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1. INTRODUCTION

Let (2, F,P) be a complete probability space, and {F,, },,>0 be an increasing
sequence of sub-o-algebras of F such that F = o(J,~, ). The expectation
operator and the conditional expectation operator relative to F,, are denoted by E
and [E,,, respectively. A sequence f = (f5)n>0 of random variables such that f,, is
Fn-measurable is said to be a martingale if E(|f,|) < oo and E,,(fp+1) = fn for
every n > 0.

The study of the space BMO (Bounded Mean Oscillation) began with the es-
tablishment of the so-called John—Nirenberg theorem in [[[T]. Basing mainly on the
duality and something else, the space BMO plays a remarkable role both in classi-
cal analysis and martingale theory. For example, BMO is a good space in operator
actions (see e.g. [I4], Chapter 4). And the martingale space BM O, («) was first
introduced by Herz in [4] as the dual of H,; (0 < p < 1) associated with the dyadic
filtration (see Example I below). With the help of atomic decomposition, Weisz
extended this result in [I5] to a general case. Let 7 be the set of all stopping times
with respect to {F;, }n>0. The martingale space BM O, («) ([16], p. 8; or [15]) for
1 <r <ooand a > 0is defined as

BMO;(a) ={f = (fu)nz0 : |flBrO.(a) < 00},
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where
£l BrO, (a) = sup P(v < o)V f = £l
veT

We present two well-known results (see [I6] or [15]). If 0 < p < land o = % -1,
then BM Oz («v) is the dual space of the Hardy space H_p. If the stochastic basis
{Fn}n>1 is regular, then BM O, (a) = BMO;(«). And recently, Yi et al. proved
in [I8] that BMOpg(a) = BMO; (), where o = 0 and E is a rearrangement
invariant Banach function space.

In the present paper, we consider a weak BMO martingale space. To char-
acterize the dual of the weak Hardy martingale space Hy ., Weisz in [I7] first
introduced and studied the weak BMO martingale space. Let us recall the defini-
tion. We also refer the reader to [12] and [['3] for some new results related to weak

BMO martingales spaces.

DEFINITION 1.1. Let 1 < r < oo,ar + 1 > 0. The space wBMO, () is
defined as the set of all martingales f € L, with the norm

7 ()
1 fllwBrmo, @) = [ - =dz < oo,
0
where
ta(@) =277 sup | f = [

veT:P(v<oo)<z

In the very recent paper [8], the generalized BMO martingale space is intro-
duced as the dual of Hardy—Lorentz martingale space. Strongly motivated by [&],
Definition 1.1, we introduce the following new weak BMO martingale space by
stopping time sequences.

DEFINITION 1.2. Let 1 < r < oo and a > 0. The weak BMO martingale
space wBM O, («) is defined by

wBMO, (o) ={f € Ly : || fllwuBmo,(a) < 0}

where

= 2MP(vg < 00) VT f = [0,
kez

=su
I fllwBMO, () p Supr B (o < oo)TFe
and the supremum is taken over all stopping time sequences {vj }rcz such that
2FP(1, < 00)1He € .

It is a very natural question: what is the relationship between wBMO, ()
and wBMO,(«)? The paper fully answers this question. Our main result can
be described as follows. We simply put wBMQO = wBMQO(0) and wBMO =
wBMO(0).
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THEOREM 1.1. Let 1 < r < oo and « > 0. If the stochastic basis {Fp}n>0
is regular, then

wBMO, (o) = wBMO, ()

with equivalent norms. In particular,
wBMQO, = wBMO,

with equivalent norms.

In this paper, the set of integers and the set of nonnegative integers are always
denoted by Z and N, respectively. We use C' to denote a positive constant which
may vary from line to line. The symbol C means the continuous embedding.

2. PRELIMINARIES

Firstly, we give the definition of Lorentz spaces. We denote by Ly(Q2, F,P),
or simply Lo(€2), the space of all measurable functions on (2, F,P). For any f €
Ly(Q2), we define the distribution function of f by

M) =P({w e Q: [fw)| > 5)), 5>0.
Moreover, denote by 1, (f) the decreasing rearrangement of f defined by
pe(f) =inf{s > 0: A\ (f) <t}, t>0,

with the convention that inf ) = cc.

