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Abstract. We study free infinite divisibility (FID) for a class of generalized
power distributions with free Poisson term by using complex analytic meth-
ods and free cumulants. In particular, we prove that (i) if X follows the free
generalized inverse Gaussian distribution, then the distribution of X" is FID
when |r| > 1; (ii) if S follows the standard semicircle law and u > 2, then
the distribution of (S + )" is FID when r < —1; (iii) if B, follows the
beta distribution with parameters p and 3/2, then (iii-a) the distribution of
By is FID when |r| > 1 and 0 < p < 1/2; (iii-b) the distribution of By, is
FID whenr < —landp > 1/2.
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1. INTRODUCTION

In classical probability theory, many people studied infinitely divisible distribu-
tions as laws of Lévy processes (e.g. Brownian motions, Poisson processes, Cauchy
processes, etc.). A probability measure ;. on R is said to be infinitely divisible if for
each n € N there exists a probability measure p,, on R such that ;1 = p;™ where
x 18 the classical convolution. We recall that a probability measure y on R is in-
finitely divisible if and only if its characteristic function /i has the Lévy—Khinchin
representation

0 ; 1 i .
f(u) = exp (mu - §au2 + %(e t_1— iutlp_y1)(t)) dZ/(t))7 u € R,

where n € R, a > 0 (the Gaussian component) and v is the Lévy measure on R,
that is, v({0}) = O and [, (1 A#?) du(t) < oo. The triplet (7, a, v) is uniquely de-
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termined and is called the characteristic triplet. For example, the normal distribu-
tion N (m, o) (with mean m € R and variance o > 0) has the characteristic triplet
(m, 02,0) (so that it is infinitely divisible). In general, it is very difficult to find the
characteristic triplet of probability measures. Many people studied subclasses of
probability measures as criteria for infinite divisibility. In particular, these sub-
classes were studied to understand infinitely divisible distributions which are pre-
served by powers, products and quotients of independent random variables. We say
that the distribution of X belongs to the ME (mixture of exponential distributions)
class if X is of the form E'Z where the random variables E, Z are independent, E/
follows an exponential distribution and Z is positive. By the Goldie—Steutel theo-
rem [9]], [16], the ME class is a subclass of infinitely divisible distributions. This
class is important to understand infinitely divisible distributions because is pre-
served by powers and products of independent random variables: if the distribution
of X belongs to the ME class then so does the distribution of X” when r > 1, and
if X, Y are independent and their distributions belong to the ME class then so does
the distribution of XY. As one of the most important subclasses of infinitely divis-
ible distributions, the GGC (generalized gamma convolution) class was introduced
by Thorin [18]], [19]. Bondesson [6] proved that the HCM (hyperbolically com-
pletely monotone) class which is a subclass of GGC is preserved by powers (if the
distribution of X belongs to HCM then so does the distribution of X" if |r| > 1),
products and quotients of independent random variables. Moreover Bondesson [7]]
proved that if the distributions of X, Y belong to GGC and are independent then
the distribution of XY belongs to GGC. However, we do not know whether the
GGC class is preserved by powers of random variables.

In free probability theory, we have the corresponding problems for freely in-
finitely divisible (for short, FID) distributions which will be defined in Section 2.2.
There are two important subclasses of freely infinitely divisible distributions: the
FR (free regular) class and the Ul (univalent inverse Cauchy transform) class.
Firstly, Pérez-Abreu and Sakuma [15] introduced the FR class in terms of the
Bercovici—Pata bijection. In [2], the FR class was developed as a characterization
of nonnegative free Lévy processes. Next, the Ul class was introduced by Ariz-
mendi and Hasebe [1]] as a subclass of freely infinitely divisible distributions. We
will give its precise definition in Section 2.3. We do not know whether the classes
FR and UI are closed with respect to powers, products and quotients of free in-
dependent random variables. Hasebe [[11]] studied the powers and products for the
classes FR and Ul by using complex analytic methods.

In this paper, we study free infinite divisibility for generalized power distribu-
tions with free Poisson term (for short, GPFP distributions). A probability measure
on R is said to be a GPFP distribution if its PDF (probability density function) is
given by

(b—z)(x—a) & ak

> Ly (@)

I
r k=1 T

(1.1
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forsome 0 < a < b, N € N, a = (a1,...,ay) € (0,00)" such that (T.1)
isaPDFand | € RY := {(I1,...,In) € RN : |3 < .-+ < Iy}. We write
GPFP(a, b, N, a, 1) for the distribution whose PDF is given by (I.I]). We prove that
if a random variable X follows the GPFP distribution then

(i) the distribution of X" belongs to the Ul class if » > 1 when [ € [t,t + 1]Y :=
{(1,...,Iy) ERN 1t <y < -+ <y <t+1}forsomet > 0;

(i) the distribution of X" belongs to UL if || > 1 when ! € [0, 1]Y.

The weak closure of the GPFP class contains the free Poisson distributions
which have no atoms at 0, the free positive stable laws with index 1/2, the free
Generalized Inverse Gaussian (fGIG) distributions, the shifted semicircle laws and
some beta distributions. From the above results (i) and (ii), we obtain free infinite
divisibility for powers of random variables which follow the fGIG distributions,
the shifted semicircle laws and the beta distributions.

There are examples of GPFP distributions which are not FID. In more detail,
we prove that

(iii) there is a distribution X ~ GPFP(a,b, N, o, 1) with [ ¢ [0,1]Y such that the
distribution of X ! is not FID;

(iv) there is a GPFP(a,b, N, o, 1) distribution with [ ¢ [t,t + 1]Y for any ¢ > 0
that is not FID.

