) < 2.
Indeed, a derivative

dg(x,t) e 2/t

e = i (2x2(1 +x) — tx(x(ez‘”/t -1)— 2) - t2(e2x/t — 1))

is negative for z > 0 and ¢ > 0 because ¢*/* — 1 > 2x/t + (22)%/(2t?) and this
inequality implies that, in the formula for the derivative, the quantity in the brackets
is negative. Hence g(z,t) < lim,_0g(z,t) = 2 — 2t, and this is less than 2 for
t>0.

In order to estimate terms for £ > 1, we use the assumptions 0 < ¢ < %, O<zx
< % and the inequality 1 — e~ < z, valid for z > 0, and get

(t + I’)I <24 Z e_2k2/t <2k + 1+ 2(2]{ + 1)(1 _ 6—2(2k+1)$/t)>
k=1 €

<24 Y e (2 + 1) 4k +3) <2+ 21e 8 + =3 8k2e 8K
k=1 k=2

—8 14 = -n
<2+42le 4+ — > ne " <201,
8 n=32

To get an estimate from below, we will use the inequality 1 — e~ > z/(x + 1),
valid for x > —1. Using formula (84)), we obtain, for 0 < ¢ < i and 0 < z < %,

22+ 2k +1+2)(1 — e—2@k+1)z/t)

I — i e—Qk(k+1—I

k=0 x
S i o—2k(kt1—a) 0 22k +1)(2k + 1 —z) — 2t
= t+2(2k+ D
oo —_ J—
> 3 e 2k(kr1-a)t 2k +t1+ xw t
k=0
I & ok(kt1—a)/t 1 1
> Ut )
t+xk§0€ +4 At + z)

so that (t + x)I > i. Both the above estimates imply the following:

0.25 < LH T 0-22/(20) fj (2k + 1 — z)e” GAH1=22/20) < 9 01,
Xz

k=—o00

If, for0 <z < %, we divide the middle term of the above inequality by (1 — z) €
[%, 1), we must multiply its left- and right-hand sides by, respectively, 1 and 2.
This proves the theorem in this case.
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Now we prove the theorem in the case % <z<land0 <t < %. As in the
proof of the first case, we will examine the following quantity:

1—xz)2/(2t o) o)
6( /e Z (2k +1— x)e—(2k+1—ac)2/(2t) _ Z e—(2k2+2k(1—x))/t
-z k=—00 k=—0c0
n 1i T (e KR/t _ (2R -2K(-)/ty 4 4 1 i B
T x

First we estimate the series denoted by A: for 0 < 1 — z < % and 0 < t < i
we get

(e—(2k2+2k(1—x))/t + e—(2k2—2k(1—x))/t)

S

|

I
T

(e—2k2/t + e—(2k2—k)/t)

N
8

B
Il
—

113
(e 4 e ) < b = Y 2e7F < 0.02,
es et He

N
8

ol
Il
—

and hence 1 < A < 1.02.
Now we have to estimate ﬁB. Observe that B is negative for % <z<l1
because all terms of the series are negative. We will estimate the following positive

quantity:

>

_B 0 o~ (2K2=2k(1-2))/t _ ,—(2k>+2k(1-2))/t
2k< )

1-z =1 1—2
00 2k(1—z)/t _ 6—2k(1—w)/t
= 2ke 2K/t <e )
=1 1—-2z
_4 g’: %67%2“ sinh (2k(1 — z)/t)
=t 2k(1 —x)/t

For fixedt > 0and kK = 1,2, 3, ... the function

_ sinh (2k(1 — z)/t)
Y= =t

is decreasing for % < x < 1, hence its maximal value is attained for x = % and is

equal to
sinh(k/t) b/t — e h/t

K/t  2k/t
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Thus
—B o 2k? 2 ek/t — e_k/t ad 2
0< — 4 a2kt <8 k —(2k*—k)/t
kP P 2kt 2 ke

o0 2 o0 2 4 o0
<8 ke ™F /<2y 4k < 2(64 + X ne”) < 0.15.
k=1 k=1 n=16
Finally, using the estimates —0.15 < B/(1 —z) < 0and 1 < A < 1.02, we
get the desired result: for 0 < ¢ < % and % <z<l1

1
0.85 < A+ ——B < 1.02,
11—z

which, for % < z < 1, implies the following:

1 1

S — < 1.02.
V2mt3/2

If we want to write the factor (1 — x) /(¢ + x) instead of (1 — x) in the denomina-
tor, we need to multiply the right-hand side constant by 3/2 because for 0 < ¢ < i
and 1 < 2 < 1 we have the relation Z < z/(t + x) < 1. This gives the estimate
fort > i with constants 0.85 and 1.53. Finally, taking into account estimates for
0<z< % and for % < z < 1 we get the desired estimate, which completes the
proof of the theorem. m

0.85 < 'yl(t,x)< (1—2x Sinh('u)e;LQt/Z(lx)Q/(Qt)>

sinh(pz)

Now we will give the estimate for ¢ > %.