DEFINITION 2.1. Let 0 < p < oo and 0 < q < o0. Then, the Lorentz space
L, ,(€) consists of measurable functions such that || f||,, < oo, where

[ee) 1
gdt /4

1 fllp.g = f (tl/pﬂt(f)) 7 , 0<g<oo,
0

and
[ fllpoo = sup tY/Pui(f), ¢ = oc.

0<t<oo
REMARK 2.1. We refer the reader to [2] for the following basic properties.
(1) If p = q, then Ly, 4,(Q2) becomes L, (£2).
(2) If0 < p1 <p2 <ooand0 < q < oo, then || f|p, q < C||flps,q, where C
depends on p1, po and q. This is due to P(2) = 1.

3) If0<p<ooand0 < q1 < q2 < 00, then || f||p.go < C|| fllp.q» where C
depends on q1, q2 and p.
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Denote by M the set of all martingales f = (f,,)n>0 relative to {F,}n>0
such that fo = 0. For f € M, denote its martingale difference by d,f = f, —
fn—1 (n > 0, with the convention f_; = 0). Then the maximal function and the
conditional quadratic variation of a martingale f are respectively defined by

fn= sup |fil, f*=sup|fal,
0<ikn n=0

ulf) = (L EBealds )%, a() = (Ealaif?)
Then we define ;;artingale Hardy-Lorentz spac; as follows.
DEFINITION 2.2. Let0 < p < oo and 0 < g < oo. Define
Hy=A{f e M:|flla;, =1/ llpq < oo},
Hy o =A{f e M:|[fllug, = lIs(llpqg < o0}

If p = ¢, then the martingale Hardy—Lorentz spaces recover the martingale
Hardy spaces H; and H;’ (see [1A]).

Recall that the stochastic basis {F}, },>0 is said to be regular if there exists a
positive constant R > 0 such that

(2.1) fon < Rfn-1, Vn >0,

holds for all nonnegative martingales f = ( f;,)»>0. Condition (Z-T) can be replaced
by several other equivalent conditions (see [I4], Chapter 7). We refer the reader to
[T4], p. 265, for examples for regular stochastic basis. Here, we give a special case.

EXAMPLE 2.1. Let ((0,1], F, 1) be a probability space such that y is the
Lebesgue measure and subalgebras {F), } >0 are generated as follows:
J Jj+1
2n’ 2n

Fn = a o-algebra generated by atoms ( ] ,7J=0,...,2" — 1.
Then {F, }»>0 is regular. And all martingales with respect to such {F, },>0 are
called dyadic martingales.

The method of atomic decompositions plays an important role in martingale
theory (see, for example, [3]—[5], [T6], [T7]). The atomic decompositions of Hardy—
Lorentz martingale spaces H. 5, q and martingale inequalities are given in [6] and [R].
We also mention that Hardy—Lorentz spaces with variable exponents were inves-
tigated very recently in [U] and [T0]. Let us first introduce the concept of an atom
(see [I6], p. 14).

DEFINITION 2.3. Let 0 < p < oo and p < r < 0o. A measurable function a
is called a (1, p, 7)-atom (or (3, p, r)-atom) if there exists a stopping time v € 7
such that a,, = E,,(a) = 0if v > n, and

Is(@)llr (or [la*[lr) < P(v < 00) /71,
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REMARK 2.2. Let 0 <p <r <oocand 0 < q<r. Ifaisa (1,p,r)-atom,
then |a| us , < C. Choose p1,ps such that]% =14 p%, % =14 q%. By Holder’s
inequality, we have (v is the stopping time corresponding to the atom a)

lalla,, = Is(a)xw<oe}llp.a < Clls(@)lrrlIX<co} lpr.ar

< CP(v < OO)I/T_l/p(fth/pl_lX(O,P(l/<oo))dt)1/q1 <C.
0

Similarly, we have ||GHH;; , SCfora (3,p,r)-atom a. If p = q, then C = 1.

