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ESTIMATION OF THE PERIODIC FUNCTION
IN THE MULTIPLICATIVE INTENSITY MODEL

BY
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Abstract. Given a point process {N(f), ¢ = 0} with the stocha-
stic intensity A(t) of the form A(f) = ao(r) Y(2), it is shown that using
the sieves techmique one can construct a strongly consistent maxi-
mum likelihood estimator of the functional factor «(z). The latter is
assumed to be periodic with the known period T =1, and the
“censoring process” Y (¢} fulfills some mild regularity assumptions. As
an easy consequence it follows that the maximum likelihood estima-
tor (MLE) can similarly be computed if {N®(),te[0, 1],
i=1,2, } are not independent and identically distributed but
satisfy some mixing conditions.

This paper extends the results of Karr [13].

1. Introduction. We consider the following problem: on a probability -
space (Q, &, P) we observe a point process {N(f), >0} adapted to a
standard filtration {%,, t > 0}. The stochastic intensity A(t) of the process
N (?) (for the definition, see [1]) is assumed to be of the form

(L.1) M) =) Y (), teR™,

where oy(t) is a deterministic, unknown periodic function integrable on
[0, 1] with the known period equal to 1. The stochastic process Y(t),
sometimes called “the censoring process”, satisfies the usual assumptions of
{#,, t = 0} predictability and nonnegativity.

The aim of this paper is to show that maximum likelihood estimator of
the function o, is strongly consistent if a,-is periodic, and a single realization
of the process N(t) on R' is observed.

Maultiplicative intensity model (1.1) was introduced by Aalen [1]. Karr
[13] applied the theory to estimate ay(t) when {N9(),te[0, 17,1
=1,2,...} is a family of iid processes. Our approach, based on a single
realization of the process N(t) and assumptions of periodicity of ag(t)
(somewhat artificial at the first glance), is quite natural when considering
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such phenomena as, eg., arrivals of customers to a store, a work-load of
a service station or arrivals of patients at an Intensive Care Unit.

Recently Rolski [187] has demonstrated how to compute characteristics
in queues at which arrivals are according to Poisson process with a periodic
intensity function «(t). Vere-Jones [19] and Mardia [16] considered a cyclic
Poisson process as well. The former author proposed a maximum likelihood
estimate for such processes. Lewis [14] presented data collected at an
Intensive Care Unit of a hospital. The “time-of-day” effect, described above,
had allowed to assume that the intensity was periodic with the known period
equal to 24 hours. The same author had also given another example
concerning thunderstorm severity in Great Britain that showed a tendency to
have a seasonal effect.

In above-mentioned papers A(t) (see (1.1)) was assumed to be nonran-
dom, ie. N(f) was a nonhomogeneous Poisson process. The estimation
problem was a parametric one. Our model is more general because A(f) may
well be random. Moreover, the setup, being nonparametric, makes applica-
tions more feasible.

In Section 2 we formulate our central results together with remarks.
Section 3 carries the task of proving the results.

2. Consistent maximum likelihood estimation. We consider a countable
family of the points processes {N®(t), 1[0, 1],i=1, 2,...} obtained by
splitting a single realization of N{t) on R*. Formally, let

2.1) N®(@) = N(t+i—1)=N(i—1), te[0,1],i=1,2,...

Using the recipe
(2:2) YO@=Y(@+i-1),

we can divide the process Y(r) into a countable number of pieces
{Y?(1), 1e[0,1],i=1, 2, ...}. Since the function o,(f) is periodic with the
known period equal to 1, the stochastic intensity of the process N (¢) can be
written in the following form:

(2.3) 19(t) = ag (2) YO (1)

Observe that we can consider processes {N” (1), te[0, 1], i=1,2,...}
that do not correspond to a single realization {N(t), t > 0} but fulfill certain
mixing conditions. Since the methods and calculations are identical in that
case as in the former one, we restrict ourselves to the case where observa-
tions are engendered by the point process {N(t), t > 0}.

A natural model for observations engendered by the point process
{N(), t >0} is a family of probability measures #° = {P2, &I}, where T is
a set of periodic, nonnegative functions that are left-continuous with right-
hand limits and period equal to 1. It is well known [13] that if & is
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integrable on every bounded interval of R*, then the family is dominated, i.e.
there exists a measure P° such that P$ < P° for every &el and P° corres-
ponds to a(t) = 1.

On the other hand, we can make use of the construction of processes
N@(t) and Y9 (r) and periodicity of o to consider an alternative model %
= {P,, ael}, where I consists of nonnegative left-continuous functions with
right-hand limits defined on [0, 1]. We also assume that the underlying
functions are integrable on [0, 1]. Thus, the set I can be equipped with the
usual norm

(24) lled| = fld (s)l ds.

