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ON THE LAW OF LARGE LNUMBERS OF THE HSU-ROBBINS TYPE
. ' BY o
A. KUCZ'MASZEWSKA AND D. SZYNAL (LuBLIN)

Abstract. There are given the laws of large numbers of the
Hsu-Robbins type which generalize some results of [1] and [2].

1. Introduction. Let {X,, n> 1} be a sequence of i.i.d. random variables,
and let S, = X;+ ... + X, (n > 1). In studying the rate of convergence in the
weak law of large numbers, the convergence of the series
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(1) Z1 P IS, > ne],

for some ¢ > 0, was found to be connected with the existence of the second
moment of X (cf. [6], [3] or [7]). Some conditions, which guarantee the
convergence of series (1) in the case of nonidentically distributed random
variables, have been given in [2]. The paper [1] considers the convergence of
series of type (1) with the index of summation restricted to a subsequence.
That problem was reduced to investigating the convergence of series
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2 - Y PLS = Ebn]

n=1 -
where {Cns n 1} and {bys n > 1} are sequences of pos1t1ve integers such that
1<, <o, n> 1 1<b, <b, < . From Theorem 1 of [1] it follows that
if X,, X,, ... are independent random variables with EX; =0, i > 1, and for
some sequence {A,, n>1} with 0 <41,<1, we have E|X||'"* <w,i>1,
where 4 = s&pln, and, moreover, the sequences {c,} and {b,} satisfy the

condition
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3) o Y epby Y LX< o,
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then, for every ¢ > 0,
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a0

@ Y. ¢ PLS,,| = bye] < oo.
n=1

Note that if X,, X, ... are iid. random variables with EX; =0 and
EX? = ¢2 < o0, then series (3) diverges for ¢, =1 (n> 1), b, =n (n > 1) and
Ay =1(n=1), though the series (1) (or (4)) converges by the Hsu-Robbins
theorem [6]. Thus we conclude that condition (3) is too strong for (4).

This paper investigates the convergence of the series (4) under weaker
conditions than condition (3). Moreover, we extend our result to 2-
dimensional arrays of independent random variables.

2. Sufficient conditions for complete convergence with the index of sum-
mation restricted to subsequences. Let {X;, i > 1} be a sequence of indepen-
dent random variables, EX; =0, i > 1. Let 6 > 0 and put X; = X;Ijjx, <p,5
and X{ = X, I[|X|>,, s 1 €i<b,, where I[‘] denotes the indicator function

and {h,, n> 1} is a strictly increasing sequence of positive integers. Write

k k
=X -EX], Si=)Y X, Sf=)> Y.
i=1

i=1

Note that
by, by, bn i-1
O (X x)=2 xt ) xj+
i=1 i= i=2  j=1
by j-1 bp -1
+122x122x12xk+42x,2x‘13+

by i1 by -
HY AT AT T 5T N
i=2  j=1 i=4  j=3 k= _
Using (3) we get
by " by,
E(S* Z EY*+6 Z 6% X} Z o’ X
i= Jj=
and, moreover, we obtain the inequality
(6) ELS; /Sy, +breY)]

<E[S;/(S},+b% e s, -5, 1+ PLSs, # 3]
bn
<E(S;)Y/bie*+ Y. P[IX| > b,6]

i=1
by
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Hence, one can get the following estimate;
(1) PLS, | > b,e] < 2E[S; /(S5 +bre?)]
b b i-1 b
< 16b,; 4 '4[2 EY*+6 Z o2 X] Z o* X;+(ES; )*1+2 Z Pl1X; = b,8].
j= i=1
Taking into account (7), we can state the following

Tueorem 1. Let (X, n> 1) be a sequence of independent random variab-
les with EX,=0,n>1. Suppose that {c,, n = 1} is a sequence of positive real
numbers and |b,, n = 1) is a strictly increasing sequence of positive integers. If