This paper consists of five sections. In Section 2, we introduce freely infinitely
divisible distributions and the UI class. In Section 3, we prove that probability
measures whose PDF satisfied some assumptions are Ul by using complex an-
alytic methods (see Theorem [3.1I). In Section 4, we first give examples of GPFP
distributions and distributions contained in the weak closure of the GPFP class (see
Example [.1I). Next we prove the above results (i) and (ii) (see Theorem [.1] and
Corollary [4.1] respectively). Moreover we give applications of (i) and (ii) (see Ex-
ample {.2)). In Section 5, we introduce the concept of free cumulants and give the
moment-cumulant formula. Finally, we prove (iii) and (iv) by using free cumulants
(see Examples[5.1]and[5.2] respectively).

2. PRELIMINARIES

2.1. Notations. In this paper, we use the following notations.

e Let X be a (non-commutative) random variable and p a probability measure
on R. The notation X ~ y means that X follows p.

+CT:={2€C:Im(z2) >0}andC™ := {2 € C:Im(z) < 0}

o x+140 = limy_o+(z + iy) and f(z +00) = limy_o+ f(z + iy).
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e 1 +40:={x+i0: 2 € I} (I aninterval in R).

» The complex function 2? (p € R) means the principal value defined on
C \ (—o0,0]. The complex function arg(z) means the argument of z defined
on C\ (—o0, 0] taking values in (—m, ).

e RY :={(l1,...,Iy) RN : [y <--- <IN} (N EN).
o HtH1)Y = {,.. ., In) ERYN it <l < <Iy<t+1} (meN,t €R).

2.2. Analytic tools in free probability theory. Let 1 be a probability measure on R.
The Cauchy transform of p is defined by

2.1) Gu(z) == [ !

RZ—.’I}

du(z), =z € C\ supp(p).

In particular, if X ~ p then we sometimes write G x for the Cauchy transform of .
The function G, is analytic on the complex upper half-plane C*. Bercovici and
Voiculescu [5, Proposition 5.4] proved that for any v > 0 there exist A\, M,§ > 0
such that G/, is univalent in the truncated cone

Dy = {z € CT : ARe(2)| < Im(2), Im(z) > M},
and the image G ,(I') »s) contains the triangular domain
A, 5:={z€C :vyRe(z)] < —Im(z), Im(z) > —d}.

Therefore the right inverse function G;l exists on A, 5. We define the Voiculescu
transform of u by

(2.2) bu(z) == G;l(l/z) -z, 1/ze ;.

It was proved in [S]] (historically, see also [13], [20]) that for any probability mea-
sures 1 and v on R, there exists a unique probability measure A on R such that
dr(z) = du(z) + ¢u(2) for all z in the intersection of the domains of the three
transforms. We write A := p 8 v and call it the additive free convolution (for short,
free convolution) of p and v. The operation & is the free analogue of the classical
convolution *. The free cumulant transform of i is defined by

Cu(z) :=2z¢,(1/2), z€ Ay,

In particular, if X ~ p then we sometimes write C'x for the free cumulant trans-
form of x. By the definition, Cym, (2) = C\(2) + C,(2) for all z in the intersec-
tion of the domains of the three transforms. The transform C), is the free analogue
of log [i.

A probability measure i on R is said to be freely infinitely divisible if for each
n € N there exists a probability measure p,, on R such that u = pE™. Bercovici
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and Voiculescu [5, Theorem 5.10] proved that p is freely infinitely divisible if and
only if the Voiculescu transform ¢,, has an analytic continuation to a map from C*
to C~ U R, and therefore it has the Pick—Nevanlinna representation

14+ z2

zZ—T

du(z) =7+ f do(x), z€CT,
R

for some v € R and a nonnegative finite measure o on R. The pair (,0) is
uniquely determined and called the free generating pair. In this case, we can
rewrite the free cumulant transform C), as

1
(23) Cﬂ(z) =nz+ a22 + f(l—tz —1- t21[—171] (t)) dl/(t), A C_,
R

where n € R, a > 0 (called the semicircular component) and v is a nonnega-
tive measure on R satisfying #({0}) = 0 and [, (1 A £*)dv(t) < oo (see [3}
Proposition 5.2]). The measure v is called the free Lévy measure of u. The rep-
resentation (2.3) is called the free Lévy—Khinchin representation and it is the free
analogue of the classical Lévy—Khinchin representation of the Fourier transform /i.
The triplet (7, a, v) is uniquely determined by p and called the free characteristic
triplet. Moreover the relation between the free generating pair (v, o) and the free
characteristic triplet (7, a, ) is given by

2
a=o({0)),  dult) = Tay o (o),

1
n ="+ H{t(l[_m](t) - 1+t2> du(t).

EXAMPLE 2.1. (1) The semicircle distribution S(m,c?) is the probability
measure with PDF

1
2mo?

\/402 - (‘T - m)2 1(m720,m+2a) (x)a meR, o> 0.

It is known (for example, see [14]]) that Cg(,;, 52y(2) = mz + 022 for z € C™.
Therefore S(m, o?) is freely infinitely divisible and has free characteristic triplet
(m, 2, 0). This distribution appears as the limit of the eigenvalue distributions of
Wigner matrices as the size of the random matrices goes to infinity.

(2) The free Poisson distribution (or Marchenko—Pastur distribution) fp(p, 0) is
the probability measure given by

max{1 —p,0}dp

VOGP +1)? —2)(@ - 0(yp— 1)°)

2rx

+ Lo(ym-1)20(,5+1)2) (X)d
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for p,6 > 0. In particular, we write fp(p) := fp(p,1). We have Cgy(,0)(2) =

ff o for z € C™. Therefore fp(p, ) is freely infinitely divisible. This distribution

appears as the limit of the eigenvalue distributions of Wishart matrices as the size
of the random matrices goes to infinity.

2.3. Univalent inverse Cauchy transform. In Section 2.2, we introduced freely in-
finitely divisible distributions. Recall that a probability measure is freely infinitely
divisible if and only if its free cumulant transform has the free Lévy—Khinchin rep-
resentation (2.3) (or its Voiculescu transform has the Pick—Nevanlinna representa-
tion). However, in general, it is very difficult to find the free characteristic triplet
(or free generating pair) of probability measures. Many people studied conditions
implying free infinite divisibility.

