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Abstract. Burkschat et al. (2003) have introduced the concept of dual
generalized order statistics (dgos) to unify several models that produce de-
scendingly ordered random variables (rv’s) like reversed order statistics,
lower k-records and lower Pfeifer records. In this paper we derive the limit
distribution functions (df’s) of bivariate central and bivariate intermediate
m-dgos. It is revealed that the convergence of the marginals of the m-dgos
implies the convergence of the joint df. Moreover, we derive the conditions
under which the asymptotic independence between the two marginals oc-
curs.
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1. INTRODUCTION

Generalized order statistics (gos) have been introduced in Kamps [K] as a uni-
fication of several models of ascendingly ordered rv’s. The use of the gos model
has been steadily growing along the years. This is due to the fact that this model
includes important well-known submodels that have been separately treated in sta-
tistical literature. Theoretically, many of the models of ordered rv’s are contained
in the gos model, such as ordinary order statistics (00s), order statistics with non-
integral sample size, sequential order statistics (sos), record values, Pfeifer’s record
model and progressive type II censored order statistics (pos). These models can be
applied in reliability theory. For instance, the sos model is an extension of the oos
model and serves as a model describing certain dependencies or interactions among
the system components caused by failures of components, and the pos model is an
important method of obtaining data in lifetime tests. Live units removed early on
can be readily used in other tests, thereby saving cost to the experimenter. Random
variables that are decreasingly ordered cannot be integrated into the framework
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of gos. Therefore, Burkschat et al. [@] have introduced the concept of dual gen-
eralized order statistics (dgos) to unify several models that produce descendingly
ordered rv’s like reversed order statistics and lower records models. Uniform dgos
U j;Tm, r=1,2,...,n, are defined by their probability density function (pdf)

n n—1
Ut UL U _ Y=Vt —1 1
frdam Ydiam din:n (ULU% L ,Un) — ( H ,7].) ( H ujJ i+ )u;yl ’
=1 j=1
where 1 > uw; > ... > u, > 0. The parameters 1, ¥, . . . , ¥, are defined by v, =

k>0and~,. =k+n—r+ M,, r:1,2,...,n—1,whereMr:Z?;Tlmjand

m = (my, ma,...,Mp_1) € R7~1. The dual rv based on a df F is defined by
the quantile transformation X4(r, n, m, k) 4 F=(U;,.,), r=1,2,...,n, where

F< denotes the quantile function of F, i.e., F (y) = inf{x : F(z) > y} (i
means identical distribution). The connections between m-gos and m-dgos are also
established in Cramer [f] and Burkschat et al. [#]. Nasri-Roudsari [I0] (see also
Barakat [[I]) has derived the marginal df of the rth m-gos, m # —1, in the form
@ﬁﬁk)(x) =1, () (1, N —r+1), where G (z) =1 — (1 — F(av))Wrl =1-
Ftl(z), I,(a,b) = % Jy 11 — t)P~'dt denotes the incomplete beta ra-
tio function, and N = mL_H + n — 1. By using the well-known relation I, (a,b) =
1 — Iz(b,a), where T = 1 — z, and by putting T, (z) = F™*!(z), the marginal
df of the rth m-dgos, m # —1, is given by @,‘ffﬁ?”“) (z) = I, () (N — 7+ 1,7).
Moreover, using the results of Burkschat et al. [4], we can write explicitly the joint
pdf’s of the rth and sth m-dgos, m # —1, 1 < r < s < n, in the form

(1.1)

Csf n
FUME) (1, ) = =

— __ s—r—1 —
mFm(ﬂf)(gm(F(y))—gm(F(x)D g (F(2)
x FrHy) f(2)f(y), —oo<y <z < oo,
where Cs 1o =T]7_, 7,5 = 1,2,...,n,and g, (x) = 25 [1-Z™]. In the pres-
ent paper we reveal the asymptotic structural dependence between the members
of dgos with variable ranks. The limit joint df of the m-dgos X4(r,n,m, k) and
Xa(s,n,m, k) for m # —1 is derived in the following two cases:

(I)Central case, where r,s — oo and /N — A1, s/N — g, for 0 <
Al < A2 < 1, as N — oo (or, equivalently, as n — 00). A remarkable example
of the central oos is the pth sample quantile, where r,, = [np],0 < p < 1, and [z]
denotes the largest integer not exceeding x (see [[Z]).