<) by
(i) | Y e,b;* Y EY* <0,
n=1 i=1
© by i—1
(ii) Y ¢ b4202X’Za X < o0,
n=1 i= Ji=
(idi) Z c, b, 4(ES,’,H)4 < w0,
n=1
© by,
(i) e ZP[1X| b,5] < o0,

n=1

then the sequence {X,, n=1! satisfies (4).
For independent identically distributed random variables we can state
CoroLLARY 1. Let {X,, n 21} be a sequence of iid. random variables
with EX; = 0. Suppose that {c,, n > 1} is a sequence of positive real numbers
and {b,, n > 1} is a strictly increasing sequence of positive integers. If, for any
given 6 > 0,

() n§1 cuby *E|X,[* I[|X1|<b.n6] <,

(i1), éj:l Cy bn_2 o* (X, Iyx, 1 <s,) < %,

(i) f 6 E* (X, Iyey <n) < 0

(i) S ¢,by P[IX,| > b,5] < oo,
n=1

then the sequence {X,, n> 1} satisfies (4).

Proof. It is not difficult to verify that under the conditions of Corollary 1
conditions (i)-(iv) reduce to (i); -(iv),.
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We now note that condition (3), p. 85, implies the statement of The-
orem 1. .
CoroLLARY 2. Let X, X,,... be a sequence of independent random
variables with EX; = 0.

Assume that, for some sequence {1, } with 0 < A4, < 1, we have E|X; 11”
<00,iz1, where A =supA,, and the sequences {c,, n>1} and {b,, n > 1}

satisfy condition (3). Then (4) holds.

Proof. It is enough to prove that (3) implies conditions (i)-(iv). Indeed,
by (3), we have

a0 bn ad b
(@) Z c, b4 EY*<38 Z 4 Z E(Xi)4
; , n=1 i=1 n=1 =1 ‘
[v 2] bll
= Zl _Z EX} I[IXiIv<b,.6]
b,
< 165H Z by Y EIXNT <00
n=1 i=1 -
(i) Zcb“ZazX’ZaX’
n=1 i=2 j=
5] by, i—-1 )
< 21 by * Z EIXJ I[|x,|<b 3 Z E|X l I[IXjI <b,31
< 620-4 Z ¢, by 21+ Z Elelu Z E|X, 1+,1,,
n=1 i=2 Jj=
< §21-H Z cnbn‘z(l“n)(z E|X,-|1+A")2 <o©;
n=1 i=1
e o] [0 o b
(lll) Zl Cp bn—4(ESI,Jn)4 = Zl C,,bn_ ( Zl EX I[IX | b,y ¢“)

S Z c"bn—4(1+ln)(zE|Xl1+l) w;

1 i=1

o | " )
) Y eY POXI>b,01<6 Y b, ™Y E,Xi,m,, e
n=1 i=1 ‘

n=1 i=1
It easy to get the ’foll‘o'vving

COROLLARY 3. Assume that {X,, n>1} is a sequence of iid. random
variables with EX, = 0 and such that E|X1|1“ < o0 for some 4,0 <A< 1.If
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- the sequences 1c,,, n=1} and {b,, n > 1} satisfy the condition

[= o]

®) Y byt < oo,

n= 177

then (4) holds.

3. Complete convergence for 2-dimensional arrays of independent random
variables. Let now {X,,, m>1, n>1} be a double sequence of independent
. random variables. The aim of th1s section is to extend Theorem 1 to double

i sequences of 1ndependent random variables.
' Assume that {c,,,m=>1,n>1}isa sequence of positive real numbers, and

la, n21}, {b,,n=1} be StI'lCtly increasing sequences of positive 1ntegers
Let 4 > 0, and put