The following result is from [B]. And the result about the Hardy space H ,
follows from the combining of Theorem 3.3 and Lemma 5.1 in [K].

THEOREM 2.1. If f = (fa)nz0 € H,, for 0 < p < 00,0 < g < 00, then
there exist a sequence (a*)ez of (1,p, 00)-atoms and a positive number A sat-
isfying ju = A - 2FP(v, < oo)l/ P (where vy, is the stopping time corresponding
to a¥) such that

(2.2) = ,uka,]f; a.e., mneN,
keZ

and

{r i, < Cllfllmg,-

Conversely, if the martingale f has the above decomposition, then [ € Hj , and
| fll ez, ~ inf [[{px}i,, where the infimum is taken over all the above decompo-
sitions.

Moreover, if the stochastic basis {F }n>0 is regular and if we replace Hp .
(1,p, 00)-atoms by H,, ., (3, p, o0)-atoms, then the conclusions above still hold.

LEMMA 2.1 ([M], Lemma 1.2). Let 0 < p < oo and let the nonnegative se-
quence {3} be such that {2F 3.} € 19,0 < q < co. Further, suppose the nonnega-
tive function @ satisfies the following property: there exists 0 < € < min(1, q/p)
such that, given an arbitrary integer ko, we have ¢ < VY, + Mk,, where 1y, and
Mko SALISY

ko—1
PPy, > 20 <C S (2L,

k=—o00

o
2R P (1, > 2M0) <O 3T (2% ).
k=Ko

Then ¢ € Lp,q and | ¢llp.g < C{2" i}z,
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3. A JOHN-NIRENBERG THEOREM

In this section, we prove a John—Nirenberg theorem when the stochastic basis
{Fn}n>0 is regular. The main idea and method are similar to those of [R]. The
following lemma can be found in [5], [[6]. In fact, it follows from Theorem 7.14
in [8] and Corollary 5.13 in [I6].

LEMMA 3.1. Suppose that 0 < q < oo and the stochastic basis {Fp }n>0 is
regular.
If0 <p < oo, then Hy, , and H; , are equivalent.

If1 < p < oo, then H;:q, Hp, and L,, 4 are all equivalent.

L, is not dense in L, . This fact is mentioned in [[IZ], p. 143 (see also [2],
Remark 1.4.14). Hence, to describe the duality, we need the following definition
from [[Z], Remark 1.7.

DEFINITION 3.1. Let a measurable set Ay, C 2 satisfy P(Ax) —0 as k— oc.

Define £,  as the set of all f € L, - having the absolute continuous quasi-norm
defined by

ﬁp,oo — {f € Lp,OO . klir& ||fXAk||p,oo = 0}
L}« is a closed subspace of L;, o, and L, C L) o C Ly (see [7]). Now we
define
HISLOO ={f = (fa)nzo:5(f) € Lpoo}s

which is a closed subspace of H .. Similarly, we define H; .

REMARK 3.1. (1) According to [[I], Remark 2.2, we can conclude that H5 =
Ly is dense in 'H;, ..

(2) If the stochastic basis {Fy, }n>0 is regular, then, by the same argument of
Remark 2.2 in [[1], Ly is dense in H;OO.

LEMMA 3.2. Let 0 < p < 1. If the stochastic basis {F }n>0 is regular, then

1
(Hpoo)" =wBMO1(a), a= o 1.

Proof. Let g € wBMO;(«). Define

ng(f) :E(fg)a feLoo

Then, by Theorem 1, we find that (v, is the stopping time corresponding to the
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atom a” for every k € 7Z)

[0(N)] < X lmklE(a"(g — ¢")) < X lmllla®llcllg — g7 11

keZ kEZ
ko *

<O melll(@®)lcllg = 97 lIn

keZ
<C Y |uklP(v < 00)"Pllg — g

kEZ
=C-AY 29— g™

keZ

By the definition of || - ||, A70, (), W€ Obtain

[9g(f)I < C Asgp 2"P(vk < 00) |l gllwB 1104 ()
< Clfllag Nllwsrros @)

Since the stochastic basis {F,},>0 is regular, L, is dense in H;,Oo (see Re-
mark B1(2)). Then ¢, can be uniquely extended to be a continuous linear func-
tional on Hj) ..

