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Abstract, We give tbe rate of convergence in the central limit 
theorem and the random central limit theorem for functions belong- 
ing to the class I of all real differentiable functions g such that 
gr E L(1). 

pc8imu a d  nota*~ Let (X,, k 2 1) be a sequence of indepen- 
dent random variables and put S, = EX,, k = 1, 2, . . . , n. The asymptotical 
normality of (g(S,/n), n 2 I),  where g is a real function, were considered for 
instance in [I] (Theorem 4.2.5, p. 76), [%I (Theorem 93.1, p. 259), [5j, [6), 
and in 133 for random elements of a Nilbert space. We are intmtsted in the 
rate convergence in law of the normalized sequence (g(S,/n), n 2 1). 

Throughout this paper we shall use the following notation: 
- the class of all real, differentiable functions g such that g' satisfies 

the Lipschitz condition, i.e. 

where L is a positive constant; 
@ - the class of alt functions rp defined on W for which 
(a) cp is nonnegative, even, and nondecreasing on [0, m], 
(b) x/p(x) is defined for all x and nondecreasing [O, ao); 
9 - the class of all sequences (d,, n 2 1) of positive numbers such that 

d,+ oo, n+ w, 

C denotes a positive constant. 
Moreover, we shall often use the following results. 



LEMMA 1.1 i[7], p. 28). Assume that X and Yare ra~lllom uariables and 
F I X )  = P [ X  < x], Gjx) = P[X+ Y <  XI. Then, for any E > 0, X E W ,  and any 
distribution firnetion H,  

(i) IG (x) - H (x)l ,< sup IF (x) - H ($1 + 
X 

+max (IH(x-&)-H(x)I, IH(X+E)--H(X)I)+P[JYI 2 E ] .  

From (i) we get 
COROLLARY 1.1. For any given E > O 

@I SUPIG(JE)-@(x)] < SU~JF(X)--@(X)I+E~&+ P[[YI 3 E ] .  

2. Uniform estimates. In what follows we need the following 
LEMMA 2.1. Let Z be a random variable, and let b,  CER, c # 0. Then for 

every d > 0 a d  every g~ (e with gl(b/c) p 0 

Proof. Put. 

if x = b/c. 

We see that 

Hence, by (ii), for any given E > 0, we have 

Note now that for any d > O  

(4) P [ I ( Z - ~ ) ( ~ ( Z / ~ - ~ ) ~ > E ] C P [ I Z - ~ ~ > ~ ] + P [ I ~ ( Z / C ) - ~ J > E / ~ ]  

C ~ s ~ P ( P [ z - ~  < xl-@(x)l+2(t -@(d))+ ~ [ l h ( ~ / c ) - l I  2 & / d l .  
X 
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Taking into account the definition of h sand (I), we get 

as 0 < 6 <  1. 
Combining (31-45) we obtain 

Putting, in (61, E = ~d~ / l cg ' (b /c ] I  we get (2). 

COROLLARY 2.1. Let (X,, k 3 1 )  be a sequence of mndom oariubles, a d  
kt S. = E X k  k = I ,  2, . n )  Suppose that a ,  k 2 1 ,  (b,, k 3 I )  all& 

{e,, k I )  ore sequences of real numbers such that 4 > 0, c, # 0, k 2 1.  the^ 
for eoery d > 0 and euery g E B with gl(bJc& # 0, k 2 1, 

CQRQLLARY 2.2. Let {Xk, k 2 1) be a sequence of independent rardom 
variables with $finite expectations EX, a d  vmianees afXk, k 3 1. Then for 
every d > O  and every g e l  with g'(pd#O, where p , , = n - l E ~ X ~  
(k = 1, 2, . . ., n), 
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COROLLARY 2+3. L,ef (X,, k 2 1) be a sequence of ipdependent identically 
distributed ra~dom oariables with E X ,  = p, c 2 X ,  = c2 < CO. Then for every 
c l > O  and every 8 6 9  with g l ( ) # O  

Put 
R R 

pm=nn-' 1 EXk, s:= C a2X,, X ; = X , - E X , ,  k31. 
&= 1 It= 1 

Estimates (7)-(9) and the known estimates the convergence rate in the 
central limit theorem allow to obtain, among other things, the following 
results. 

THEOREM 2.4. h t  {Xk, k 3 I f  be a sequence of independent rand~m 
variables such that E ( X , 0 ) 2 ~ ( X a  < c, k 2 1, for some q~@. 