In particular, Arizmendi and Hasebe [1, Definition 5.1] defined the UI class as
a criterion for free infinite divisibility.

DEFINITION 2.1. A probability measure 1 on R is said to be in the Ul (univa-
lent inverse Cauchy transform) class if the right inverse function G;l, originally
defined in a triangular domain A 5, has a univalent analytic continuation to C™.
In particular, if X ~ p and p € Ul then we write X ~ UL

By [} Proposition 5.2 and p. 2763], the Ul class has the following property.

LEMMA 2.1. u € Ul implies that i is freely infinitely divisible. The Ul class is
closed with respect to weak convergence.

EXAMPLE 2.2. (1) The semicircle distribution S(m,c?) is in UL The free
Poisson distribution fp(p, €) is also in UI (see [11} Section 2.3 (1), (2)]).
(2) The beta distribution (3, 4 is the probability measure with PDF
1
B(p,q)

The beta distribution 3, 4 is in ULif (i) p,q > 3/2, (i) 0 < p < 1/2,¢ > 3/2 or
(iii) 0 < ¢ < 1/2,p > 3/2 (see [10, Theorem 1.2] and [11, Theorem 3.4]).

2?1 —2)" o (x), p,g>0.

3. UI PROPERTY

In this section, G (%) denotes the Cauchy transform of a probability measure s
on R defined in (2.1). In [11, Lemma 3.11], Hasebe mentioned that the Cauchy
transform of y has an analytic continuation to C* U supp() U C~ when the PDF
of 1 has some analytic properties. We prove an assertion almost the same as [11,
Lemma 3.11].

LEMMA 3.1. Let 0 < a < b. Let o be a probability measure on (a,b) whose
PDF is f(x) with respect to Lebesgue measure. Assume that f is analytic in a
neighborhood of (a,b) U{z € C™ : arg(z) € (—0,0)} for some 0 < 0 < m. Then
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the Cauchy transform G, := C~;0|@+ defined on Ct has an analytic continuation

toCT U (a,b)U{z € C™ :arg(z) € (—0,0)} (still denoted by G), and
3.1 Go(2) = Go(2) — 2mif(z) in{z e C™ :arg(z) € (—0,0)}.

Proof. The proof is very similar to that of [[10, Proposition 4.1], but for the
reader’s convenience we include it. Since f is analytic in a neighborhood of (a, b)U
{z € C™ :arg(z) € (—6,0)} for some 0 < 6 < 7, we have

Go(2) :{Zf(_u{lldw, z€Ch,

where 7 is an arbitrary simple arc contained in {z € C™ : arg(z) € (—0,0)} ex-
cept for its endpoints a, b. Therefore GG, has an analytic continuation to the domain
containing CT, surrounded by ~y and (a, b). Since  is arbitrary, G, has an analytic
continuation to C* U (a,b) U {z € C™ : arg(z) € (—6,0)}.

We now prove (3.1I). For z € C~ with arg(z) € (—#6,0), take a simple arc
contained in {z € C~ : arg(z) € (—#0,0)} with endpoints a, b such that the closed
curve 4 := 7 U [a, b] surrounds z. By the residue theorem, we have

(3.2) f Zf(w; dw = 27i Resyy—» ('f(w)> = 27if(2).

Z—w

Y

Since the LHS of (3.2) equals G,(z) — G»(%), the formula (3.I) holds for all
z € C~ with arg(z) € (—6,0). =

We now prove that a probability measure whose PDF satisfies the following
properties is in the UI class and therefore the measure is freely infinitely divisible.

THEOREM 3.1. Let 0 < a < b. Let p be a probability measure on (a,b) which
has a PDF f(x) that is real analytic and positive on (a,b) and there exists 6 €
(0, ] such that

(A1) f analytically extends to a function (still denoted by f) defined in {z €
C\ {0} : arg(z) € (—0,0)} U (a,b), and further to a continuous function
on{z e C\ {0} : arg(z) € [-0,0]};

(A2) Re(f(z —10)) =0forall0 < x < aandx > b;
(A3) there exist « > 0and 0 < | < (2w — 0)/6 such that
{Xe’

f(z)= _ﬁ(l +0(1)) asz— 0, arg(z) € (—6,0);

(A4) Re(f(ue™)) < 0forallu > 0;
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(AS) liIn|z|—>oo,aurg(z)E(—@,O) f(Z) = 0.

(A6) G(z) := G,(z) has an analytic continuation to C* U (a,b) U{z € C :
arg(z) € (—0,0)} (still denoted by G), and further to a continuous function
on CtUJa,bju{z € C\{0} : arg(z) € [-6,0) }U((—o0, a]U[b, 00) +i0)U
([0,a] U [b, 00) — 70).

Then i € UL

REMARK 3.1. Before the proof let us remark that the existence of an analytic
continuation of G follows from (A1) and Lemma [3.1] so the assumption (A6) is
only about the continuous extension.

Proof of Theorem We define the following eight lines and curves (see
Figure[I). In the following, > 0 is supposed to be large and 6 > 0 small.
c1: the real line segment from —n + 70 to a + 0;
co: the real line segment from a — 0 to § — i0;
c3: the clockwise circle de™¥ where v starts from 0 and ends with —6;

c4: the line segment from de = + 0 to ne= 4 0if # € (0, ) or the line segment
from —) —i0to —np —i0if 0 = 7;

c5: the counterclockwise circle new where 1) starts from —f and ends with 0;
cg: the real line segment from 7 — 0 to b — i0;
c7: the real line segment form b + 70 to i + ¢0;

cg: the counterclockwise circle e’ where 1 starts from 0 and ends with 7.