(2)Intermediate case, where r,s — oo and /N, s/N —0 as N — o0
(or, equivalently, as n — 00). The intermediate oos have many applications, e.g., in
the theory of statistics they can be used to estimate probabilities of future extreme
observations and to estimate tail quantiles of the underlying distribution that are
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extreme relative to the available sample size, see Pickands [I1]. Many authors,
e.g., Teugels [13] and Mason [9], have also found estimates that are based, in part,
on intermediate order statistics.

The asymptotic bivariate df of the extreme m-dgos is derived in Barakat et
al. [?]. Moreover, the asymptotic behavior for bivariate central and intermediate
gos is investigated in Barakat et al. [B]. Everywhere in what follows the symbols
—» and % stand for convergence, as n — oo, and weak convergence, as n — 00,

respectively.

2. LIMIT DISTRIBUTION FUNCTIONS OF THE BIVARIATE CENTRAL m-dgos

Consider a variable rank sequence 7 = r,, — oo and \/n(r,/n — A) — 0,

where 0 < )\~< 1. Smirnov [I2] showed that if there exist normalizing constants
&y, > 0 and S, such that

2.1 O (a2 + B,) = I, (n—r+1,7r) = 0D (g; )),

(dnx'f‘én)

where ®¥(1)(z; \) is some nondegenerate df, then ®#%1)(z; \) must have one
and only one of the types N (W; s(x)), i = 1,2,3, 4, where N(-) denotes the stan-
dard normal df, and

—00, <0, —clz|?, x<0,
We.a(x) = Wo.g(x) =

156(2) {c:cﬁ, x>0, 25() {oo7 x>0,

—o00, x< —1,
—alzl?, <0,
Ws.5(z) = Wyp(x) = Wa(x) = ¢ 0, -l<x<1,

3:8(¢) {Cﬂﬁ’ ©>0 18(x) = Wiy(x) - <

00, x ,

and 3, ¢, c1,co > 0. In this case we say that F' belongs to the A\-normal domain of
attraction of the limit df @4 (z; \), written F' € D (241 (z; ). Moreover,
(2.1) is satisfied with 4OV (z; X) = N (W; 5(x)) for some i € {1,2,3,4} if and
only if

A — F(apz + Bn)

vn Ch

— Wig(x), where C\ =+/A(1— ).

It is worth mentioning that the condition \/n(r, /n — A) - 0 is necessary to have

a unique limit law for any two ranks 7, 7’ for which lim,, o, /n = lim, o, r’'/n.

The following lemma characterizes the possible limit laws of the df <I>,€l§,’;” k) (x).



270 H. M. Barakat et al.

LEMMA 2.1. Let r = ry be such that /n(r/n — X) — 0, where 0 < X\ < 1.

Furthermore, letmy =mg = ... =myp—1 =m > —1. Then there exist normaliz-
ing constants a, > 0 and by, for which

(2.2) QL) (@ + by ) > DU (25 0),

where ®XF) (12 \) is a nondegenerate df if and only if

A =T (Gnx + Bn)

- Ulz),

where ®IMF) (z: \) = /\/(U(:B)) Moreover, (I2) is satisfied for some nonde-
generate df ®X™F) (z: \) if and only if F € Dy(m) (N(ng(:x))) for some i €

{1,2,3,4}, where A\(m) =1 — Xl/(mﬂ) and X = 1 — \. In this case we have
Clim c
U(r) = /\(* )(m + 1)W;5(z), where C = by
Cx b\

Proof. The proof follows by using the same argument that is applied in the
proof of Theorem 2.2 of Barakat [[II] in the case of central m-gos. =

