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Abstract. Let { X,k > 1} be a sequence of independent identically dis-
tributed random variables with common probability density function f, and
let f,, denote a Wegman—Davies recursive density estimator

o 1 L 1 rx— X,
Fale) = —2 —K( )
nhrl/2 Z /2 h;

=1 h;
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where K is a kernel function and h,, is a band sequence. In the present
paper, the moderate deviation principle and the large deviation principle for
the estimator f,, are established.
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1. INTRODUCTION

Given a sequence of independent identically distributed random variables
X1, X5, ... with common probability density function f(z), how can one esti-
mate f(x)? This problem has been of long-lasting interest among statisticians, and
numerous interesting and fundamental results have been obtained.

1.1. Rosenblatt estimator. Rosenblatt [15] introduced the following kernel estima-

tor of the density f(x):
1 & z—X;
* - K J
fn(x) nhn j:1 < hn >7

and Parzen [[14] studied many important properties of these estimators, such as
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consistency, asymptotic normality, uniform consistency, etc. Csoérgd and Horvath
[1] considered the central limit theorem for the L,-norm of f;;. Lu [9] studied the
kernel methods for density estimation of stationary samples under generalized con-
ditions, which unify both the linear and c-mixing processes and also apply to the
non-linear and/or non-a-mixing processes. Furthermore, under general, mild con-
ditions, the estimators f,; were shown to be asymptotically normal. Louani [8] es-
tablished a large deviation limit theorem of Chernoft type for f; in the L;-distance.
Louani [7] and Gao [3]] obtained the large deviation and moderate deviation prin-
ciples for f for pointwise and L, convergence. Mokkadem et al. [[13]] studied the
large and moderate deviation principles for kernel estimators of the partial deriva-
tives of f. Gao [4] proved the moderate deviation principle and the law of the
iterated logarithm in L (R?) for f*.

1.2. Wolverton—-Wagner estimator or Yamato estimator. It is well known that the
Rosenblatt estimator f, is a non-recursive kernel density estimator. Wolverton and
Wagner [[17]] defined a related estimator

- 11 z—X;
fn(m)szZlth< h; ]>’

which was apparently independently introduced by Yamato [18]. The estimator
fn(x) is useful in practice, because it can be calculated recursively,

Foe) =" o)+ ok (1)

Masry and Gyorfi [11]] obtained the sharp rates for almost sure convergence of
f,, when the process { X;,i > 1} is asymptotically uncorrelated. Liang and Baek
(S]], [6] discussed the point asymptotic normality and the Berry—Esseen bounds
of f,, for strictly stationary samples of negatively associated random variables.
Mokkadem et al. [12] obtained the large and moderate deviation principles for
the recursive kernel estimator of the probability density function f,, and its partial
derivatives in the multivariate case.

1.3. Wegman-Davies estimator. Wegman and Davies [[16] introduced another re-
lated estimator f,(x) by

2 . 1 n 1 Z‘—Xj
) = Zh;/QK( hy >

1/2
nhn/ j=1

which can also be calculated recursively:

) 1/ h,  \?. 1 - X,
fn(a:):nn (hn1) fn—l(w)+nhnK<$ - )
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Masry and Gyorfi [[11] established the sharp rates for almost sure convergence
of fn when the process {X;,7 > 1} is asymptotically uncorrelated. Liang and
Baek [6] discussed the Berry—Esseen bounds of fn for strictly stationary samples
of negatively associated random variables. Zhang and Liang [19]] obtained the point
asymptotic normality of fn for such samples.

Motivated by that work, in the present paper we shall discuss the large deviation
and the moderate deviation behaviour of the estimators fn

2. MODERATE DEVIATION PRINCIPLE

We assume that K is a Borel function satisfying

(2.1) || Koo :=sup |K(y)| < oo, f | K (y)| dy < oo, lim |yK(y)| =0,
yeR R y—+oo

and that {h,, } is a sequence of positive real numbers satisfying
(2.2) hn, 10, nh, — oo.

Other assumptions about K and {h,,} will be made as needed. Firstly, we recall
the following theorem of Wegman and Davies [16]].

THEOREM 2.1 ([16, Theorem 1]). Let K and {h,} satisfy (2.1]) and (2.2).

(a) If f is continuous at x, then

nhy, Var(fu(z)) — f(z) £K2(u) du.

(b) Let |
K*(u) = [ e"™K(y)dy
R

be the Fourier transform of K. Suppose that for some positive integer 3,

lim [1 = K*(w)]/ul” = kg

is finite and the derivative ) (x) of order (3 at x exists. Suppose finally that

(2.3) nhBt12 00 and . zn: pEFZ
: n IB+1/2 , J ’Yﬁ+1/2'
nhn 7j=1

Then

Ef,(2) — f(z)n~ h 230 BL2
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REMARK 2.1. If there exists a value of 3 such that kg is non-zero, it is called
the characteristic exponent of K*(u), and kg is the characteristic coefficient.