Conversely, let ¢ € (H;}oo)*. Since Ly is dense in H, ., (see Remark B71(2)),
there exists g € Lo C L such that

o(f) =E(fg), [ € Lo

Let {1} }xez be a stopping time sequence satisfying {2¥P (1, < 00)YP ez € oo
and let

1
he =sign(g — g"*), a" = 5 (e = Wy )P (v, < 00) /P

Then a is a (3, p, oo)-atom. Let fV = ZsziN 2FH1P (1, < 00)'/Pa¥, where N
is an arbitrary nonnegative integer. By Theorem IZ1I, we have fV € H; . and

HfNHH;m < ngp 2FP (1 < 00) VP

Consequently,

N N N
> lg—g% = X 2E(hilg—g™) = Y 2"E((hs — hy¥)g)
k=—N k=—N k=—N

=E(Vg) = o(F™) < 1V luz.. 14l
< Csup QkIP’(l/k < Oo)l/pHQﬁH-
k
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Thus we have
N k v
> 2%[g — g™l
k=—N

< Clo]l.
supy, 2P (v < 00)1/P i

This implies ||g]|, 8170, (o) < C||#||- The proof is complete. =

LEMMA 3.3. Let 0 < p < 1,1 < r < oc. If the stochastic basis {Fy }n>0 is

regular, then

1
(H}o0)" = wBMO, (), a= o 1.

Proof. By Holder’s inequality, we have || f||, 5170, (o) < || fllwBMO, (a) fOr
any f € wBMO,(a).Let g € wBMO,(«) C L,. We define

¢g(f) =E(fg), Vf€ Ly

Then, by Lemma B, we have

19 () < Cllfllas M9llwBrror @) < Clflms,  N9llwsrio, ()-

It follows from Remark B(2) that L, is dense in H,; . Thus ¢, can be uniquely
extended to be a continuous linear functional on H,, ..

Conversely, if ¢ € (H}, .,)*, by Doob’s maximal inequality, we have L, =
H}, . CHy - Then (K, )* C (L))" = L;. Thus there exists g € L, such that

o(f) = ¢g(f) =E(fg), Vf€ Ly

Let {1}, }rez be a stopping time sequence such that {2FP(v, < 00)/P} ey € loo
and N be an arbitrary nonnegative integer. Let

1 . 7 N ,
51gnr(€1 g )7 f _ Z QkP(l/k < Oo)l/r (hk _ th)
lg — g7 k=—N

Vk’r—l

By =199

For an arbitrary integer kg which satisfies — N < kg < N (forkg < —N,letG =0
and H = f;forkg > N,let H =0and G = f), let

f=G+H,

where
ko—1

G= Y 2°P(yy < 0o)Y" (hy — B¥)
k=—N

and

N
H=Y 2P(v < 00)V" (hy — BY¥).
k=ko
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Obviously, ||+ = 1, and [|G]|,» < 231"\ 2"P(vy < 00)'/™'. By the sublin-
earity of the maximal operator *, we have f* < G* + H*.Lete = p/r’ (0<e<1).
By Doob’s maximal inequality, we have

1 / 1 /
* k *
P(G" > 2") < o 1G < Oz Gl
1 kel Ly
gCW( > 2Py < o0)tT)

k=—N

On the other hand, { H* > 0} C U;ivzko{’/k < o0}. Then, foreach 0 < e < 1, we
have

N
okosPp(H* > 2ko) L 2RoPP(H* > 0) < 2M°P 3T P(1y, < 00)

k=ko
N N
<Y 2Py, < o0) = Y (ZkEP(Vk < 00)1/p)p
k=ko k=ko
oo
< D) (Qkap(uk < oo)l/p)p.

k=ko

By Lemma T, we have f* € L, o0 and || f*[|p.0o < C|[{2"P(v < 00)"P}icz i, -
Thus, f € Hy , and