FIGURE 1. The curves c
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FIGURE 2. The curves gx

Define the curves g; := G(cy) forall k = 1,...,8 (see Figure 2). It is easy
to prove that g; is contained in the negative real line and g7 is contained in the
positive real line. Since

G(z) =G(z) = %(1 +0(1)) as|z| — o0, z€CT,

the image gg is contained in a ball of some small radius and it is a clockwise
curve whose argument starts from 0 and ends with —7 when 7 is sufficiently large.
By (A6), the curves g1 U g2 and gg U g7 are continuous since so are ¢; U co and
¢g U 7. By (A2), we have Re(f(z — i0)) = 0 forall 0 < x < a and x > b. Hence
Im(G(z—10)) = 0forall 0 < z < a,z > b, and therefore g» and g¢ are contained
in the real line. By (A1) and (A4), when 6 € (0, 7),

Im(G(ue™™ 4 0)) = Im(G(ue™ %)) — 27Re(f(ue=?)) > 0
forall § < u < n, and when 0 = T,
Im(G(—u — i0)) = Im(G(—u)) — 27Re(f(—u)) = —27Re(f(—u)) > 0

for all § < u < 1. Therefore g4 is contained in C™ U R. Note that é(z) =o0(1/2)
as z — 0,z € C7, since lim, g ,ec- G(z)| = fb 1)

. 1 dt < oo. On account
of (A3) and (3.1), we have

2ma

(3.3) G(2) = — (1 +(2),

where p(2) = o(1) as z — 0, arg(z) € (—6,0).
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Let ¢ >0 be small. By the asymptotics of (3.3), we can take § € (0, (mae)/(1F0)
small enough such that |¢(de™)| < 1/2 uniformly in 1) € (—6,0), and therefore

|G(5eiw) + 2m(56w)7(1+0| - 2Wa5—(1+l)|<p(5eiw)| < mas— (D
uniformly in ¢ € (—6,0). Hence by the triangle inequality we have
|G(5ew)| > \—2%&(56“/’)7(1“)] - ]G((Se“’b) + 27Ta(6ei¢)7(1+l)]
> 2rad ) — 1o~ (HD) = 1o~ (D 5 1/e,

and therefore the distance between the curve gz and O is larger than 1/e. Since
G(6e™) = %e(_”_w(lﬂ))i as 0 — 0 and the argument of ¢ starts from 0 and
ends with —@, the image gs is a large counterclockwise curve whose radius is larger
than 1 /e and the argument of g3 starts from — and ends with —7 +60(1 4+ 1) (< 7
by (A3)) when § is sufficiently small.

Note that G(z) = 1(1 4 0(1)) as |z2| — oo, z € C™. By (A5), we have
|f(z)] — 0as |z| — oo, arg(z) € (—6,0), and therefore

G(2)| < |G(2)| + 27| f(2)| — 0

as |z| — oo, arg(z) € (—6,0). Hence there exists n > 0 large enough such that
|z| > n implies |G(z)| < e, that is, g5 is contained in a small circle with radius
e > 0.

Therefore every point of D, := {z € C™ : € < |z| < 1/€} is surrounded by
the closed curve g1 U - -- U gg exactly once. By the argument principle, for any
w € D, there exists only one element z in the bounded domain surrounded by the
closed curve ¢; U - - - U cg such that G(z) = w. Therefore we can define a right
inverse function G~! on D,. Since G~!(D,) is connected and G is univalent on
it, the inverse function G~! is univalent on D.. We can define a univalent right
inverse function (with the same symbol G~!) in C~ by letting ¢ — 0. By the
identity theorem, the right inverse function, originally defined in some triangular
domain A, 5, has a univalent analytic continuation to our function G~ on C™.
Hence p € UL =

REMARK 3.2. From Figure [2| it may seem that the curves g; and g2 (resp. gs
and g7) do not intersect, but this is not necessarily so. However, it does not affect
the proof of Theorem[3.1|since every point of D, is surrounded by the closed curve
g1 U - -+ U gg exactly once even if g1 N go # 0 (resp. ge N g7 # 0).

4. FREE INFINITE DIVISIBILITY FOR GENERALIZED POWER DISTRIBUTIONS WITH
A FREE POISSON TERM

Consider a random variable X which follows the free Poisson distribution fp(p)
(see Example 2)). By [11} Theorem 3.5], if either p > 1 and r € (—o0,0] U
[1,00),0r 0 < p < 1 and r > 1, then the distribution of X" is FID (UI and FR).
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In this section, we study free infinite divisibility for the distribution of X" when
X follows the generalized power distribution with free Poisson term (a GPFP dis-
tribution). We give a precise definition of such distributions.

DEFINITION 4.1. A probability measure p on R is said to be a generalized
power distribution with free Poisson term (for short, GPFP distribution) if its PDF
is given by

JapNai(x) = 2_: — L ()

forsome 0 <a<b,NeEN,a=(ag,...,an) € (0,00)" with f; fabNai(x)de

=1land!= (l1,...,In) € RY.In this case, the probability measure 4 is denoted
by GPFP(a, b, N, o, ).

REMARK 4.1. The GPFP class is closed under taking inverses of random
variables: if X ~ GPFP(a,b, N, a,l) with a = (a1,...,ay) € (0,00)" and
l=(l1,...,ly) € RY, then

11
X 1o GPFP<b, - N, (anVab,...,a1Vab), (1 -1y, ...,1 —l1)>.

The GPFP class contains the free Poisson distributions and the free generalized
inverse Gaussian (fGIG) distributions. Moreover the weak closure of the GPFP
class contains a lot of examples. We give some examples before the main result

(Theorem [4.T)).

EXAMPLE 4.1. (1) Suppose that p > 1,a = (/p — 1)% b = (/b + 1)%,
N:La:%andlzo.Then

1
GPFP(a:(\/]3—1)2,62(\/]3+1)2,N:1,a:2,l:0>
T

VWP +1)? —a)(z - (P —1)%)

2rx

= fp(p).