THEOREM 5.2. Fort > tand0 <z <1

. inh(1) e paye)
8 <AL SIMAH) - —(u2+a?)t/2 < 1.2.
0.8 <~ (t,z) <7r sin(mzx) sinh(,u:z:)e

Proof. Fort > 1 we use (51) and the inequality |sin(knz)| < ksin(mz),
valid for 0 < = < 1. The first term of the series

S (—=1)FE sin(kﬁx)e_k27r2t/2
k=1

is much larger than the sum of the absolute values of all the rest:

| Y (1) ksin(krz)e 72| < sin(ra)e ™ 2 Y k2em (WD
k=2 P

6771'2/4(4671’2/8 . 3)
(67r2/8 _ 1)2

<0.2 sin(wm)eiﬂztﬂ.

—72t/2

. 2 e 2
<sin(rz)e™™ 23 nem (T8 ¢
n=4

sin(mx)e
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This means that

oo
08sin(rz)e ™ > < 3 (~1)F ksin(kra)e T < 12sin(ra)e
k=1
and hence fort > 1/4and 0 < z < 1

inh
0.87 Sin(ﬂ$)m€_u2t/2_ﬂ2t/2 <At )

SI() y2eyz-mey2

< 1.27si
< 1.27sin(7x) Sinh (i)

which completes the proof. m

Now, because for all z € (0,1) we have 7% < msin(mz)/(z(1 — z)) < 4,
the above inequality implies the following:

. -1

(5.5) 0.87% < (¢, z) (x(l - x)s_llﬂlm)e_“Zt/2_”2t/2> < 4.87.
sinh(ux)

Observe that the above inequality differs from that given in Theorem Bl for the

case 0 < z < 3: it does not contain the factor 1/ (v/2t?/2) in the denominator and

instead of the factor e~(1=)*/(20) it has e=™"#/2_ If we want to have one estimate

forallt > 0 and 0 < < 1, we must add such factors. Multiplying the estimating

function from Theorem B by e ™2 ¢ (e‘”2/ 8 1), we must multiply the con-

stant on the left-hand side by e~™/8 ~ 0.29. This operation changes the constant

1 from Theorem 511 to e™™ /8 /4 ~ 0.0728 > 0.07.

On the other hand, the estimating function from the denominator in (83) must
be multiplied by (1 + ¢)%/2e=(1=2)°/Y /(\/27(t + 2)t3/2). But for t > 1 and
0 < x < 1 the above function is greater than 1/4/27 ~ 0.3989. .. and less than
25v/5e1/8 /(44/21) ~ 4.92... < 5. Hence the constant 4.8 from (53) must be
changed to 5 - 4.8 = 24, and the constant 0.872 from (53) must be changed to
0.87%/+/2m > 3.1499 > T.

In this way Theorems BT and B2 together imply the following:

COROLLARY 5.1. Forallt > 0and 0 < x < 1 we have
z(1 —z) sinh(p) (14 1)5/2 (_ M2+7r2t B (1—1:)2))_1

t+x sinh(pz) /27t3/2 2 2t
< 247 < 75.4.

0.07 < ’yl(t,x)<

It is easy to notice that by (B2) the following scaling property holds:

sinh(pz/rp) L 1 [tz
Ot ) = ~St(1-= R
70t ) sinh(p) sinh(uz)rg P2 g ! 5’ 1o

This together with the above corollary proves the following:
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THEOREM 5.3. For p, rg, t > 0and 0 < x < rg we have

x(rg — x) sinh(urg) (7‘8 + t)5/2 -1
t + roz sinh(px) \/2777«3753/2

(rop)* + 7% (ro — x)2>>1
X | exp <— t— < 75.4.
< 2r3 2t

(5.6) 0.07 <~ (t,x)(

REMARK 5.1. Many formulas in the book [2] are given in the language of a
theta function of imaginary argument (cf. [2], p. 641):

