PROBABILITY
AND
MATHEMATICAL STATISTICS

Yol. 6, Fasc. 2 (1985), p. 121-129

ON MINIMUM BIAS AND VARIANCE ESTIMATION
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WITH SHRINKING CONTAMINATION
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Abstract. A close relationship is derived between optimal M-
estimation and optimal robust testing for shrinking contaminations.
Explicit formulas are given for solutions when the loss is defined as
convex combination of asymptotic maximum bias span and variance.
Neighbourhoods are described in terms of a general class of special
capacities. .

1. Imtreduction. The basic goal of this paper is to present a close
relationship between the problem of optimal M-estimation, as viewed by
Hampel [5] and the M-estimation induced by certain optimal statistics in a
local asymptotic robust test problem of Rieder [7] and Bednarski [2]. Such
a relationship is in fact clear at least by the form of the IC functions of
Rieder and Hampel. Rieder [8] has already shown that one can construct
estimates based on optimal IC-test statistics and that these estimates have
asymptotically minimax property in the sense of good covering the unknown
parameter value. }

We shall consider M-estimates which minimize convex combinations of
asymptotic variance and maximum bias sban for a large class of con-
taminations induced by capacities. Controlling both bias and variance of
estimates, in the case of parametric models with shrinking contamination, is
an intuitive criterion. The criterion in fact stems from some aspects of
asymptotic robust test problems. '

An approach similar to the one presented here, but restricted to a
different family of neighbourhoods, has been given by Bickel [4] who
constructs M-estimates optimal in the sense of asymptotic minimax risk,
where the risk is induced by convex loss functions. Bickel obtains his
solutions by variational methods while here we utilize cerfain optimal test
statistics obtained in a direct way in connection with robust asympiotic test
problems (see Bednarski [3]).

Section 2 introduces basic results and definitions. In the next section we
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give a special formulation of Hampel's Lemma 8 [5]. Its assumptions are
expressed in terms' of maximum bias for e-contamination neighbourhoods.
Such a formulation suggests a definition of optimal robust estimates as those
which minimize asymptotic variance given a bound for the maximal
asymptotic bias and it also gives the possibility of studying optimization
problems under more general class of neighbourhoods. In Section 4, by
relating asymptotic robust test problems to estimation problems, we give
results which show how to construct such optimal estimates. It is shown that
their M-functions can be obtained from asymptotic minimax test problems
for special capacities. One of the conclusions that we obtain is that identity
of Hampel's and Rieder’s solutions is due to the same type of
neighbourhoods employed, even though in the original Hampel’s lemma the
neighbourhoods are not actually present. Finally, we conclude that the family
of optimal estimates containes estimates optimal for other asymptotic risk
functions, like the mean square error.

2. Preliminaries. In the sequel we shall consider a real parametric family
{Py: 0e @} of probability measures (p.m.) defined on a Borel o-field 33 of a
Polish space Q, with & an open subset of R.

Let .# be the set of all probability measures on 2.

The following regularlty conditions are assumed to hold throughout the
paper: :
(21)  For every e ® there exists an exponentlal farmly {Qo,: 121 < ‘c(@)‘
—defined on # such that:
" () dQq,, = co(z)expz4ydP, for some random variable A,;

(i) the distribution function F, of A, under P, has a density
with respect to Lebesque measure and the distribution has convex
support; ‘

- (i) im sup nH?(Pgy4zvm> Qozyva) =0, where H stands for the

n |z|<t(0
Helhngcr dlétlanéé

If for 6,e® the square root of dPg/dPy is differentiable at 6, in
quadratic mean and an exponent of the derivative is integrable with respect
to Py, then conditions (i) and (iii) are fulfilled in 6,. This, in fact, is the case
for the commonly used models. A more detailed discussion of these condi-
tions is presented in [3], Sections 2 and 6. In the “very regular” cases 4, is
simply the derivative of loglikelihood ratio. ' _

The basic parametric model will be contaminated by shrinking
neighbourhoods induced by special capacities (see [2]). Let f be a concave
function from [0, 1] to [0, 1] such that f(1) > 0. The practical justification
of the assumption f(1) > 0 is given in Bednarski [3].

For every 8c® we shall take the extended model

Pon = {We M: W(A) < [Po(A)+(1//n) fo Py(A)] A 1, Vseg}.
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We shall say that an estimate is studied at 0 in the extended model if its
asmptotic behaviour is studied for sequences of distributions from 287 that
are contiguous to P®", where n is the number of independent observations.

The M-functions ¢ (x, 6) which we shall consider are assumed to satisfy
the following conditions under .the parametric model.