We assume in this section that r = r,,, s = s, —» oo and vn(r/n— A1) -0,
Vvn(s/n—A2) - 0, where 0 < A\; < Ay < 1. Moreover, we assume that there are

suitable normalizing constants a.,, ¢, > 0 and ISm Jn for which

OImE) (G, y+by) o @U™R) (yX1) and @) (G, a4dy,) =5 @HME) (2:),),

n

where &%) (4: A1) and ®U™k) (2:\y) are nondegenerate df’s. Let q»?f;’;;’“) (z,y)

be the joint df’s of the rth and sth m-dgos, m # —1. By (ICT) we get @f,(;'}{k) (z,y)

= 03" (2), x <y, and

2.3) @2k (1 y) =

r,5:m
F(y) F(x)

=Cr [ [ gmpetta—gmthyrTlemtt gty T ldedn, x>y,
0 n

where ot — (m+1)°T(N + 1)
"OT(N=s+1D)(r—1D(s—r—1)

The following lemma concerning the asymptotic behavior of the df @f,(gﬁ{k) (x,y)

is an essential tool in studying the limit df of the bivariate central m-dgos.
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LEMMA 2.2. Let \; = Z/<N+ 1), vi=1=X, 1 = \/AZ’Vi/<N+ 1) for
P =7,5,0 < Ry = \/A(1=20)/ (A (1= A) < 1, and let

UsD(y) = 222, Ui () = =27,

where T,, = an + l;n and 4, = cry + Jn Then

Un™ (y) US?) ()

i i Wr,s(f,n)dfdn‘ — 0

(I)d(m k) T, s
(#n, 9n) 21y /1—R2, o

78N

uniformly with respect to x and y, where

52 - 2£T7Rrs + 772>
Wye(€,n) = ————exp | — .
a(&m) o1 —RZ, P ( 2(1 - R3))

Proof. Forgiven e > 0 choose 7' large enough to satisfy both of the inequal-
ities 1/72 < eand N'(=T) < e. If Ud(l)( ) < —T, then, for sufficiently large n,
we have F"™*1(3,) < v — 7T < 1. Therefore, after routine calculations, we can
show that

1 FmH ()
Bdmk) (5.) = T { DN (1 — )y ~Ydn
h 5(N—71°+1,r) | fT (1 =)y
Since @g’(ﬁﬁk) (ZTn, Un) < < pim )(yn) it follows that ®2" o) ( i) < €. Simi-

larly, if Ug@)( ) < —T, we can prove that @r(gnnk)(a:n,yn) < <I>s(n ’k)( n) < €.

On the other hand, we have
U (y) U@ (@)
[ ] W& mdgdn < min (M (U ) N (U5 (@) ) < .

Therefore, if Uff(l)(y) < T or U2 (x) < =T, we get

i U (y) UA? (2)
|(I)r ;nn x'fl? yn) - f f WT,S(£7 n)dfdn‘ < 2e.

—00
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Now, if U2 )( ) > T, then F"""(5,) > v, + 7. T. Therefore, we get
1

1— (I)d.(m,k) Un) < N—-rr1 r—ld
o™ (Gn) BV s L) Mfﬂn )~ tdn
1 rn—v)? N, 1 N+1 1
< )y = — <« <
ﬁ(N—r+1,r){ oz (=) (Nto12 ~ 72 =€
Thus, we also obtain
2.4) odmk) (z,,) — IR (7, 5,) < 1— X (5,) < e.

On the other hand, in view of our assumptions and Lemma 2.1, we get
(2.5)

UA (y) U () o UI(g)
NOID @) - [ [ WeEmdedn= [ [ W, (& n)dedn
e T Ut () —

<L 7 Vi< L Texp (C5)a
e 1 (e e on ()
for sufficiently large n, and
(2.6) |220mR) (z,,) — N (UL (2))] < e

for sufficiently large n. The inequalities (ZZ4)—(_6) show that when U,Cf @ (y) > T,
we have
Un () U7 (@)
@b (3, 5,) — [ [ Wis(& n)dédn| < 3e.
—0o0

—0o0

Similarly, we can show that the last inequality holds for sufficiently large n if
Uff@) (z) > T. In order to complete the proof of the lemma, we have to consider
the case \Ug(l) (y)l, \Ug@) (x)| < T. First, we note that, in this case, for sufficiently
large n, since T, (Un) - A1 < A2 < T'y(Zy,), we have &, > 7y, Therefore, for
sufficiently large n, q)f(swﬁlk) (Zn, Un) is given by (Z3). On the other hand, in this
case we get 1 — Fm“( n) < A+ 7T >0and 1 — F™FY(E,) < A\ + 7T > 0.
Therefore,