1 e 2
Y (t— v+ 2kt)e” ETUEZRYCY) g

Observe that ssi(x,rq) is precisely the series in our v (t, x) and was estimated
above. Using our method we can give an estimate of ssi(x,rg) for all possible
values of variables (like we did it in Theorem B3 for 4™ (t, x)) but estimates for
different sets of t and x, given in Theorems Bl and B2, are much more exact. For
instance, the proof of Theorem Bl gives the following: forro = 1,0 <t < % and
0<a< % we have

55y(v,t) =

—1
0.25 < ss(z,1) (me—a—ww) <201,

Now we estimate the density of the transition probability of the killed process.
THEOREM 5.4. For fixed rg > 0, all z,y € (0, ro) andt > 0
2 5/2 _ _
t
pro(t;x’y) ~ — (TO + ) (1 A xy) <1 A (TU 95)(7"0 y))
75 sinh(uz) sinh(uy) v/t t t

2 2 N2
X exp (_ (rop) 2+7T P Gl )
2rg 2t

In the above estimate we can take the constants ¢ = 0.0029 and co = 2413.

Proof. Observe that
5.7)
inh inh 2 1
pro (t;:L‘,y) _ e (ux/ro) e (My/?"()) exp <:U‘t <1 i ))p1< ¢ LT y> .

sinh(pz) sinh(uy)ro 2 r %’ o’ 70

Thus it is sufficient to consider only the case when rg = 1. Define the following
function:

00 w 2
A(w) > (w+2k)exp <—(+2k)>, w e R.

1
N V 27Tt3/2 k=—00 2t
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Note that the function ss;(0,w) mentioned in Remark 5.1 is given by the same
series, but the range of its argument w is different. By the formula (583) we have
efuzt/Q Tty

sinh () sinh(py) r]:y AMw)dw.

pl(t;x,y) =

From the definition of \(w) it follows that
A—w) = =Aw), AL+ w) = ~A(L - w),
which implies

o 12t/2 1-|1-z—y|

p(ta,y) = A(w)dw.

sinh(pz) sinh(uy) |z—y]

Observe that |z — y| <1 — |1 — z — y| for z,y € (0, 1). Because, by (B2),
sinh(p e~Ht/2
’71 (t’ x) = ( )
sinh(pz)
we get, by virtue of Corollary 5.1,

1— ) (141)5/2 2, (1—a)?
(5.8) A(l—w)%x(t”x)( ;/2) o (‘Wzt_(%m))'

A1 —z),

Consequently,

e VTR 4 P2 I w1 —w) e

_— dw.
oyl t+ (1 —w)

1
Lr,y) ~ .
p ey sinh(px) sinh(uy)t3/2

Now, substituting w = /1 — vt, we get

t —t
1—w:1—\/1—vt:U7 and dw =

141 —vt V1—ot’
and hence
1
(5.9) —tv<1—w < t.

2
Combining this with Lemma B from the Appendix, we obtain
6—(u2+7r2)t/2(1 F1)32 _ (1—(z—y)?)/t

1/(2t) _Y 2y
sinh(pz) sinh(uy)t1/2 J 1+0° %

Q

p'(t;7,y)
(1-(1—1—z—y[)2)/t

6—t(u2+7r2)/2(1 +t)5/2 ef(zfy)Q/(Qt)

sinh(pz) sinh(uy)t1/2
_ —_ )2 11— 2 _ )2

(10 IR (1 Ol o)

t t

Q
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We rewrite the expression in the last parentheses as follows:

4xy, y+x <1,
I-N—z—y))? = (z-y)?=
Al-z)1-y), y+tz>1,

=dfzy A (1 —2)(1—y))].
Moreover, it is easy to check that 1 < (1 — (z —y)?)/(1 —2)(1 —y) < 4 for
0<z<1-y<LSince f(z,y) =1—(z—y)? = f(1—x,1—y), we get for
allz, y € (0, 1)
B 1-(z—y)?
S (@) v ((1-2)(1-y))

Thus for all z, y € (0, 1) we obtain

(1222 Gmi?y (4, el o)

t

p 16<1 L@y v (- 2)( —y))) (1 @) A (- 2)( - y))>

< 4.

t t

- 16(1/\xty> <1A(1_”3)t(1_y)>
and

(1A1—(x—y)2> <1A(1—\1—w—y)2—(x—y)2>

t

> <1/\:I;y> (m(l_m)t(l_y)).