Let 8, be an M-estimate corresponding to ¢. For every 6@

2.2) : Jnil,—0—-41 (e)f o(x;, 6)] -0 in P,;@"‘,
. 1

where A(0) = [@(x, 0) 49(x)dPy > 0 and [o(x, 6)dP, = 0.
By # we denote the class of all bounded M-functions for the model

- {Py: 6@} which satisfy (2.2) and such that

supp(x, ) =sup essp, (x, 0) and infe(x, 0) =inf essp, @(x, 0).

General conditions for ¢ to be in & can be found in [9], Chapter 5.
With the extended parametric model there is . associated a local
asymptotic minimax test problem (cf. [6], [7] and [3]). It turns out that
asymptotically minimax tests for the sequences of hypotheses and alternatives

P wn and 28", . respectively, are based on a sum
Z ©p(dg(x))
i=1

of independent variables, where the function ¢, is determined by

minimization of
Mh)
(2.3) [' [foPyh>t)+ foPy(h < t)]dt—2t ( hA,dPg+(1/2) jhz dP,

m(h) .
over the class of functions 4, which satisfy - {hdPy =0 and
m(h) = infh = inf essh, M (h) =suph = sup essh.
Py . Py
Namely, if h minimizes (2.3) at 6, then @, =h P, ae. Further on, to

. simplify the notation, we shall write m and M instead of m(h) and M(h).

Expression (2.3) is obtained in the following way.

Let 8 be fixed and put P = P,, 4 = 4,. Moreover, let

tP(A) for t =0,
—tP(A4%) for t <O.

The function g, is a limit of properly normalized Bayes risks for testing

Po_vyvun against Py, - (see [3], Section 2). From Section 3 of [3] it

follows that under condition (2.1) there is a unique (up to equivalence class)

bounded function h of 4 so that for all te[inf essh, sup essh] we have
P P

g:(h=1t,1)=infg (4,9 <0

AeB

g.(A, t) = [fo P(A)+f 0 P(49] -2t jAdP-i—{
A




- from 2§, contiguous to P$", the asymptotic distribution of ﬁ(gn—ﬂ), if

which [—a(f) v b(0)] < c/e, there exists a umque one whzch minimizes the
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and h = @y. Therefore, if we take any random variable k' minimizing
jg(h’ >t, t)dt,

then it has to be equivalent to h. It 1s easy to verify that for every bounded
measurable function h we have

jg(h>t t)dt = j“[foP(h>t)+foP( s't)]dt—zrjhAdP%jhuPL

Explicit solu‘uons to the minimization problem (2 3) are given in [3],
Section 3.
If the derivative [’ of f exxsts, then

24 @o(4g) = {f' OFg(4F)—f" o(1—F,(43))} + 214§,
where AF = d, v 44 A dy with constants d,, d; depending on 7 and 6. In the

cate of a shift model the function ¢, is, for fixed t, a shift function with
respect to 6.

| 3. Hampel’s lemma. Let IF (#) be a subclass of # which consists of M-
functions that are influence functions for its M-estimates. By (2.2) one can
easily see that if pelIF(#) and 0, is its M-estimate, then under sequences

the limit exists, is normal N(c, ¢?), with 6% = E@7 and ce[a(f), b(0)],
where
a(f) = lim inf (fEW¢9) b(B)—hm sup (\[EW%)

n WePg n n WePg

If #,, is generated by e-contamination capacity, that is f(x) = ¢(1 —x),
then one can easily obtain that maximum bias (—a(6) v b(6)) equals

suple(x, 0) =¢ -(gross error sensitivity).

By this relation we can state Hampel’s lemma in the following form:

Hampers LEmma [S5]. Let us consider the model with shrinking &-
contamination neighbourhoods. Then, in the class of functions from IF (%) for

asymptotic variance of its M-estimate.

Hampel’s solution has the property that the interval indicating the span
of bias is symmetric about zero. Notice, however, that if an M-estimate 8,
glves an interval [a(f), b(0)] with ends bounded and continuous in &, then
we can use estimate 0, —{(a(@,)+b@ ) (2/\/_ ), which already has bias in a
symmetric interval of the same length. For 8, we can take any consistent,
under the extended model, estimate of 6. Further on we shall measure the
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bias of M-estimate by the length of such intervals, that is we shall deal with
the bias span b(0)—a(0).