1 w
2.7 @f(?nk) (T, Un) = f f ﬂfg‘,;’“ (w, z)dzdw =
1—Fm+1(gy,) 1-Fm+1l(g,)
Artre T AstrsT At T
| [ AR, dedwt [ f 2R o, 2)dzdw
1= Fmtl(g,) 1—Fm+1(z,) 1—Fm+1(,) Astrs T
1 w
+ [ ol (w, 2)dzdw,

Art7 T 1—Fm+1 ()
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where o
d(m,k) _ n
(prsn (U),Z) (m+ 1)22

We shall separately consider each of the integrals in the summation (IZ1). We have

—1(1 . U})N_S(’w o Z)s—r—l‘

1 w Ar+7 T w
(2.8) f f goi(glﬁ )(w 2)dzdw < f fgpfsmnk) (w, z)dzdw
A +10 T 1_Fm+1(5;n) 0 1
C* A+ T w N
n r— 1 s —r—1
= CESIE f f z (w—z)° dzdw
P(N+1) At N- 1
= w1l —w) Tdw < = <€,
(N —r+ 1)I(r) { T2
2.9)
A +1 T w As+TsT As+7T
/ [P w, 2)dzdw < [ [ @l (w, 2)dzdw
1—Fm+1(gy) As+7T 0 w
(N +1) AstreT N 1
= 1— P -
T(N—s+1)(s—1)! { A=) < <

and by using the transformation z = A\, — &7, w = A\s — n7s, the third integral
takes the form

At T Aetrs T Ut (y) U (2)
f Qpr(smnk) (’LU, Z)dZdw = Ar,s.n f f gr (g U)dndf,
1= FmH1(§,) 1— Fmt (3,) B
where

T(N + D AN =s(), — A,)s !
I'(N—-s+1)(r—1)(s—r—1)!

g(d) (é— ) 1— Ei 1— NTs _57-7" oot 1+ NTs N=s
r,8:Mn 7 >\7' )\ _/\ Vs °

On the other hand, by Stirling’s formula I'(M + 1) = e~/ 2r MMM (1 + o(1))
as M — oo, we get

Ar,s:n =

and

A (N +1)2D(N 4+ D)1m v =5 (Ag — Ap)5"
e (N —s+1)rl(s—r)!
14 0(1) ~ 1+40(1)

o /(ﬁzlv)f%r) Com/1-R2,
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Also, it is easy to show that
(2.10)

(d) (G (g e o
gr,s:n(gan)_< )\r> ( )\s_)\r> < +VS)
x| (1= o 1—777—8_£TT B

LM =&\ s N

( —M> < Us)
[+ o) (14 T (o)
_(1_5%« T(l_vm—&n)w(H%)N_s(H )
- )\r )\s_)‘T pris

Vg
where p,,(£,7) — 0 uniformly in any finite interval (=7, T) of the values £ and 7.
On the other hand, we have

e\ _ (& 72 £
2.11) rln(l ) = 2/\%+3A§+...

= tr(N+1)— 522'” + 0(\1;;)
2.12) (s—r)ln (1 - W)

As— A
B 1 (nrs—E€T7)2 T3
and
, 1 AS2T3
2.13) (N —s)In <1 — T) =n7s(N + 1) — 5”% - 0( Vi )

Therefore, combining (ZT0)—-(13) as n — oo (or, equivalently, as N — o0), we
obtain

— 26T, + 272 1,
~S T TN +1) — =2\
2 20 — Ar) (W4 1) = 5m

_ %, Ar 1, Vg 1 TrTs
i R e wh Ral U] S v wi Bkt ) (U vy w
_ 1 )\3(1 — >\r) 2 2 >\r(1 — )\s)

T2 A (5 2 A= )

782
[\
N
3
[\
el
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which implies

2+ 2_2 Rrs
si8hten) = exp (S5 (14 o)