Theorem B3 implies that in the estimate (58) of A(x) we have the constants
c1 = 0.07 and c2 = 75.4. Using this, the above inequalities, constants from Lem-
ma 6.1 in Appendix and inequality (559), we get the constants in the assertion. m

Recall that M; = sup.s<; Zs and put m(t, x,y)dy = P*(M; € dy). An es-
timate of this density is the most complicated. In the proof we will use three ele-
mentary lemmas, which will be proved in the Appendix.

THEOREM 5.5. Forall 0 < x <y andt > 0 we have

2(y — @) sinh(uy) v* + 0 (1 + 5 ﬁ#)
y?t  sinh(ux) (v® + t((yp)? + 1)) (t + yz)
exp (~(y - 2/(2t) - P7)

1+ (y—=z)%y?
t(y2+t((yp)2+1))

m(t;z,y) ~

X
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Proof. By the strong Markov property we have fory’ >y > x

P* (Mt € (y,y/)) =Py <t,7y > 1)

t o0
=E[r, <t; B (ry >t — 7)) = [ (u,2) [ A (v, y) dv du.
0 t—u
By (B6) we obtain
- ' —y) sinh(uy')
(0 e (e ) o T D)y ) sin
(Mo € )~ =) ()
X} e S N €71 ol O )
o (u+yz)udl? 2y> 2u
y °f° (v +v)* D Vit VA
iy (v y'y)vd/2 2y2 2v

= F(t,z;9,v).
Since m(t; x,y) is continuous (it is obtained by differentiating formula (B) with
respect to rg), we have
P*(M; € (y,y
m(t;z,y) = lim ( t, .y ))
y'—y v -y

Hence
F(t,x; !
y—=y Y -y
_ z(y — ) sinh(uy) j y* +u)?/? Cw?+? (y—2)
Y7 sinh(px) ) (u+ yo)ud/? 292 2u
% (Y +v)*? (yp)* +

X ! Texp —T'U dv du

2(y — «) sinh(uy) (yu)> +7* \ ¢ (y* +u)?
= - exp | — t f -

y”  sinh(uw) 2y? (u + yz)u3/?

(y—2)*\ % (W +t—ut0)? (yu)* +7°
X exp ( o0 { (= ut o) exp 22 v | dv du.

Now we apply Lemma 6.2 from the Appendix with a = y?, b=t — u and ¢ =
((yp)* + m2) /(2y*) to the inner integral and get

R 2, .2
2y — ) sinh(uy) exp [~ (yp)” + =,
y>  sinh(px) 292
o j y —+ u)5/2 (y + t— )3/26_(y_x)2/(2u) du
o VE—u(u+yx)ud(y? + (t - u)((yn)* +1))

m(t;z,y) ~
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We split the above-given integral into two parts: fot /2 + j;t/2 = I1 + I3, and sub-

stitute
—z)2/1 2 —z)2/1 1
w:(y x) 1.2) w:(y x) 1 1
2 u ot 2 u t

in [ and I, respectively. Before the substitution we use the following estimates:

t—ur~tforue (0,5)andu ~ tforu € (%,t). Additionally, the second substi-
tution gives t — u = 2t%w/ (2tw +(y — x)Q) Consequently,

I n (y> Jrt)s/z t/2 (42 +u)5>/2€—(y—:c)2/(2u) "
FT Vi () 1)) o (u+ yz)ud/?
\/§y4(y2 + t)3/2€—(y—x)2/t

~ Via(y — o) (v + t((yn)? + 1))
5/2

G (o) e

e o)
I el S ) ks
LT ()2 = u(y? + (t—u) (()? + 1))

212 + )=/ (20

T (= 2)2(t+yx) (0 + ) + 1)

_ (y*$)2y2 3/2 —w
weopsen (et S e d

=

(y2+t((yp)24+1))

dw,

du

X w.