I 
Then fur every g E 3 with 8' (pJ # 0, n 2 1, and any sequence {d,, n 

3 I ~ E P  
I 

I Wl s ~ P ~ { & [ g ( ~ ) - ~ ( F u ~ ] < X } - @ ( ~ ~ l  

X 

= O  + s, 4 + d; exp  ( - 4/21 
n Is' l ~ d l  

I/ E IX!13 c c, k 3 1, then for euery g E % with g1(p) # 0, n 3 1, and any 
sequence {d,, n 2 1) E 9 

(11) sup P - 
x I b g:Ip3 [g ($)- g O ~ J ]  < - e(xll 

COROLLARY 2.5. If fXk, k 2 1 )  is a sequence of independe~ identically 
distributed random variables, then under the assumptions of ITheorem 2.4 fur 
every g E B with g'(p) # 0, and any sequence (dm, n 2 1) E 9, we have 





The estimate (9) allows us to give a generalizaiation of a result given in 
paper 121: 

THEOREM 2.8. k t  (Xk, k 3 I} be a sequence of illdependem identicajly ds'sti- 
btsted rardom variables with EX1 = p, a%1 = a2 < m, a d  EIX112'd < m, 
0 < 6 < 1 .  

Then fopor every g~ B with g' (p) # 0 

if E (XI - pl2 log (1 + tX1 -$I2) < m, rkern (IS) conuerges with S = 0. 

Proof. From (9) with d = fi, we get 

{ 1 [";z < x ] - @ ( x ) l + ~ } .  6 C sup P - 

Moreover, we hnow [2] that 

which together with the obvious fact 

allow us to obtain (15). 

3. Parthi s m  with random indices. Following the consideration of 
Section 1 one can prove the following 

LEMMA 3.1. Let (X,, k 2 1) be a sequence of independent identically 
distributed random variables with E X ,  =p ,  n2X, =02 < CO. Suppose that 
{N,, n 2 1 )  is a sequence qf positive integer - uulued random vmiubles. Then for 
etleql d > 0, E > 0, and euery q E 93 with g'(p) # 0 
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Using Lemma 4.1 we can give the following results: 
THEOREM 3.2. Let (Xks k 3 1) be n sequence of indeperdent identically 

distributed random variables with E X ,  = aZ XI = cr2, raad E IX,)3 < m. 
Suppose that (N,, n 3 1; i s  n sequence of pusitiva irttegm - valued rarulom 
vwiables such that 

where a is a posititre constant, a d  l/n ,< E, + 0, n -+ CQ. 

Zzen jor mmy g E $ with g1(p] # 0, a d  any sequence {d , ,  n 2 I] 

= Q (4;; + d:/& + d; exp { - 4 / 2 1 ) .  

Proof. Following the considerations of the proof of Lemma 2.1 and 
using (16) together with assumption (17) one can get 

for any sequence Id,, n 3 13 E 9, where C is a positive constant. But it has 
been proved in [4] that 

hence we obtain (IS). 
COROLLARY 3.3. Under the assumptions of Theorem 3.2 

COROLLARY 3.4. If ( 7) hold ith E, = {in2 n) /q  th rr 

THEOREM 3.5. Let {X,, n 2 1) be a sequence of independent identically 
distributed random ua~iables such that EX, = p, a2 XI = a', E [x1t3 < CO, land 
{q,, n 2 1 )  be a sequence with n-I d tl, -. co, n -, oo. Suppose that {N,, n 3 1 )  
is a sequence of positive integer - valued random variables such that there 

I 
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exisr positive constants e l ,  c2 for which 

I being a random uariuble raking values in (0, cc) and independent of 
{ X k ,  k2 1). 

Then for every g E 3 with gJ(p) # 0 and any sequence {dn, n 2 1 ] E 9 

= O(&df+dil exp{-d:/2)). 

Proof. From (16) we have 

for any given E ,  > 0 and {d, ,  n 2 1) E 9. 
Note now that by (59) and (20) we have 

Putting 
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and combining (22) and (231, we obtain 

f i  sup I P { - og,(pl [B(?)-dP1] < X}-@(X)l 

Using now [4] the estimate 

we obtain (21) 
COROLLARY 3.6. Under the assumptiom of Theorem 3.5 for every g~ Q 

with ~ ' ( p )  # 0 
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