Therefore, for sufficiently large n (or, equivalently, for large V'), we obtain

ArtrT AetrsT Ua () U (@)
| [ QB (w, 2)dzdw— [ [ W& n)dédn| <e.
L= FmH1(g,) 1—=Fm+1(z,,) -
Since
—_7 U@ () Ul _p
| [ W& mdédn+ [ [ Wis(§ n)dédn < 2N (=T) < 2¢
—oo =T -0  —00
and
Un® () Un® () Un(y) —1
[ ] Wis(&m)dédn = f f W,s(€,m)dédn
— o0 — o0
_7 U9 () U™ (y) Un® ()
+ [ [ W& n)dédn+ [ [ Wis(& m)dédn,
—00 -T -T -T
we have
Ny T Aotrs T U2 () Ud® (2
I [ NP (w, 2)dzdw— [ [ Wis(& n)dédn| < 3e.
1—Fmt1(g,) 1-Fm+1(,) “oo -0

By combining the last inequality with (Z8) and (ZZ9) we get for sufficiently large n

i UA™ () UR® ()
|(I)7" smn ﬂ?n, yn) - f f WT,S(& U)dfdﬁ‘ < 56’

—00

which proves the lemma in the case \Un(l)( ), [Un d(2)( )| < T This completes the
proof. m

Lemma 2.2 yields directly the following interesting theorem, which character-
izes the possible limit laws of the df of the bivariate central m-dgos.

THEOREM 2.1. The convergence of two marginals

pdmh)( i) 2 PR (4 A1) = J\/’(l?(y))
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and
BUT (#n) > DU (23 0) = N (U (),
where N (U (a:)) and N (17 (y)) are nondegenerate df’s, is a necessary and suffi-

cient condition for the convergence of the joint df @?,(;?;‘;’“) (Zn, Un) to the nonde-
generate limit

1 U(y) U(z) 52 + 772 — 2%nR
($7 y) 1, 2) 27’[‘@ 7‘/;0 7{0 eXp 2(1 _ RQ) 5 777

where R= \/)\1 (1=X2)/ (A2(1—A1)). Moreover, the convergence of the bivariate

df @ﬁfs’:’z’“) (Zny Un), as well as the convergence of two marginals q),il:(;? k) (n) and

q)i(,i”’k) (Zn), occurs if and only if

QU0 () 2> N (Wip(y))  and  @EOV (i) 2 N (Wie (2))

for somei,j € {1,2,3,4}, where \((m) =1 — Xi/(mﬂ), M=1-), t=1,2
In this case we have

G Catm
U(y) = = (m+ DWis(y)  and - U(w) = —2 (m + 1) W (a),
)\1 )\2

where C5 = Cy, /A, t=1,2.

3. LIMIT DISTRIBUTION FUNCTIONS OF THE BIVARIATE INTERMEDIATE m-dgos

A wide class of intermediate oos where r = 7, = £*n*(1 + o(1)), 0<a <1,
was studied by Chibisov [8] who showed that if there are normalizing constants
&y, > 0 and S, such that

(3.1) o4O (G, x + B,) = Lpanetgy(m =7 +1,7) o 4O (1),

where 401 (z) is a nondegenerate df, then ®%%1)(z) must have one and only
one of the types N(V,(w)), i =1,2,3, where Vi (z) = « for all z, and

—BInl|x|, x<0, —00, z <0,
(32) Va(z)= Blnal Vs(z) =
00, x>0, Blnlz|, x>0,

where [ is some positive constant. In this case we say that F' belongs to the domain
of attraction of the df @40V (z), written F € D(@d(o’l)(x)). Moreover, (B) is
satisfied with @4V (z) = N (V;(z)) for some i € {1,2,3} if and only if

r —nF(anz + ) . Via).

(3.3) 7 -
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Wau [[[4] generalized the Chibisov result for any nondecreasing intermediate
rank sequence and proved that the only possible types for the limit df of the inter-
mediate oos are those defined in (B2).

Barakat [[I] in Lemma 2.2 and Theorem 2.3 characterized the possible limit
laws of the df of the upper intermediate m-gos. The following corresponding
lemma characterizes the possible limit laws of the df of the lower intermediate
m-dgos.