Let us now return to the general family of neighbourhoods. Imltatmg
the presented reasoning, we can define optimal robust M-estimates as those -
which minimize asymptotic variance given .a bound on the bias span. This
general definition reduces to Hampel’s minimization problem if we deal with
e-contamination neighbourhoods. The next section will show that optimal

M-functions, which are simple truncation of derlvatlve of loghkehhood
ratios, are associated with linear f only. :

4. Results. Let #,, be generated by a sequence of special capacities of
the form

Vom = [Po+(1/x/W) fO Pl A L,

where f is a concave function from [0, 1] to [0, 1] and f(l) > 0.

LEMMA 4.1. Let pe %#. Then we have

lim_inf [\/ﬁEw%]—-—ffoPo(fpe £)dt

n WEE?@,I
and -
im sup [/nEy 05l = jfoPo<<oa>r)dt

n WePg,

Proof. To prove the first equality notice that since | ¢, dPo = 0 we have
(by Lemma 3.4 in [1]) .

/n sup Ey @y = f[jv“(% m>f)dt+m]

Een
M-m th

jfoPo(q)o m>t)dt+\/—t—jP9((po m>t)dt)

where t, = sup {t: vo,,((pe m>t) =1} or t, = 0 if the set of such ¢ is empty.

_Since the second summand is majorlzed by

In

jfoPo(qog m> t)dt,

and t,—» 0 we obtain the desired limit. The other relatlon can be proved
similarly.

Thus, the asymptotic bias span of M-estlmates corresponding to peF
at 0, is by (2. 2) equal to

_“:fOPo((Po > t)+f 0 Pg(gp < t)]dt/j(PaA dPg

artd will further be denoted by [b(6)—a(6)],-
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Let us take now a smooth function 7 (6) so that, for every 0, there is a
solution hy, minimizing (2.3) and such that he .%. It is easy to see that in the
case of shift model h(x, 0) = h(x—0) and he % (see [9], Chapter 5), for
1(0) = 1. o

Now we .shall ask about M-estimates which minimize

(4.1) [5(6)—a(®)], +a(0) [ 95 dPo/(Jps 40dPg)’],

with «(0) = (1/2) { @g 44 dP,, that is estimates that minimize a combination of
asymptotic bias and variance. By Lemma 3.1 of Bednarski [3] it follows that
infimum of (2.3) is less than zero. Therefore:we always have a(6) > 0. Let us
notice that (4.1) does not change if we take multiples of .

THEOREM 4.1. Under the above assumptions, for every 8¢ @ the solution hy
of (2.3) minimizes (4.1) at 0. Moreover if h'c & minimizes (4.1) at 0, then there
is a multiple of W so that it solves (2.3) at 6.

Proof. Suppose there is a ¢ .% which gives (4.1) the value smaller than
h does at 0. Take a multiple of ¢ by a positive constant (cf. (2.2)), say ¢/,
such that |@jd,dPy = 2(f). Multiplying now expression (4.1) by 2a(6) we
obtain that ¢’ is better than h for (2.3) at 6. On the other hand, if k
minimizes (4.1) at 6 and [hy4ydPy = 20:(6), then clearly it also minimizes
(2.3) at 6. :

The scope of the correspondence between robust estimation and testing
described in Theorem 4.1 depends also on the range of a(z); notice that, at
fixed 0, o is a function of 7. We shall consider this problem now.

Let e @ be fixed and put P = P,, A = A,. Let M(z) and m(t) denote
the supremum and infimum of A, the solution of (2.3) for a given 7. Let 7* be
the least value of 7 for which there is a solution of (2.3) (for the existence of

- solution in the context of asymptotic robust test problems see [3]).

Lemma 4.2. Under condition (2.1), for T > t*, the functiqns M () and m(z)
are continuous. Moreover M (t) is increasing and m(z) is decreasing.

Proof. Monotonicity. From Section 3 of [3] we get that for every t > ¥
there exist unique numbers z* (r) and z™ (r) so that

g:(4 > z* (v), M(v)) = g.(4 > z™ (1), m(1)) =0
and |

inf g.(4, M(7)) = inf g.(4, m(7)) = 0.

AeRB AeR
Therefore, for 7, >t > t*, the inequality M(z,) < M (r) implies
g, (4> 2* (@), M(zy) <g.(4 > z* (z), M(@) = 0

which, since the left-hand side is nonnegative, is impossible. Arguments for
m(t) are similar. ' :
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Continuity. Let 1, » t. Since M (1) is increasing, we have M(z,) .~ ¢ for
some ¢ > 0. Suppose ¢ < M(z). Then, for ¢ <t < M(z), we have

inf g.(4, ) < 0.

AcR

Thus, for 7, close to 7, we obtain

inf g, (4,1) <0
Ae®B

which contradicts M(t,) <c.
Suppose now that 7, Nt and M(t,) N ¢ > M(z). Then we have

inf g, (A4,8)< 0 for every fixed te(M(1), ¢).
Ach .