Now we apply Lemma 6.3 to the integral in the estimate of /; with
1 1 (y — x)? 1 1
2 2
= — —_ _ b P —— f— — — R
o= =223+ 53): L o4
and Lemma 6.4 to the integral in the estimate of I» with
2,2

B k) S ek (y — )%y’
’ 2t(y2 +1t)’ 2t(y? + t((ypw)2 + 1))

2t
For (y — x)2/(2t) > 1 we have y? > t, which implies

(-2 -2 1 _(y—=)?
22 +t) t  20+t/y2) ¢

)
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so all the assumptions of Lemma 6.4 are satisfied. Hence

I+ 1~
5/2
P+t yle et <t(y — ) (y;;t) + ! )
VI () + )2ty — o) \ (14 @52 )umst 1 (y - 2)? 5

(y2 + t)te~w—2)/(20)
(y— z)2(t + yz) (y? + t((yn)2 + 1))

x (1 P U0 D) - 0 )
# ((y2 + t)t)3/2\/1 = C

ty?+t((yp)>+1))

(2 + t>3/2y4€7(y7x)2/(2t)
V(2 +t((yp)? +1)) (t +ya)
) ((y2 1)/ /(20 % o—(—2)2/(2t)
Vgt (14 52 L+ (y — )2ttt

+ (1 Az 9”)2) WP +0°2vE, 0T /v + t((yn)? + 1) )

2t (y — )2y 5 (y—=)2y2
Vigh U s om e

Let us denote the expression in the last brackets by J(y,z,t, ). To prove the
theorem we need to show that

y\/ )2y2
t(y +t ) +1))

Assume (y — x)%/t > 1. Then we have y? > ¢, which implies

(5.10) Ty, x,t, 1) ~

(y2+t)5/2 —(y —x)2/(2t) (y> —|—t)3/2 y +1 \/y —i—t y,u) +1)
Vi (1 4 =22 \/ 2, /14 =2 TS
( ) t(y2+t((yp)?+1))
thus o~ (y=2)*/ (1) 3 My <y2 + t> , (v* +1) \/y2 +t((yw)? +1)
T (y—z)? 2 )22 ’
14 (y — )2 ( vkt VRS Y w2 1 (y—x)?y
(%) ! VI om )

<1A(y—w>2> WHOYVE R POyt £ 1)

2t (y — x)2y \/ny% \/fy2 1+ (y—z)2y> ’
t(y24+t((yp)2+1))
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so we can estimate the expression J (y, x, t, ;1) from above by its last component.

But for z, y, z > 0 we have \/22 + y2 + 22 ~ = + y + 2 because l>- and /;-norms
are equivalent in R3. Hence

Vo2 + ()2 + 1)
y

and because (y — x)? > t, the relation (5I0) holds true.
In the case (y — z)?/t < 1 we have t + xy ~ t + 32 and also (recall that
O<z<y)

Vi

zl-l-\/iu-i-?,

t o 2
Loty o2
yxt T Yy t T
Hence
2 4 4)5/2 + 2
Ty, w,t, ) = ) Y
Viy? y(y — )
R i By/y2 + ((um)? + 1)
Viy? Viy?
Rt 202 )32 Vi \/y2 +t((yp)? +1)
- \/i 3 + — +
Y y y—x y
2 3/2
+t ¢ ¢ t
~ Y <1+3+\[+ﬁu+\[>,
yv't v oy-—x y

which again is equivalent to (E10). =

6. APPENDIX

Here we gathered four lemmas which were used in the estimates carried out
in the previous section.

LEMMA 6.1. For 0 < a < bwe have

b
. HLwew/de
— < . <2
12 7 eb2(1Ab) (1A (b—a))

Proof. LetusputZ(a,b) = abp%we“’ﬂdw andleta,b < 1. Forw € (0, 1)

the function f(w) = e*/2/(1 4 w) is decreasing, and hence for such w it follows
that /e/2 < f(w) < 1. Using these inequalities we get

V4

w
1+w

\/éb 2 ’ 2 2
— | waw < e WS | waw = —a” = —a +a).
2] dw < W2 4w < [wdw=b (b—a)(b+a)

S —
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Since 0 < a < b < 1,wehave b < b+ a < 2b, and this implies

1 b
5e”/%(b —a) < *fb(b —a) <ZI(a,b) < [wdw < 2b(b — a) < 2e”2b(b — a).