LEMMA 3.1. Let mi =mg = ... =my,_1 =m > —1, and let r,, be a non-
decreasing intermediate rank sequence. Then there exist normalizing constants
an >0 and b, such that

(3.4) IR (G + by) > DU (),

where UK (1) is a nondegenerate df if and only if

ry — Ny (Gnx + by)
N

where ®Um™Hk) () = N (V(a:)) Furthermore, let 1}, be a variable rank sequence
defined by r;, = 19-1(n), with0(n) = (m + 1)N (remember that N = k/(m + 1)
+n —1;then(n) =nifm =0,k = 1, i.e., in the case of 00s). Then there exist
normalizing constants a, > 0 and b, for which (B4) is satisfied for some nonde-
generate df k) (x) if and only if there are normalizing constants &, > 0 and

By for which q)fg?;i)(dnx + Bn) = 4O (1), where ®HOV () is some nonde-
generate df, or, equivalently, (5, — nF (Gnx + Bn))/ﬂ — Vi(x), i € {1,2, 3},

and ®OY(z) = N'(Vi(x)). In this case &, and bn may be chosen such that
an = Gg(n) and by = B@(n). Moreover, ®*"™ k) () must have the form ./\/'(Vl(x)),
e, V(x)=Vi(x).

- V),

Proof. The proof follows by using the same argument which is applied in
the proof of Lemma 2.2 and Theorem 2.3 of Barakat [[I] in the case of upper inter-
mediate m-gos. =

Now, we consider the limit df of two intermediate m-dgos
X, k) —b X k) —d,
(@ — a(r,n,m, k) — by and (@ = a(s,n,m k) —d,

~ ~ )
an Cn

where r/n® — 12, 5/n2 — 12,0 < ay,az < 1,11,ly > 0,and @y, &, > 0, by, dy,

are suitable normalizing constants. Our main aim is:
1. to prove that the weak convergence of the df’s of n,(ﬂd) and ¢ §d) implies the
convergence of the bivariate df of nﬁd) and Cs(d);
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2. to obtain the limit joint df of n,(nd) and Cs(d) and derive the condition under

which the two statistics nﬁd) and Cs(d) are asymptotically independent.
We can distinguish the following distinct and exhausted two cases:

(A) s—71r ¢ 0<c<oo.
(B) s —r — o0.

REMARK 3.1. Under the condition (A) we clearly have Iy =13, 1 =2 = .
Moreover, /s — 1. Finally, under the condition (B) we have the following three

distinct and exhausted cases:

(B1) ag > oy, which implies /s — 0.
(B2) as = a1 = o, Iy > Iy, which implies /s — 13/13.
(B3) ag = a1 = o, ly = Iy, which implies v /s — 1.

The following lemma, corresponding to Lemma 2.2, characterizes the possible
limit laws of the bivariate intermediate m-dgos.

LEMMA 3.2. Let us assume that @f,(s’fig’“) (Z,Un) :P(ny(nd) <, ng) <y),0<
Ry, = \/Ar(l — A/ (A1 =A)) < L, Fp=in@ + by, i =ny + o, and let

Ni=1i/(N+1), 7 =ANvi/(N+1)andv; =1—)\;, i =r,s. Then

1
NGy R —
r,8M ( n yn) 27(\/@

Ud(l) (y) Ud(2) (x) 9 9
" " -2 T8
[ exp (_6 +n° —26nR

. 2(1 - R%s)

?0

> d&dn

—0o0 —0o0
uniformly with respect to x and y.