In this case, the GPFP distribution corresponds to the free Poisson distribution
(Marchenko—Pastur distribution) which has no atom at 0.

(2) Consider A € R and aj,a0 > 0. Let N = 2,1 = (0,1) and @ =

(&30 Q2 . .
(%, P \/%) where 0 < a < b are the unique solution of

L2 (yprn?) (T)de

a+b
@1 {1 — /\+a1\/%—a2%;_b =0,

L+ A+ 92 — a3t =0.



256 J. Morishita and Y. Ueda

Then

aq a9
GPFP(a,bN =2, a= [ —, ,1=1(0,1
< (27T 27rvab) ( )>

= (= er):v(b ?) <a1 + \/C:%x> g (r)dr =: fGIG(ay, az, ).
In this case, the GPFP distribution corresponds to the fGIG distribution. This dis-
tribution was studied in [12]] (the free version of the generalized inverse Gaus-
sian distributions, free selfdecomposability, free regularity and unimodality for the
fGIG distributions) and [17] (the free version of Matsumoto-Yor property, the R-
transform of the fGIG distributions).

Next we give examples of distributions in the weak closure of the GPFP class.

(3) Letn € Nand b > 0. Define

4.2) c(n,b) := < } \/(x —/n)(b—2) dx> ) )

/n 2nx

Note that lim,,_, ¢(n,b) = 4/b for each b > 0. We define the following GPFP
distribution:

43)  ppp(de) = GPFP(1 n N =1, a= b \/E [ = 1)

2T
(x —1/b)(n — x)
c(n,b \/> VI 52 Loy (z)dz.
We can show that fu,, ;, — 11, weakly as n — oo for each b > 0, where
4 bx—1

In particular, if b = 4, then the probability measure iy corresponds to the free
positive stable law with index 1/2. The free stable laws were introduced in [4].

(4) Let n € N, b > 0. We define the following GPFP distribution:

1 b
4.5) Uy p(d) = GPFP(, bN=1a=0 o),
’ n 2T

where c¢(n, b) is the constant defined in (4.2). We can show that v, ;, — 14, weakly
as n — oo for each b > 0, where

(4.6) vp(dx) = wl(&b) (z)dx.

bx
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In particular, if b = 4, then the probability measure v, corresponds to the free
Poisson distribution fp(1). Note that X ~ p,,; if and only if X ~! ~ v, ;, for each
n € Nand b > 0 by Remark[4.1]

(5) Letn € Nand ! < 1/2. Define

._ 1 L/ =a)@—=1/n) , \7'
a(n,l) = <B(1/2—l,3/2) I«L S d”“") ’

where B(p,q) is the beta distribution. Note that lim,, .. a(n,l) = 1 for each
[ <1/2.Foralln € Nand ! < 1/2, we consider the following GPFP distribution:

1 a(n,l)
4.7 dxr) :=GPFP| —, 1, N =1 l]).
( ) pn,l( l’) (n’ ) 3 B(1/2—l,3/2)’ >
We can show that p,,; — B;/2_;3/2 weakly as n — oo for each [ < 1/2. Recall
that 31 /o_;,3/2 is the beta distribution, defined in Example 2).

We start to discuss free infinite divisibility for the distribution of X" where X
follows the GPFP distribution.

THEOREM 4.1. Suppose that X ~ GPFP(a,b, N, o, 1) withl = (l1,...,IN)
€ [t,t + 1) for somet > 0. Then forr > 1, X" ~ UL

Proof. Fix N € N. Suppose first that 7 > 1 and [ = (l1,...,ly) € [t,t + 1]
satisfies t < I3 < -+ < Iy < t+ 1 for some ¢ > 0. Assume that [t] = n — 1 for
some n € N. Define I, := I, — [t] = I, — (n — 1) € (0,1) forall k = 1,..., N.
Then

sy/ (B — x5)(z5 — As

X

823

N
X"~ ) kz 1) 1(a,p)(x)dz =: h(z)dx,
-1

where s = 1/r € (0,1), A = a” and B = b". We define hy(x) to be the kth term
of h(z). Set ng := s(n — 1) + 1 > 1. Note that s(n — 1 +I;,) = ng — 1 + s for
eachk = 1,..., N. Consider § = 7/ng. Let G = G xr be the Cauchy transform
of X”. We prove that 6, h and G satisfy assumptions (A1)—(A6) of Theorem [3.1]

(A1) Suppose that z € C \ {0} and arg(z) € (—6,0). An argument similar to
the proof of [11, Theorem 3.5] shows that arg((B* — 2%)(2° — A%)) € (—m,m).
Moreover, arg(z*"~ 1)) e (=fs(n — 1 + I},),0) C (—m,0). Thus every hy
analytically extends to a function (still denoted by hy) defined in {z € C\ {0} :
arg(z) € (—0,0)} U (A, B), so that assumption (A1) holds.

(A2) For 0 < z < A we have

_sak\/(As — %) (B® — a:s)i

(e = 0) = plts(n—1+l)

)
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and for x > B we have

sa/ (5 — Bs)
:L.1+s(n 1+lk)

hi(x —10) =

Therefore Re(hy(z — i0)) = 0 for 0 < = < A and for z > B, so that assump-
tion (A2) holds.
(A3)Foreachk =1,..., N, we have

isag\/(AB)*

hi(2) = — As(n—1+1)

(I+0(1)) asz—0,arg(z) € (—0,0).
Moreover, 0 < s(n — 1 +1},) < (27 — 0)/0. Therefore assumption (A3) holds.