Xij= Xijl[|x,~j| <apbyols Xij = Xijlyx iz ame (1 <i<a,, 1<j<b,),

k l k i
YlJ = EXua S = Z Z Xij5 S}Tz = Z Z Yz]
i=1j=1 i=1j=1
Note that
a4y by 4 by
‘ O (X X x)" = X (X xh)+
| i=1j=1 i=1 j=1 _ .
| Im by m " bn
! +6Z(Z 'JZ lk)+122(2 lJZ lkz xll+
i=1 j=2 k=1 i=1 j=1 k=
’ k#] l#]
b, by, )
+4Z(Z xuz :k)+4Z(Z uz lk)
i=1 j=2 k=1 i=1 j=2
-1
. +2421(Z UZ lkz 112 ls)
. ) | 1= _]--
| by i-1 by

+6 Z (3 %) ¥ (3 xd)+

i=2 j=1 k=1 I1=1
ay by i-1 by

+12Y (X x3) Y (X xktli:l ’Fkt)+

1211 k=1 1=2 =1

+1le2 (3 5 E ) ;1 (% )+

+24 Z (Z" x.-} Z Xi) 2 (2 X Y ’x,‘,)-IQ

i=2 j=2 s=1 k=1 I1=2 t=1

. ay by, 4y by k-1 by
F12Y (X %) X (X %) 2 (X xy)+
SRR
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+4 ,.izmz (j;nl Xij) lg (j;nl X))+
+4i§m2 (j;nl %, kg (,;"1 X))+
* 24 i:Z"; ( j;nl xij) I:gz ( jgnl xkj) l:zi: ( jgl xU) :gi ( jgl xsj).

Using (9) we get

Bt = 3 3 BV 63 (30X T ot Xi)+

i=1j=1 i=1 j=2
i-1 by
+6Z(Z‘72X)Z(Z° Xi)-
i=2 j=1 k=1 I=

Moréover it is not difficult to see that
E[S? b,/( e b)e 4)]I[s,, won=S, ]+P[Sa by #S; o]

-.<,8(amb,,)‘4£'4[z ZE +6Z(ZO'X Za X))+

i=1j=1 i=1 j=1
ay by i-1 by
+6 2 (X 0*Xp) X (X o® Xu)+E* S, ]+
i=2 j=1 k=1 1=1
am by
+Z Z P[IX,JI a,b,o].
i=1j=1

Hence, we have the estimate

(10)  P[S,, | = ambye] < 2E[S ,,J(S by +a bt e%)]

<16a,*b;* -4[2 ZE +62(2 o2 Xj; ZlazXéz)+

i=1j=1 11]2
i~1 by

F6Y (Y o Xy T (3 X +E S, ]+ 3 3 PLXe > anbydl

i=2 j=1 k=1 I=1 i=1j=1
Taking into account (10) we can state the following

THEOREM 2. Let {X,,,, m =1, n> 1} be a double sequence of independent
random variables with EX,, = 0 m=1, n> 1. Suppose that ¢y, m= 1, n

" 21} is a double sequence of positive real numbers and let {a,, m>1} and

{b,, n = 1} be strictly increasing sequences of positive integers. If

<] o) an by
@ Y Y cumlanb) (Y ¥ EX}) <

m=1n=1 i=1j=1
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(I1) f fcm,.(amb,,)‘-“[zm(Z"aZXéjjilazXézH
=1

m=1n=1 i=1 j=2 )
Gy by i-1 by
+ X (2 0? X)) X (X o* Xiy)] < oo,
i=2 j=1 k=1 1=1
oo} 0
(III) Z Z Cmn(am bn)—4(ES;mb")4 < OO:
. m=1n=1
ay by .
(IV) l Z Z mn Z Z P[lejl a bné] < 00,
m=1n=1 i=1j=1
then the double sequence {X,,, m =1, n> 1} satisfies
[= 4] [« 2]
(11) ' Y Y cunPlSap| = anbpe] < o.
m=1n=1

For independent identically distributed random variables we can state
the following