Proof. The proof is very close to the proof of Lemma 2.2. Therefore, we
show only the necessary changes in the proof of Lemma 2.2. First, we begin the
proof, as we have done in Lemma 2.2, by choosing 7', for given € > 0, large enough

to satisfy both of the inequalities 1/72 < ¢ and N'(=T) < e. In this case it is
easy to see that the proof of the two lemmas coincides in the cases U,(f(t) ()< -=T
and U;f(t)(-) > T, t = 1,2. Therefore, we will prove the lemma only in the case

]Ug(l)(yﬂ < T and \Uﬁl@) (z)] < T. In this case we have 1 — F™ () < A\, +
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T>0and1— F™(%,) < X\s + 75T > 0. Thus, we get

e+ T As+T1sT

35) @ (@, g) = [ [ ol (w, 2)dzdw
1-Fmtl(g,) 1-Fmt1l(z,)
)\T+TTT w 1 w
+ f f gof,(;?ﬁk) (w, z)dzdw + f f cpf(smnk) (w, z)dzdw,
1—Fm+1(§,) As+7sT Ar 7 T 1—Fm+1(z,)
where o
P w0, 2) = — B (1 = )N (w0 — ),

(m+1)2
We shall separately consider each of the integrals in the summation (33). We have

1 w e+ T w
Sog,(sr;r;ik) (w, z)dzdw < f f%prs Y (w, z)dzdw
Art7r T 1—Fmtl(z,)
(N +1) At N+1

=tV orane o 4 O e = e <

Since |Ug(1)(y)| < T, for large N we get
(3.6) 1= P (G,) < A+ 7T,

On the other hand, we have

N 0 in the case (B1),
3.7) ﬁ — {12/ inthe case (By),
° ’ 1 in the cases (A) and (B3).

Therefore, for large IV, the relations (B-f) and (B~2) imply the inequality
(3.8) — F™ N (§n) < As + 75T

The inequality (B=8) leads to the following estimate for the second integral in (B3):

Artre T w As+7sT As+75T
J / Soi(glﬁk) (w, 2)dzdw < [ Ik @f}ﬁ;k) (w, z)dzdw
1—FmH1 () As+7T 0 w
As+7sT 2 (N + 1
= [ [l . iz = F(N—i+1)(l—1)!
)\s-‘rTs 1
x [ 1 -2)N- Sdz<ﬁ<e

0
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It is easy to show that under the conditions (B1) and (Bs) the mathematical treat-
ments of the third integral of the summation, as well as the remaining part of the
proof, is exactly the same as in the proof of Lemma 2.2. Consequently, we consider
only the third integral under the conditions (A) and (B3). It is convenient now to
divide the case (B3) into the following two cases:

(Bsa) s —7=0(N%) =a NP +0o(NP), a>0, B<a/2;

(Bsp) s —7 =0o(N¥) =a N° +0o(NP), a >0, 8> a/2.
Now, in view of (3.8) we get, after some simple calculations,

Ae+7rT As+7sT
S A (w, 2)dzdw
1— Fm+1( )1 Fm+1( )
As+TsT As+75T
< f f gor(s k) (w, 2)dwdz
0
As+7sT w
< f f%prsmnk) ’LU Z dZd’w

(N +1) Mot "
T T(N—r+ DI(r) { w1 - w)
F(N + 1) r (U) — AS)Q r— —r
STV —r+ DI { 7272 (- w)"
(

1 r(r
:7§W{QN+1XN+2) S N+1
1 { (s—7)2 (N+1) (1—)\r)r}

+ .

T T2\ s(1-Xs) (N+2)(1—-Ay)s
Since
(V1) (L=2)r
(N+2) (T-Ag)s 7
and
9 0 in the case (A),
(s—r) ,
ST =) — <0 in the case (Bs,), 5 < «/2,
° a?/1?>  inthe case (B3,), 8 = /2,
we get

A +7-T As+7sT

2
Ik @f(?nk)(w, z)dzdw < 6(1 + a—Q + 26).
1= Fm+1(g,) 1= Fm+l (3, :
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On the other hand, since under the conditions (A) and (Bsa) we have R,s —> 1, it
follows that

Un™ (y) UA?) ()

i [ Wis(&n)dédn

-T -T
§2+772 - 2677Rrs

T T
27T\/1—R2 J;ﬂjjvﬂexp (_ 2(1_R1%s)

Therefore, we get

>d§dn —0.