(A4) Let 0 < 8 < m (equivalently, n > 1). Forallk = 1,...,N, u > 0 we
have

arg(hk(ue - @ ylts(n— 1+lk) —i0(14s(n—1+13))

(sak\/ Bs_u e zs@)(us —is0 As))
rg
z T —2s0

€ +0(1+s(n— 1—|—lk))

/_\

+60(1+s(n— 1+Zk)))
T —2s0

+6(no + SZNk))

2
( g no—i—Slk)

s ~ T 3
E—I-Hslk, —m—0s(1 —lk)> C <2,27T>,
. 4 — 256
arg(\/(Bs _ usefzse)(usefzse _ As)) c <_7;, T ; S )

Therefore Re(hy,(ue™?)) < 0 for all u > 0. When § = 7 (equivalently, n = 1),
forallk =1,..., N, u < 0 we have

<scw (u—0)") (u— 70)" - As>>

wr(ha(e) = e i

: (Sow —(u—i0)° ><<uz'o>sAs>>

|’U,‘ 1+slk6—z7r(1+slk)

since

m

(2 7(1+ sly), 5 7r+7r(1+sik)>
< +7Tslk,f7r—7rs(l —zk)> c (g;w)

ane (/B — (= 07 0y~ ) € (5.5 )

Therefore Re(h(u)) < 0 for all w < 0. Hence assumption (A4) holds.

since
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(AS5) We have

—1SQ

hi(2) = S14s(n—2+l)

(I+o0(1)) as|z| — oo, arg(z) € (—0,0).

Hence lim,, HOO arg(z ) (=6,0) P (2) = 0, so that assumption (AS) holds.

Since h(z Z peq Pr(x) forall z € (A, B) and every function hy, satisfies
assumption (Al) the function h also satisfies (A1) and h(z Z 1 P (2) for all
ze€{zeC™ :arg(z) € (—0,0)} U (A, B). Finally, we conclude that h satlsﬁes
(A1) to (AS) since so does every hy (k=1,...,N).

(A6) Since h satisfies (A1), by applying Lemma [3.1] the Cauchy transform G
has an analytic continuation to C* U (A, B) U{z € C~ : arg(z) € (—0,0)} (still
denoted by G) and

B
f dw—2mh( )= Z <f (@ )d:r—2mhk( )>
A~F =1

AZ T

for € C~ with arg(z) € (—6,0). We set Gi(z) = ff he(@) g2, To prove that

zZ—T

G can be extended to a continuous function on CT U [4,B] U {z € C\ {0} :
arg(z) € [—6,0)} U ((—o0, A] U [B, 00) +i0) U ([0, A] U [B, 00) — 0), we find
the asymptotic behavior of G at z = A and z = B. We define

Gk(z) = ék(z) - 27rihk(z)

for z € C~ with arg(z) € (—6,0). By the Taylor expansion at x = A, there exist
¢, > 0 and a real analytic function () on a neighborhood of A which satisfies
Yr(x) = o(1) as x — A + 0 and has an analytic continuation to {z € C™ :
arg(z) € (—0,0)} U (A, B) (still denoted by 1) such that

hi(z) = cp(@ — A)V2(1 + 4p(x) asz — A+0.
Therefore
Gi(2) = B+ m(—(z — A)'2 +o(|z — A]'/?)

as |z —A| — 0 for z € C™ with arg(z) € (—0,0), where B =1lim,_, 4 ,ec- Gr(2)
< 0 (is finite) and v = 2. Finally, if 8:= 1 B, <Oand~y =1 7 >0,
then

= 3 Gue) = Bl = 4D 4oz - Al)

as |z — A| — 0 for z € C~ with arg(z) € (—6,0). Moreover G(A +i0) = 5 =
G(A — 40). Similarly, we can find the asymptotic behavior of G at z = B. Hence
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G can be extended to a continuous function on C* U [4,B] U {z € C\ {0} :
arg(z) € [-0,0)} U ((—o0, A] U [B, 00) +i0) U ([0, A] U [B, 00) — i0). Thus G
satisfies (A6).

By Theorem|3.1} we have X" ~ UI. By the weak closedness of the Ul class (see
Lemmal[2.1), we have X" ~ Ulevenifr > landt <l < ---<Iy<t+1. =

COROLLARY 4.1. If X ~ GPFP(a,b, N, ,1) and | € [0,1]Y then X" ~ UI
whenr < —1.

Proof. Letr < —1. We have

. AR B )@ —A) N, ay
o \/ \/ r k‘Z:l pt(1=1x) : 1(A7B)(I)dﬂf = p(.T)d:)j7
where ¢ := —1/r € (0,1), A := b=t and B := a~1/t. We set @ = 7 and let

pr(z) be the kth term of p(x). A similar argument to the proof of Theorem
shows that 6, py, p, and G = Gx- satisfy assumptions (A1)-(A6) of Theorem[3.1]
Therefore X" ~ Ulifr < —1. =

Finally, if X ~ GPFP(a,b, N,a,l) with I € [0,1]¥ then X" ~ UI for all

7| > 1 by Theorem[4.1]and Corollary
To end this section, we give applications of Theorem §.T]and Corollary

EXAMPLE 4.2. (1) Letp > 1. If

1
Xpr(p):GPFP<CL:(\/I)—1)2, b:(\/§+1)27 N:1,Oé:2,l:0>,
s

then X" ~ UI for all || > 1 by Theorem and Corollary (but the result
in [11] is stronger).

(2) Let A € R and a1, a9 > 0. Suppose that 0 < a < b are the unique solution

of @.I). If
X ~ fGIG( ) GPFP< b, N =2 <O‘1 a2 ) [=(0 1)>
~ o, (2, = a, o, =4 0= |\ —F— |, t=1U, )
b 2" 2mv/ab
then X" ~ Ul for all |r| > 1 by applying Theorem [4.1)and Corollary [4.1]

(3) Assume S ~ S(0,1) and u # 0, where S(0, 1) is the semicircle law with
mean 0 and variance 1 (see Example[2.1(1)). Then the distribution of .S +  is FID.
However, the distribution of (S + u)? is not FID (see [8]).