CoroLLArRY 1. Let {X,,,m>1,n>=1} be a double sequence of iid.
random variables with EX,, = 0. Suppose that {Cp,, m = 1, n 2 1} is a double
sequence of positive real numbers and let {a,, m>1} and (b,, n>1} be
strictly increasing sequences of positive integers. If

M, "21 "i Cn(@n D) 3 E1X 14 |* x| <app, 01 < 0,
), mfl ni o )20 (Ko Ty, <o) <
am, 21 "i e [EX 11 Ty 1 <arprar]® < 00,
vy, "21 f o b PLX 11| > anbad] < <,

then (10) holds.
Proof of Corollary 1 follows from the considerations of the proof of
Corollary 1 after Theorem 1.

CoroLLarY 2. Let {X,,,m>=1, n>1} be a double sequence of iid.
random variables with EX,, =0 and E|X,:%log"|X,,| < ©. Then

i i P[|Sul = mne] < 0.

m=1n=1

Proof. Letting a, =n, b,, =m, ¢,,, =1, m=1 and n > 1 in Corollary 1,
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we see that (I); -(IV), are satisfied. Indeed, if we let d, to be the cardinality of
{(m, n) mn =k}, and F(x) be the distribution of X,,, then

Z Z (mn) 3E,X11|4I[|X11|<mn] = Z (dk/ks)ElX11|41[|X11]<k]
=1

= zw: (dk/k3) jx“dF(x)
k=1 -k

< i 1/i+1) i (du/k*) j' x4dF(x)+lj' x*dF (x))
i=1 Ck=itl —(@i+1)
Ogl/(l+1)2( f x“dF(x)+i+f1 x*dF (x))
~(@+1) i
i+l
logi( J. x?dF (x)+ IxzdF(x)) CE|Xy4|*log* |X | < 0,

—(i+1)

A
Q
"'M 8

A
.Q
Ma

li
e

Z (d/k?) = O(log /(i +1)),

k=i+1

log* a = log(max(a, 1)), and C is a positive constant.
Thus (I), is satisﬁed "Moreover, we have

Z Z (mn) 2ot (X11I[|X11|<mn])<°°

m=1n=1

o
Y E* X111[|X11|<mn]— Z Z E* X11I[|x11| 2 mn]

@

)

m=1n=1 m=1n=1
@®

)

Z E4Xf1/(mn)f[|x11|>mn] = Z Z (mn}"‘E‘*Xfl I[|x11|>mn1 <o

<
m=1n=1 m=1n=1
and
Z Z mnP[lX“I mn] ='Z kdkP[IXul = k]
m=1n=1
-] i i+1
= 2 (X kdJ( I dF (x)+ j" dF (x))
‘ i=1 k=1 —(+1)
‘ -] i i+1
<YiY 4 j F@+ | dF (x))
i=1 k=1 ~(+1)
R =i i+1
< C ) i*logi( | dF(x)+ .| dF(x)) < CEX? llog [X11] < o0,
i=1 -(i+1) i

where ) d, ~ilogi ([5], p. 263), C.is a positive constant.
k=1
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The last estimates complete the proof of Corollary 2.

Our considerations lead us to the following extension of Theorem 1 [1]
to the case of double sequences of independent random variables:

THeOREM 3. Let {X,,,, m =1, n > 1} be a double sequence of independent

random variables with EX,, =0, m>1, n> 1, and let, for some sequence
A m=1,n 21} with O<,1m,,\ <1, be ElX,Jit* <0, m>1, n>1,

where A =sup /1,,,,,. Suppose that {c,,,m>=1,n>=1} is a double sequence
m,n
of positive real numbers and let {a,,, m > 1} and {b,, n > 1} be strictly increas-
ing sequences of positive integers. If
Z - C1=a, em lm 142
Z Z cmn(ambn) m Z Z Elqu S o0,
m=1n=1 i=1j=1

then (10) holds.
The results of Section 3 generalize results of [4].
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