Therefore inf g.(4, ) < 0 which contradicts the equality
Ach .

. inf g.(4, M(z)) = 0.
. Ae®
Similar arguments hold for m(x).
LEmma 4.3. Under condition (2.1)'we have:
@) If T ~t*, then M(1) O and m(t) 7 0.
(i) If sup ess(—A4) = sup ess(4) = o, then
P P

lim M (7)/r = — lim m(t)/r = co.

Proof. (i) One can easily verify that
inf g.:(4, 0) = 0.
AcB '

Suppose M(t) & > 0. Then, as in the proof of Lemma 4.2, for every
T > 1* we have v
inf g, (4, ¢) < 0.
AeR ) ’ )
So, for some ‘nonempty measurable set A, and 0 <¢ <e¢, we obtain
(g Ao, €) < 0. This, however, is contradictory to :
inf g,«(4, 0) = 0.
AeR

(ii) Let us assume that there is a sequence 7, / co so that M(t,)/t,— ¢
<. If ¢>0, let ¢ >0 be such that ¢ < cP(4 > c)/2. Then

g (4 >c, M(z))1, < =2 | 4dP+2cP(4 > ¢)

A>c¢
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if only M(t,)/t, <3c¢/2 and 1/r,<e/2. Since the right-hand side of this
inequality is strictly less than O and

inf g, (4, M(z,)) =0
Ae®

we obtain the contradiction. In the case ¢ =0 we obviously have
g.,(4 > 0, M(z,))/z, <0 for n large enough. This completes the proof.
From Lemma 4.3 we conclude the followmg

LemMma 4.4. Let the derivative of f exist so that h is given by (2.3). Then

v{a(t) T > 1*} = (0, o0).

Thus, for every ae(0, o), the problem (4.1} of optimal M-estimation is -

~ equivalent to the optimization in some asymptotic robust test prablem (2.3).

Let, for ae(0, o), ¢, minimize (4.1) and x(2) = (b—a) @,. Moreover, let y(x)
= ¢2 be the asymptotic variance of M-estimate lnduced by ¢,. Denote by R
the set defined by

R ={(x,y): x=x(), y =y(@) for ae(0, 0)}.
Lemma 4.5. Let us assume that inf ess(—A4) = sup ess(4) = oo and that
P P , -

the derivative of f exists. Then

(i) x(a), y(®) are continuous in oze(O ®);

(ii) sup {x: (x, e &} =

(iii) B: =inf{x: (x, y)'eﬂ} >0;

(iv) Vi =supi{y: (x,y)e#} <o0.

Proof. The part (i) follows from Lemma 4.2 and continuity of the
integrals in the formulas for the asymptotic bias span and variance. The form

“of the solution h, given by (24) and Lemma 4.3, gives (ii).

To prove (iii) and (iv) notice that, in the minimization problem (4.1), we
can restrict attention to M-functions ¢ for which sup|p| =D for a given
constant D > 0. Then (iii) follows from the fact that the numerator in the
formula for the bias span is bounded from zero. To complete the arguments
for (iv) assume by contradiction that V= oo. Then there is a sequence
a(n)e(0, ), a(n) — ay, so that {@,,; AdP 0 and y(x(n) » co. In the case
aoe [0, c0) we easily obtain the contradiction showing that infimum of (4.1)
has to be bounded in a neighbourhood of ay. For ay; = o0 we also obtain
contradiction showing that, for any ae(0, ), ¢, gives better minimum rlsks
than those obtained for ¢, if n is sufficiently large.

Lemma 4.5 easily implies the following result which transfers Hampel’s
basic lemma to a more general setup:

THeorEM 4.2. Assume condition (2.1) is fulfilled and f is differentiable.

‘Then, for every constant be(B, o), in the class of M-functions which have

asymptotic bias span < b there exists one, say ¢, which minimizes asymptotic
variance. The bias span induced by this M-function is exactly b. Also
(b, 62 2.
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Finally, we would like to comment on solutions for other risk functions.
Let r, = 0 and r, > 0 be strictly increasing real functions. We can ask about
M-estimates minimizing

4.2) ' ri [(b—a),]+or,[6Z]

for a given o > 0. _ .
If eg. we take o =1, r;(x) =x% and r,(x) = x, then we obtain the
asymptotic mean square error. Theorem 4.2 implies that if ¢, minimizes (4.2)
and (b—a), > B, then ((b—a), ,0;)eZ. In other words, the class of
solutions that we obtained for our original risk function contains optimal
solutions for risk functions of the form (4.2). '
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