I £llas .. < Csup2¥P(yy, < 00)/P.
‘ k
Consequently,

N N
S 2Py < o00) Vg - g |l = Y 28P(ur < 00) Y E(hi(g — g))
k=—N k=—N
N !
= Y 2"P(uy, < c)VTE((hy, — h¥)g)
k=—N

=E(f9) = ¢(f) <|flla,ll#ll
< Csup 2FP(yy, < o0) /P,
k

Thus we obtain

N
© 2MP(vg < 00) M7 |g — g |lr
k=—N

< Cfell

supy, 2KP(vy, < 00)1/P

Taking N — oo and the supremum over all stopping time sequences satisfying
{2"P(vi < 00)'/P}rez € loo, We get [|gllwnaro, (o) < Clle]. =
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Now we formulate the weak version of the John—Nirenberg theorem, which
directly follows from Lemmas B2 and B3.

THEOREM 3.1. Let > 0 and 1 < r < oo. If the stochastic basis {Fp}n>0

is regular, then
wBMO,(a) = wBMO ()

with equivalent norms.
According to Lemma B, Lemma B3 holds if we replace H;, ., by H; .

Without regularity of stochastic basis { ), }»>0, we also get a duality result.

*

PROPOSITION 3.1. Let 0 < p < 1. Then (H; )
1/p—1.

Proof. Notethat H; = Ly is dense in H, ., by Remark B1I(1). The first part
of the proof is similar to that of Lemma B2, and the converse part is similar to that
of Lemma B3 with r = 2. We omit the proof. =

= wBMOs(a) with a =

4. PROOF OF THE MAIN THEOREM

In this section we complete the proof of Theorem [T
Let H;,oo be the H, ,, closure of HS,. Since H5, C H; = Lo, using Re-

S

mark BT(1), we have F;OO C H} - Then (K )" C (H, )"

LEMMA 4.1 ([I7], Corollary 6). Let 0 < p < 2. Then the dual space ofﬁ;OO
is wWBMOs(a) witha = 1/p — 1.

LEMMA 4.2 ([I'7], Corollary 8). Suppose that the stochastic basis {F, }n>0
is regular and 1 < r < oco. If ar + 1 > 0 for a fixed o, then

wBMO, (o)) = wBMO2 ()
with equivalent norms.
THEOREM 4.1. Suppose that o > 0. Then
wBMOs(a) = wBM Oz ()
with equivalent norms.

Proof. Letp = IJ%Q Since (H; o)* C (F;oo)*, it follows from Proposi-
tion B0 and Lemma BTl that

wBMOz(a) C wBMOs ().

To obtain
wBMOy(a) D wBMOy(a),
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we shall show that

Cllfllwsrmos(a) 2 1fllwBros(a)

for any f € wBMOy(«). Suppose that {1 } ez is an arbitrary stopping time se-
quence such that {2FP (1, < 00)Y/P} ez € loo. Let

B = sup 2FP (1, < 00)/P.
k
We can claim that

Z ti(Bp2—kp) < CHwaBMOQ(oa)'

k=—0o0
To this end, let C, = B27*P. Then, for any = € (Cj1,Cy), we have

CHET R (Chn) < V2082 (2) < O T 42(Ch).

We refer to [IZ], p. 144, for a more general case of the inequalities above. Hence,
00 t2 00 Ch 12 ( )

a = ¥ f > (1 —27P)27P(1/2+a) S 12 (Br27hP),

k=—00 Ck+1 k=—o00

On the other hand, since BP27* > P(v;, < o) for all k, we have

io: t2 (BPkap) > io: 216(31?2_14;19)1/2||f B ka ||2
k=—o00 “ k=—00 B
LS 2P < 00) Pl =

k=—00

By the definition of wBM Os(«), we complete the proof. m

REMARK 4.1. If one proves the dual space of Hy o is WBMO(a), then The-
orem B holds. If one shows H, ., = = H, __, then Proposition B implies Theo-

P,00°
rem B1l. We leave the proofs to the interested reader.

Now we are ready to prove the main result of the paper.
Proof of Theorem . It directly follows from Theorems Bl and BTl
and Lemma 2. =
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