If u > 2, then

1
S—{—urvGPFP(a:u—Q,b:u—|—2,N:1,a:2,l:—l)
™

1
=5 Vi- (2 —u)? - Lu2ut2)(z)dz.
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By Remark {.1]
1 1 1
(S+u)1~GPFP<a: b= Nzl,a:2\/u2—4,l:2).
T

u+2’ u—2’

By Theorem we have (S +u)™" = ((S +u)~ )" ~ Ul for r > 1. Finally, we
conclude that (S + u)* ~ Ul forall u > 2 and s < —1.

(4) Consider a random variable Sy, ; ~ i, , Wwhere p,, ;, is the GPFP distribu-
tion given by (4.3) in Example 3) forn € Nand b > 0. Then Sj, , ~ Ul for all
[r| > 1 by Theorem[4.1]and Corollary

Recall that f4,, ;, — p, weakly as n — oo, where 1y, is the probability measure
given by @.4) in Example [4.1(3) for each b > 0. If S, ~ p, then the weak
closedness of the UI class implies that S; ~ Ul for all |r| > 1.

(5) Consider a random variable B,, ; ~ p,, ;, where p,, ; is the GPFP distribution
given by in Example[4.1(5) forn € Nand | < 1/2.

If0 <1< 1/2then B}, ; ~ Ulforall|r| > 1by Theorem[.Iand Corollary[4.1]

By Remark 4.1 we have

_ 1 a(n,l)
4.8 B~! ~ GPFP( 1 1[-’ 1—-1).
“48) . <n Vo B(/2-1,3/2) >

If I < Othen B | = (B, ;)" ~ Ulforall + > 1 by Theorem and condi-
tion (4.8). Finally we conclude thatif < 0 then By, ; ~ Ul forall s < —1.

Recall that p,; — B1/2—13/2 weakly as n — oo for each | < 1/2.If By ~
B1/2-1,3/2, then the weak closedness of the UI class implies that (i) if 0 <7 < 1 /2

then B ~ Ul for all |r| > 1, and (ii) if { < 0 then B ~ Ul for all s < —1.

5. NON-FREE-INFINITE DIVISIBILITY FOR GPFP DISTRIBUTIONS

In this section, we give a few of examples of the GPFP distributions which fail to
satisfy the conclusions of Theorem | 1] or Corollary

Let (A, ¢) be a C*-probability space and X € A a random variable. The nth
moment m,, = m,(X) of X is defined to be ¢(X™). In particular, if X ~ p, we
write my, (u) for the nth moment of X (or w). The nth free cumulant k,, = Kk, (X)
of X is defined as the nth coefficient of the power series of the free cumulant
transform C'y (z). If X ~ pu, we write k,, (1) for the nth free cumulant of X (or p).
We have the moment-cumulant formula

Kn= (H m|v|>u(7r,1n), n e N,

meNC(n) "Ver

where NC(n) is the set of non-crossing partitions of the set {1,...,n}, the sym-
bol 1,, is the non-crossing partition which has the block {1,...,n}, u(mr, o) (for
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7 < 0 in NC(n)) is the Mobius function of NC(n), and |V/| is the number of ele-
ments in a block V of 7 (see [[14] for details). By the moment-cumulant formula,
we can compute the free cumulants. For example, we have

K1 =my, ko= mg—m%, K3 = M3 —3m1m2+2m§’,
(5.1) Ky = my —4mims —2m3+10mimy — 5m7,

Ks = M5 —5mimy —dmoms + 15m1m3 + 15m1m2 35m1m2 + 14m1

The nth free cumulant of the free Poisson distribution fp(p) is k., (fp(p)) = p for
all n € N (from Example [2.1(2)). Then (5.1)) yields

mi(fp(p)) =p, ma(fp(p)) =p(p + 1),
ms(fp(p)) = p(p* + 3p + 1),
(5.2) s
my(fp(p)) = p(p° + 6p” + 6p + 1),
ms(fp(p)) = p(p* + 10p* + 20p + 10p + 1).

In particular, we need to compute the moments of fp(p) of degree s € C:
ms(fp(p) fa;sfp )(dx), seC,p>1.

This is an analytic function of s in C.
LEMMA 5.1. For s € Candp > 1, we have

ms(fp(p)) = W-

Proof. Lets € Cand p > 1. Then

Wt )@ (V- 1))

ms(fp(p)) = T e
(fp(p)) (ﬁ{1)2 -
1
=(p—-1) (ﬁfl)Q x5 V(wzm =) o~ iy dz
2
e T

1 (vVPH1)? . N2 =2) (@ —(p—1)2)

- f dz

(p_l)—l—Qs (\/f? 1) 27
_ ma (fo(p)
(p—1)7t=2 "

where the second equality holds by changing variables from x to 2! and the third
equality holds by changing variables from z to z/(p — 1),
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By Lemmal[5.1] forallp > 1,

1
(5.3) m—1(fp(p)) = o1 .

LEMMA 5.2. Letp > 1 and a, a0 > 0.

(1) The measure

JE— ) (e )
VP12 A (/p-1) Qs
G4 22 (al " 90) 1((\/511)2’(@1_1)2)(95)@:

is a probability measure if and only if oy + aop =p — 1.

(2) The measure

+1)2 —z)(x — —1)2 o
VACVER) 272; V) )<a1+x§>1<<ﬁ1)2,(ﬁ+1>2>($)d$

(5.5)

is a probability measure if and only if oy + ﬁag =1

Proof. (1) Assume that (5.4) is a probability measure. Suppose that X is a
random variable which follows the measure (5.4). Then

(5.6)

xr— —1)? Z—z
X_l ~ \/( <\/ﬁ2ﬂ_2}1 z(i;/xﬁ + 1) ) (Oél -|—agﬂf)l((\/ﬁ_l)27(\/ﬁ+1)2)(CC)d{L‘.

By our assumption, (5.6) is also a probability measure. Equivalently,

1 1
L= (onmo(fp(p) + axmi (Fo(p)) = = (o1 +p).
Therefore avy + aop = p — 1. The converse is clear.