Let N*= ) N and Y"= ) Y%, where N¥ and Y® were defined
i=1 i=1
above. From Theorem 19.7 of [15] and the considerations above we have the
following

LemMA 1. Let P¢e #° and let P¢ correspond to the process {N(t), t > 0},
where d(s) = a(s), se[0, 1] and ael. Then

dP? ! L
Eﬁ%(n) =exp [ [Y"(s)(1—a(s))ds+ [loga(s)dN"(s)].
0 0

Proof. Observe that

dII:" (n) = exp[]" Y(s)(1—&(s))ds+ jlogoc(s) dN (s)]

—_—exp[z j Y(s) (1 OL(S)dS+ j‘ logtx(s)dN S)}]

i=1 i—1
= exp U Y7 (s) (1 —ofs))ds + j'logoc(s) dN"(s)].
_ 0 0
The likelihood function
1 1
2.5) L,@) = [Y"(s)(1—~a(s))ds+ [loga(s)dN"(s)
0 0

can therefore be parametrized by functions from the functional space I.
For the sake of technical convenience we define “formal entropy”
1

@) Hyo) = ~Eey Ly(e) = = (20 ) (1~ () ao(5) ogax(5) ds

where

n

(27 m" (oo () = 3 B, YO(),
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and the function ag(s) is the true unknown parameter. Note that «, minimi-
zes H, (o) for ael.

It is known that the unconstrained optimization of L,(a) does not lead
to worthy results (see e.g. [8] for numerous examples). Grenander [11]
proposed a method of siéves, based on maximization of (2.5) over a subspace
S, of I, as a remedy in thls situation.

A family {S,,n= ...} of subsets of I is called a sieve if S,
compact for every n, S,, is mcreasmg in n and (JS, is dense in I. Note that
different sieves give rise to different ML estimators (see [8] and [9] for
numerous examples). )

Let {a,} be an arbitrary sequence of positive numbers such that a, — 0.
For the technical convenience we denote by S(a,) the subset of I (instead
of S,).

Following Karr [13] and Grenander [11] we define S(a,) to be the set
of absolutely continuous functions satisfying

(2.8) a, < o(s) < a,,
(2.9) o' ()] < a(s)/a,, sel0, 1].

It can be shown [13] that S(a,) is compact in L, (JS(a,) is dense for
a,— 0, and that in S(a,) there exists a function d&(n, a,) such that '

(2.10) L,(@(n, a,)) = L,(@) for aeS(ay,).

A function &(n, a,), fulfilling (2.10), will be called the maximum likelihood
estimator (MLE).

Furthermore, let M?(s) be a martingale corresponding to the point
process N®(s), and [M®](s) be the quadratic variation process of M® (s) (for
the definition see [4]). In the sequel we suppress the argument se [0, 1] and
the double index (n, a,). We have the following

THEOREM 1. Assume that (A.1)-(A4) hold true, where:

(A1) C, < n~ i m"(ap) < C, for m" defined in (2.7);

(A2) nt jVar Y*(s)ds < Cy;

(A3) E(MO(1) M9(1)) =0 and n™'E, [i MOT2(1) < C, for i #J;

(A4) the process Y(s) is strongly mlxmg wzth the mixing functlon o(s)
=0(s" Y%log™ %5).

Cis ..., C4 are constants not depending on se[0, 1] and n.

Then, for a,=n"Y4*% 5 >0, and MLE satisfying (2. 10) we have, for
n— 00, |la,—aoll > 0 Py almost everywhere

As we have mentioned, the result of Theorem 1 remains valid when the
observations {N®(z), te[0,1],i=1,2,...] do not correspond to a single
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realization of the point process N () on R*. However, the very formulation
should be adjusted to that case. Namely, (A4) is replaced by

(A4&) The processes Y?(s) are strongly mixing with the mixing function
o@) = 0(i~Y*(logi)™?) for se[0,1],i=1,2, ...

We have then the following

Tueorem 2. Let (A.1)—(A.3) and (A4') be fulﬁlled Then MLE &,
strongly consistent, i.e., for n— oo, ||&, —agl| = 0 P,,, -a.e., where &, is obtamed
by the method of sieves (2.10).

Under (A.1)—(A.3) a weak consistency result for &, in a single realization
model can be obtained. Since the proof of that result follows closely the
patterns of proofs of our Theorem 1 and that of Karr [13], we present the
assertion only.

THEOREM 3. Assume that (A.1)—(A.3) are satisfied and the rate of growth
of the sieve a, is a, = n~'/*(loglogn)'/%. Then, for MIE &,, we have ||&,— ol
— 0 in P, probability for n— .