Un (y) USP) ()
S G = Wr,s<fw>dfdn|<6<6+z2+2€>

—00

which completes the proof of the lemma in the cases (A) and (Bs,). It remains to
prove the case (Bgsp). By using the transformation z = A\, — &7, w = Ag — 175,
the third integral takes the form

AT AadrsT U () Un® (@)
f ngf:Zm (’LU, Z)dZdw = Ar,s:n f f gv(‘fis):n(g) ﬁ)dndfa
1= Fmt1(g,) 1= Ftd (i) -r r
where

D(N + Drpr NN =5 (A — A, )5 771
(N —-—s+1)(r—1l(s—r—1)!

Ar,s:n =

and

3.9 L& 1 AN AT
(3.9) g\, (&m) = (_AT> <_)\—/\) (+vs> '

Therefore, using Stirling’s formula we get A, ., = (14 0(1))/(2m/1 — R2,).
Furthermore,

@ B - fl - nTs — 57_7‘ s—r E N-—s
gr,s:n(§7 77) - 1 Ar 1 )\s o >\r 1 + Vs (1 + pn(ga 77))7

where p,(§,7) - 0. On the other hand, it can be shown that

Ts — &7y 77\/)\ 1—=X)/(N+1) f\//\ 1—=X)/(N+1)
As—Ar (S—r)/(NJrl) (s—r)/(NJrl)
s1/2 rl/2
= N1 — )% — ——£(1 = A2 =0,

S—rTr S—r
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(3.10) rln (1 - 5;) e (N1 522%" O<T?’)

r VT
(3.11) (s—r)ln<1—w>
s =& nts — &§Tr nts — &Tr
=—(s r)[As_)\T—F <)\_)\> <>\_>\>+...]
e — eV 4 1) — SIS

("7 352) (Ba)/2— 25(1 _|_0(1))

and

3/2n3

NTs 1, AT
=n71s(N +1) — =07\, .

VS) n7s(N +1) = 51 +0< ~

Therefore, combining the relations (B9)—(B12), we get

3.12) (N -s)ln <1 +

2 2
(d) _ . £ +n° —2nRys

2(6 —n)*l /o
X (1+ 3a(€2+n2 _ 2577RTS)N /2 ﬁ(1+0(1))>>(1+0(1)) - 0

since R,s — 1. Thus, we have

A+ T As+7sT
(3.13) |/ i gpr(!lnk) (w, z)dzdw — 0.
1=FmHL(§n) 1=Fm 1 (Zn)

On the other hand, we obtain

(3.14)
A+ T As+7sT

T T
f k) (w, 2)dzdw < [ [ Wy s(€,m)dédn — 0
1= Fm+1(g,) 1—Fm+1(3,) “rir

since R;s — 1. The relations (B13) and (B14) prove that the third integral in (B33)
converges to zero. This completes the proof of Lemma 3.2. =

The following theorem characterizes the possible limit laws of the df of the
bivariate intermediate m-dgos.

THEOREM 3.1. Letr/n,s/n — 0,7/s — R, and R;s — VR,0 < R < 1.

n

Then the convergence of two marginals Py, d(m )(yn) = @Umk) (y) = N (H(y))
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and &M () = @AMk () = N'(H(x)), where N'(H(z)) and N (H(y))
are nondegenerate df’s, is a necessary and sufficient condition for the convergence
of the joint df @ﬁ,(s??i;k) (Zn, Un) to the nondegenerate limit

1 H(y) (z) £2+n2_2€7] R
(I)d(mk) e w — dédn.
e I e e o I

d(m,k

Moreover, the convergence of the bivariate df <I>T el )(.CCn, Un), as well as the con-
d(m.k)

vergence of two marginals Oy, (m k) (Un) and @, " (T1), occurs if and only if there
are normalizing constants Gy, vy, > 0 and By, 0, for which

B0 Gy + B) (= OV 1 Gy + ) 2 @10V () = N (Vi (1)

and

(I)d(O D (507 + 60) 2, 40D (z) = N (Vi(x))

for some i, j € {1,2,3}, where r};=ry- 1(N), —39 1(n), and O(n) = (m+1)N.
In this case, we can take an = Qg(n),Cn = Yo(n)s bn = ﬁg(n and d, = 69(n)

Moreover, H(x)=V;(x) and H(y) =V;(y). Fmally7 the two marginals are asymp-
totically independent if and only if /s — 0, i.e., R = 0.
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