THEOREM 2.2. Let K and {h,} satisfy (2.1) and (2.2)). Assume that a se-

quence {b,} of positive real numbers satisfies

2.4) lim b,, = oo, lim bn

n—00 n—oo \/nhy, -

0.

If f is continuous at x, then for any r > 0,

. 1 vnhy  a A T
7}5"{)106%10%[@< b |fn(z) —Efn(2)| 2 7“) = %2
where -
o?(z) = f(z) i K?(u) du.
Proof. For any r > 0, we will prove
1 nhy - . 72
R —_ > —_ ;
0P (G () ~ Efa(w) > 1) = 5

the proof of

s 1oe (Y o) - B < 1) — s

n

is similar. For any A € R, let

The Fenchel-Legendre transform of A(-) is

2202 2
A (r) = itelg{)\r — AN} = ilelﬁ{)\r - 02 (:U)} = 207;(:6), reR.

Let Z,, := ¥ g:" (fn(z)—Efn(z)), and let A, (-) be the logarithmic moment gener-
ating function of Z,,. By the Girtner—Ellis theorem [2, Theorem 2.3.6], it is enough

to show that for any A € R,

(2.5) A(N) = lim biAn(Ab,%Zn).

n—oo 2
n

vV, —h Y2 K LXJ _EK z— X )
S hj hj

Define
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Then we have
1 1 A
— A, (N2 Z,) = 7z log E exp (Abpv/nhy (ful(z )—Efn(z)))

b2
1 X2 )\b -1/2 x—Xj :ZJ—X]‘
— logEexp< Zh (K( —-EK
b%z j; \/> J hj h’j
1 &2 Ab
— logEexp(nY)
“BX& "
and
Aby, N0 (x)
b2 E logEexp(\/ﬁY]) -
< logIEexp( Y¢> — [Eexp(Yl) — 1”
7 = Vi '
1 Aby, A202 0% ()
E —Y;|-1) - —"2—=
g5 (e () 1) -5
=: A1+ As.
Now we need to control the terms A\ and Ay. For Ay we can write
1|& Aby, A2b2 0% ()
Ny = — E —Y:|-1)-—2 7
=gz (o (i) 1) -5
12 Ab A2b?
<5 > |E Y ) - 1- S EY?
2 exp<\/ﬁ f) 2n
1 A2b? A2b2 02 (x)
- nEYQ n
* b2 j; 2n 2n
=: Ng1 + Noo.
For the term A1, by using the elementary inequality
z?| _ JaP

< el*l forall z € R,

ef—1—x— —

2
the condition (2.4) and the fact that K (-) is a bounded Borel function (which im-
plies |Y;| < th_l/QHKHOO), for any n large enough we get

n 2
Eexp ﬂYj A b”IEY2
vn 2n
1 1 A%

Aby,
b2 Z 1372 |eXp<\/ﬁ’Yj|>
b )\3 n by, /\3 12

IEY3\C Z S EY?
7o S < O S,

A21 =

b2 =

<Cg
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where Cy, C are positive constants depending on the function K (-). So by using
(2.4) again, and the fact (Theorem [2.1)) that

1™ 1™ x— X, x— X, 2
2.6 S E S hiE(K ) —EK(|—2
co L mEeSre(i( ) ek ()

7j=1
= nhy Var(f(z)) — 0*(z),

we have Ay — 0. Next we consider the term Ass. From (2.6), we have

)\2
Nogg = 5

1ijY2—a( )

J

For the term A1, by the elementary inequality
2
e —1—z| < Eem forall z € R,
and (2.4), for all n large enough we have

212
n

(2.7) sup —0

1<j<n

Ee )\b"Y 1| < C A s EY2 < Cs Ay
X — y - x u
P \/ﬁ g 2 2n 1<j1<)7’l nhy,

where Cy and C'3 are positive constants depending on K (-). Therefore for all n
large enough,

l\.’)\r—l

(2.8) sup
1<j<n

b
Eexp(A\}%Y) — 1’
Using the elementary inequality

log(1+z) — x| <22 for |z < 1/2,

and the conditions (2.7) and (2.8)), for any n large enough we have

12 by, b
N = — logEexp( Y-) — [Eexp(nY) — 1”

"R s V' V'
2 o b 2

< —= Eexp(nY) — 1)

12 A4t 42 J

<Cy— EY; EY;