Now let b > 1. We use the inequality 1 — e~ < 1 Az, x > 0, and get
b
Z(a,b) < [ eV 2dw = "/?(1 — e~ (070)/2) eb/2(1 A(b—a)).
a

For 2 > 0 it follows that 1 — e™® > /(1 4+ 2) > 1(1 A x). Using this, the fact
that the function z — z/(1 + z) is increasing and (a + b)/2 > 1/2, we obtain

w/2d ( +b)/2 ;

1—|—w 1 + (a+b)/2 a+fb/

w/de

b
I(a,b) > [
(ab)/2

1
5 1
b —(b—a b
>i26/2(1—e ( )/4)>Ee/2(1/\(b—a)),

143

which completes the proof. m

LEMMA 6.2. Fora,b,c > 0and ac > 1 we have

i’fo(a—l—b—l—v)?’ﬂe_w Y~ (a + b)3/?
o (b+v)32 V(1 + be)’

Proof. Let us denote the integral in the assertion by I(a, b, ¢). Substituting
v = s/c we obtain

6.1)

(a+b)c+s)3/2

(b 1 5)772 e *ds.

(6.2) (a,b,c) 170
0

For bc > 1 we get

a+b 3/200(1+8/(((1+b) ))3/2 s, _1fa+tbd 3/2
I(a,b,c) = c( b ) ) (1+s/(bc))3/2 e dSNc< b > ;

which is equivalent to (Bl). For bc < 1 we split the integral in (B2) as follows:
%fol —i—% floo = I1 + I5. Then

I ~ \/e(a + b)>/2.

In I; we substitute s = bct and get

ITi=b

Q

c a 3/2 é
1/(e) (%b) + t3/2 —bct dt ~ b a+b 372 + 1
0 (1+1)3/2 b
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and hence

3/2 3/2
Il+12~<bc<azb> +1+(bc)3/2<azb> >

From the assumptions bc < 1 and ac > 1 it follows that

3/2 3/2
bc (a Z_ b) > (be)3/? (ab—l—b> > 1,

which completes the proof of the lemma. =

LEMMA 6.3. Leta,c >b>0anda < 2ifb < 1. Then we have

00 w+a)5/2 a5/2 1
6.3 dw =~ .
©63) “(1; w+ b)? w—|—c)6 v b(b+1)c+1—|—c

—w ~

Proof. Denote the integral in the assertion by F'(a, b, ¢). It is clear that for
b > 1 we have F(a,b,c) ~ a®?/(b*c), which is equivalent to (63). For b < 1 we
split the integral into two parts:

a,b,c) ~a e Ydw.
w+b)( ) w+b) (w+c¢)
The last integral can be approximated by 1/(1 + ¢) as follows:
1 0 3/2 0 5/2
~ [ v 5 Y evdw < i w2 e "dw
I+c 3 (w+1)3?w+ec o (w+b)%(w+c)
o0
W w 1
— dw =~ .
{ Vw w 1+¢
Moreover,
oo
1 —w
e Ydw
{ (w+b)%(w+c)
e—(w+1) 1)

(w+b+1)2(w+c+1)

Hence for b < 1 (in this case a < 2 by assumption) we obtain

1 1 1 5/2 1
F(a,b,c) = 5/2< + >+ ~L 4

be 1+4c¢ 1+¢ be 14+¢’

which is again equivalent to (B3). =
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LEMMA 6.4. Let a > b > ¢ > 0. Assume also that a =~ b if a > 1. Then we
have

a U) + b)3/2 —W Jap p3/2
6.4 ~(1ANa)+ ——.
©4 { Vw(w + c) (LAa) c(l+c)

Proof. Let us denote the integral in (6.4) by I(a,b,c). Assume now that
¢ > 1. Then we have a,b > 1 and it follows that

b3/2 @ (w/b+1)32e v dw N b3/2
c g Vwwletrl) T ¢

It is equivalent to the assertion because

I(a,b,c) =

5p3/2 3/2
V/2b - b

> b2 > 1.
c(1+c¢) c

In the case ¢ < 1 we substitute w = cu. Then

a/c (U + b/C)3/2 e—Cu
(6.5) I(a,b,c) = ¢ f a1
0

For a > 1 we use the assumption that a ~ bif a > 1. It follows that u + b/c ~ b/c
for u € [0,a/c|. Hence

du.

b 3/2a/c euc b3/2
I(a,b,c) =~ c| - du ,
@sa=e(2) | =z

c
which, as before, is equivalent to the assertion. For a < 1 the formula (B3) gives
us the estimate

j udu b3/2 a/c  gmucqy
0 u+1 c 9 Vulu+1)

I(a,b,c)

The last integral is bounded by fo f( +1) from below and by fo f +1) from

above. Moreover,

which completes the proof. =
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