) Rcmark s. (i) It will be seen from the proof in Section 3 that the rate of
convergence is related to the growth of ¢?, where -

1
¢ = E, INO(1)— j'oco (s) YO (s5) ds)?.

If ¢2=0(n""2), where 3 >f>2, then we can take a, =n""? and y =
(3—pB—¢)y/4.e>0.

(i) Assumption (A.4) seems to be very restrictive. However, it is well
known (see e.g. [12] and [6]) that if Y(s) is a Markov process with
stationary transition probabilities satisfying Doeblin condition, then Y(s) is
strongly mixing with ¢(s) decreasing geometrically. This enables us to
enlarge the class of possible applications of the method of sieves to the
processes whose stochastic intensity fulfills mixing condition (A.4). Such
considerations were not possible within the frames of the theory developed in
[13]: Thus, our model seems to be adequate when observing the periodic
phenomena (x(f)) with random censorship Y (z).

(iii) In Theorem 2 the sieve S(a,) is allowed to grow faster than that of
Theorem 1.

(iv) Since, for fixed n, the likelihood function L, is continuous in I, on
S(a,) and is concave, the solution of (2.10) is unique (for details see e.g. [7],
Proposition 1.1 and Proposition 1.2, p. 35).

3. Proof of Theorem 1. Let us forst note that if {X,, #,n>1}is a
strong mixing sequence with a mixing function ¢(n), then {X,, &, } is a
mixingale with constants c, = 2(EX?)'? and ¢,, = ¢"*(m). Thus, in view of
(A4), the sequence {Y"—m"} is mixingale with ¢, = 2(Var Y»)V? and ¥,, as
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(A4). For the definition of the strong mixing sequence and that of a
mixingale we refer the reader to [3] and [12], respectively.

Note that since the sieve is dense in the space I, given the “true”
parameter o, and any & >0, one can find a, sufficiently small such that

la* —aol] < 8, where a*eS(a,). Therefore, due to (2.6), (A.1) and the
inequality logx < x—1 for x > 0, we have

1
(3.1 —r—lfH,,(oc*)—H,,(ao)l < const-d.
Moreover, it can easily be seen that, for fixed n,

62 (Ha@Hi(o)

< [( n (&) + Ln (&))_— Ln(&) + (H,,(OC*) - Hn ((X*))— Hn (“o)]

<-[(H.@+L, (&) — Ly (0*)— Hp ¥+ H, (%) — H, (20)]

et :IH :IH

~[H, @)+ L, @)| +[H, (@*)+ Ly ()] + | H, (2*) — Hy (20l

In the second inequality in (3.2) we applied the inequality L,(@) > L,(a*)
which is true for any oa*eS(gq,). It is kpown (see [11]) that if
lim n~ ! |H, (&) — H,(a0)] = 0, ie.

n—+

jh(“"(s) ——I)ao(s)ds =0, P, ac,

n—+>Q

then &,— oy P, ae. in I for h(y) = y—log(1+y).

Therefore, to show that the right-hand side of (3.2) tends to zero observe
that the third term can be made arbitrarily small when the sieve grows. In
order to estimate the other two terms we follow Karr [13]. We have

oy |50, L6

gn(Y"(s) m") ds|+

an

- Ioc(s} " s)ds|+ L sup|NF— }a(s) Y*(s)ds|.
0

1<

We prove now that the three terms of (3.3) converge to zero almost
everywhere. Due to (A.4) and the strong law of large numbers for mixingales
[12], the first term in (3.3) tends to zero for fixed se[0, 1], namely
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() —m" (2o (s))| = O P, -ace.
if a,=n"Y4*% 5>0.
Applying now Fubini’s theorem (see e.g. formula (35.5), Chapter V, in
[17]) we have P, -ae.
1
—|Y"—m" -0 ae.
m”I m" (o)l — 0 a.e. on [0, 1]

with respect to the Lebesgue measure. Taking into account (A.2) and the
dominated convergence theorem, we have

(8)—m"(xo(s))|ds — O P, -a.e.

for the prescribed choice of «,.
Similar considerations can be applied to the second term in (3.3),
namely, for a, = n~4*9

1
(D) [a(s) Y"( —~ 0 P, -ae.,
0

1
since Y, and hence N"(1)— fa(s) Y"(s), is also a mixingale with the
. 7

desired asymptotic properties.
By a theorem of Burkholder [5], (A.3) and an argument analogous to
that of Karr [13] we obtain the following bounds for the third term:

1
P,, {71: s\u;:1 |N™(t) — joc(s) Y*(s)| > s} =0(n"2%dte™?.

Hence, applying Borel-Cantelli lemma for a,=n"Y**% we get the
convergence to zero a.e. This completes the proof, as the second term in (3.2)
can be handled analogously.
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