Cugg 32 " B/ <Gt 5

where Cy and C’ are positive constants depending on K (+). By (2.4) and (2.6), we
have A; — 0. From the above discussion, we obtain the desired result - "
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COROLLARY 2.1. Under the assumptions in Theorems and assume
further that

/248
2.9) \/ﬁin — 0.
br,
Then for any r > 0, we have
Vil r?
hm L5 logIP’< ™ () = f(z)| =7 :_W
where ~n = n~thy '/? > h;/z.
Proof. From Theorems [2.1|and[2.2] it is enough to show
nh p
B (@) — 3 f (@) = 0
n

but the condition li guarantees this. m The recursive estimator f,(x) is not
an (asymptotically) unbiased estimator of f(x), but 7, ! f,(x) is asymptotically
unbiased. Hence we have the following corollary.

COROLLARY 2.2. Under the assumptions in Theorems [2.1]and 2.2} set h,, =
n~7, where 0 < v < 1. Furthermore, for any 8 > 0 such that (5 + 1/2) < 1/2,
take by, satisfying b1 = o(n"PTY2=12) and b, = o(n(1=7)/2). Then for any
r > 0, we have

<ﬁ

’I’L

r2(1 — 2
) — fla >|>r> :_W

where v, = P Z?Zl h}/Q.
Proof. It is easy to see that the conditions (2.3)), (Z.4) and (2.9) hold and
1

1—~/2

So from Corollary 2.1] we get the desired result. =

Tn —

REMARK 2.2. Assume that for some [ > 0,

Zh/h — [ asn — oo.

Masry [10] pointed out that under some conditions the recursive estimator fn(x)
is not an asymptotically unbiased estimator of f(x). However, it is clear that after
a simple scaling,

2 . fn(x>
Jnl@) = Bija’
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fn(z) is an asymptotically unbiased estimator of f(z). When K (-) is even sym-

metric, the dominant terms of the bias of f,,(z) and f,(z) are

A N 0252.5f(2)($) B2

blas[fn(ﬂ?)] 260 5 n’
- (2)
bias[f, (z)] ~ Whi.
If we take h, = n~Y, then f,(z) will generally have smaller bias than that

of fn(z). Furthermore, Masry [10] showed that f,(z) has a larger variance

A~

than f,, () under the strong mixing condition for the samples { X;,7 > 1}.

3. LARGE DEVIATION PRINCIPLE

In this section, we assume that K is a Borel function and the following conditions
are satisfied:

(L1) The density function f is bounded and K (-) is a non-negative function such
that for any ¢ > 0,

(3.1) [(eFE) —1)dz < .
R

(L1) K(-) is a non-negative function such that for any ¢ > 0,
[(eF® —1)dz <00,  lim [2](eFE) —1) = 0.

R |z|—00

L2) hp, =n"*with0 < a < 1.

To state the large deviation principle for the estimator fn we need the following
lemmas. Their proofs are elementary, but we give them for completeness.

LEMMA 3.1. Let ay, be a sequence of positive numbers such that a,, — 0. If
(L1) or (LY’) holds, then for each continuity point x of f(-) and for any t > 0, we
have

(3.2) lim f(etK(Z) -1 f(x —anz)dz = f(z) f(etK(Z) —1)dz,
n—oo R

n—oo

R
(3.3) lim éK(z)f(x —apz)dz = f(x) é K(z)d-=.

Proof. (1) Assume that (1) is satisfied. By the dominated convergence theo-
rem, the claim (3.2)) holds. Furthermore, by using the inequality 1 + = < e” for all
z € R, we have

JK(2)dz < f(eK(z) —1)dz < o0,
R R
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which implies (3.3)) by the dominated convergence theorem.
(2) Assume that the condition (L1’) is satisfied. For any § > 0, we have

@O~ D(f(w — anz) ~ () dz

R
< (O 1) f( - an) - f(2)] dz
lanz|<0
+ [ (T =) - anz) - f(2)]dz
lanz|>0
< swp |f(w—an2) = fl@)] [ (FF-1)dz
lanz|<6 lanz|<0
+ f 2(et(2) — 1)7“3; ~ n?) dz + f(x) f () 1) dz
lanz|>d < lanz|>6
< sup [f(z —y) = f(z)| [(*P —1)dz
ly|<é R
b5 s @O 0] [ fEdet fe) [ (@O 1),
lanz]>6 |z—z|>8 lanz|>8

which tends to O if one lets first n — oo, and then 6 — 0. From the inequality
1+ 2 < e” forall z € R, the limit (3.3) holds by a similar proof. =

LEMMA 3.2. Suppose that either (1) holds, or K (-) is a bounded Borel func-
tion. Then for each x € R and for any t, m > 0, we have