(2) Let pip.a, 0, be the measure (5.5)) on the positive real line. It is a probability
measure if and only if

(vp+1)?
1= [ ppase(de) = armo(fp(p)) + azm_s(fp(p)).
(vp—1)?

The calculation (5.3) implies our conclusion. =

There is a criterion for free infinite divisibility of probability measures on R
with compact support.
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LEMMA 5.3 (see [14, Theorem 13.16]). Let u be a probability measure on R
with compact support. The following conditions are equivalent:

(1) pis FID.

(2) The sequence {kn (1) }nen of free cumulants of p is conditionally positive def-
inite: for alln € Nand a1, . .., a, € C we have

7

> aitkii(p) > 0.
i=1

In particular, if a compactly supported probability measure i is FID, then the

nth Hankel determinant det((ki+;(1)); ;=) of the sequence {ry (1) tnen is
nonnegative for all n € N.

First we give an example of the GPFP distribution which fails to satisfy the
conclusion of Corollary

EXAMPLE 5.1. Consider the GPFP distribution

Tar.n (d2) :zGPFP((\/Qil)z, (\/51_1)2,2, <;; ;2> 1=, )>

1
\/(1: - (ﬁ+1)2) ((\/51_1)2 - ‘73) aq o9
= — |1 1 1 x)dx,
22 ) EmrvE?)

2nx T

where a1, > 0 satisfy o + 2a5 = 1 (0 < ag < 1/2) (see Lemma [5.2] ll))
The GPFP distribution 0, q, fails to satisfy the assumption of Corollary [4.1]since

= (1,2) ¢[0,1]2.

If Xo) 00 ~ Oay,aq, then the distribution of X 1 isnotFIDforall g, 9 > 0

aq,09
with a1 + 2ap = 1. Therefore o4, o, does not satisfy the conclusion of Corol-

lary A.1]
Proof of Lemma By Remark . T| (or (5.6)), we have

X a2~GPFP<(\/§—1) (V2 +1)2, (OQ 0‘1), (—1,0))

on’ 21
Vi@ — (VZ-12)((V2+1)2 - a)

B 2 (a1 + @22)L((y3o1y2,(var1y2) (F)d2.

From a1 + 2a0 = 1 and (5.2)), we have

my (X, QQ) (1 = 2ag)m1(fp(2)) + aama(fp(2)) = 2(1 + a2),
5.7) m2(X, ay) = (1 = 202)ma(fp(2)) + azma(fp(2)) = 2(3 + 5a),

m3(Xg, a2) (1 = 2a2)ms(fp(2)) + aomy(fp(2)) = 2(11 + 23a3),

ma(X o, OQ) (1 — 209)my(fp(2)) + aams(fp(2)) = 2(45 + 107az).
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From (5.1)) and (5.7)), we have
Ko = ka(X 1,,) = —2(203 — ag — 1),

1,02
k3 o= k3(X 5, ,) = 2(8a3 — 603 — ag + 1),
ka = kg(X]) 0,) = —2(202 — 1)(2003 — 1003 — 3z + 1),

where £y, is the nth free cumulant of X 117012. By an elementary calculation, the 2nd
Hankel determinant xKorx4 — /i% (a function of «vp) is negative for all 0 < ap < 1/2
with oy + 202 = 1. By Lemma 5.3 for all oy, 0 > 0 with oy + 22 = 1, the

distribution of X 0_{11,&2 isnot FID. m

Next we give an example of the GPFP distribution which fails to satisfy the
conclusion of Theorem (4.1

EXAMPLE 5.2. Consider the GPFP distribution
770617042(d'r) = GPFP((\/i - 1)27 (\/§+ 1>27 27 <a1 a2>7 l = (072)>

on’ 21
SO —a)a- (-1 g
- 2rx a1+ ) 1((\/5—1)2,(\/§+1)2)(x)dl‘)

where a1, ap > 0 satisfy a1 +2a2 = 1 (see Lemma|5.2(2)). The GPFP distribution
Ta,a fails to satisfy the assumption of Theorem ce 1=1(0,2) ¢ [t,t+1]2
forany ¢ > 0.

There exist a1, > 0 with a1 + 2o = 1 such that the GPFP distribution
Na oz is Not FID. Therefore 14, o, does not satisfy the conclusion of Theorem 4.1

Proof. From o + 2a = 1 and (5.2)) and (5.3), we have

mi1(Nay,a0) = (1 — 2a2)mi(fp(2)) + com—_1(fp(2)) = 2 — 3ao,
(5.8) m2(Nay,a0) = (1 — 2a2)ma(fp(2)) + aomo(fp(2)) = 6 — 11ag,
m3(Nar,a0) = (1 — 2a2)ma(fp(2)) + aomi (fp(2)) = 2(11 — 21a),
ma(Nay.a0) = (1 — 2a2)ma(fp(2)) + coma(fp(2)) = 6(15 — 29a2).
From and (5.8)), we have
Kh = Ko(Nay.as) = —903 + ag + 2,

Kh = 13(Nay.ap) = —DAa3 + 903 + 6ag + 2,
KY = Ka(Nay.an) = —4050a5 4+ 9003 + 3403 + 10ag + 2.

This implies that the 2nd Hankel determinant rhx/, — (x5)? (a function of ay)
is negative for 0 < ag < &, where @ € (0,1/2) is the unique solution ay of
the equation bk — (k4)%2 = 0. Thus 74, a, is not FID for 0 < as < & with
a1 + 202 = 1 by Lemmal5.3] =
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2.0

0.5

r 0.2 0.4 0.6 0.8

FIGURE 3. sk} — (x5)? as a function of a2. It is negative when 0 < ap < & ~ 0.157781.

Using Mathematica, we get & ~ 0.157781 (see Figure [3)). For example, the
GPFP distribution 7.7,0.15 is not FID.
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