(3.4) EetK(@z=mX1) o o0,
Proof. (1) Assume that (1) is satisfied. Then

E(etK(xmel) o 1) _ i f(etK(u) . 1)f<l' — u) du,
m

my

which yields the claim (3.4) by the boundedness of f and condition (3.1).
(2) Assume that K (+) is a bounded Borel function. Then

1 r—u

f(etK(Z) —1)f(x —mz)dz=— f(etK( ) — 1) f(u)du <

R mg

31Q

where C is a positive constant depending on K. =

THEOREM 3.1. Suppose that either (L1)~(L2) or (L1")—~(L2) hold and K (-)
is a bounded Borel function. Then for each continuity point x of f(-) and for any
r > 0, we have

. 1
lim il
n—oo i~

log P(| fu(2) = Efal2)| > 1) = —J (r,x)
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where

J(r,x) = ilelg{rk f(z %[f (exp(As*/?K (2 ))—1—)\sa/2K(2))ds} dz}.

Proof. We use the Girtner—Ellis theorem [2, Theorem 2.3.6]. For any 7, let

K; :K(””,_XJ).
j_Oé

Then we have (here h,, = n~%)

Jole) = BI@) = o 529770 ~ BEG).

Now we need to compute the logarithmic moment generating function of
fn(x) = Ef,(x). For any A € R, we have

1 A& .
An(V) 1= log]Eexp(W];j (K - EKj)>

n af2 /2
— z:: [logEexp(i\j&/z Kj>—(Eexp<i\ja/2 Kj)_lﬂ
n b o2 f Y )2
> KE@@( ) ) (o (o) 1) o
o2 a2
f( p<);fa/2 K(z))—l—);fa/2 K(z)) dz

[K(2) dz—EKj>

=: [1+1Io+13+14.

By Lemma [3.1] for any ¢ > 0 there exists a positive constant Ng such that for
Ny < j < n we have

A a2
(3.5) Eexp(rfa/QKj> - 1‘
=il (e (M k() 1) o ) a
J R no/2 J
<G [P — 1) f(a — j72) dz| < G702 + fl) J(NEE — 1) az).

R R
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Now we can choose /Ny such that

)\joz/Q '
Eexp<na/2Kj> —1/<1/2 for Ny <j<n.
By using the elementary inequality

log(1+z) — x| <2z for |z < 1/2,

for N := max{Np, N1} < j < n we have

A o2 A ‘o2
logEexp(T‘Za/QKj> — <Eexp<7‘za/2Kj> — 1>‘

\je/2 2
2<Eexp(7‘za/2Kj> - 1) <257 2a(€+f f MK (2 dZ) )

R

Furthermore, by Lemma [3.2] there exists a positive constant C' depending on
K, N, X and z such that

n )\joz/Z )\ja/2
N Aj/2 )\ja/Q
1 n )\ja/Q )\ja/Q
+ 7’1,17 J:;—Fl [logEeXp(naﬂKj> — (E exp(na/sz —1
< CN 2

< S (et ) [EO —1yaz)

l—a 1—
n =N+l R

which yields I; — 0. For the terms I and 14, arguing similarly we have

b=t 5[ (ow (X ) 1) e 570 - st az] — 0

Jj=1 R
and

h= s 21 (1@ [ KE) e = [ K@@ =702 dz) =0

For the term I3, by the elementary inequality

2
le® —1—z| < %e'“' forall z € R,
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we have

L5 () ) oo

Since (L1) or (L1’) implies fR K=( 2 z) dz < oo, from some analytic considerations
and the dominated convergence theorem we have

LR Ll () ) (2)

1

— f(z) [ [f s« (exp(/\sa/zK(z)) -1- )\sa/QK(z)) ds] dz.
R -0

< ?KQ(Z)

From the above discussion, the desired result follows. m

COROLLARY 3.1. Under the conditions (Ll’ )-(L2), assume that K is bounded
and has Fourier transform K*(u) = f fooo e "MK (y) dy. Suppose further that for
some positive constant (3,

lim 1~ K (u))/ul® = ks
is finite and

£ =5 f e~ ulP ¢(u) du

exists, where ¢(-) denotes the characteristic function of the random variable X
with density function f(x). Then for any a with (8 + 27 1) < 1 and any r > 0,
we have

L logP(1fule) — (1 - a/2) 1 f(@)] > 1) = —J(r,2)

lim
n—oo N

where J(r, x) is defined in Theorem

Proof. Note that the condition (L1”) implies

[K(2)dz<oo and lim |z|K(z)=0.
R

|2 =00

Then the corollary can be deduced from Theorems[2.T|and[3.1] m
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