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Abstract. We consider reflected backward stochastic differential equa-
tions, with two barriers, defined on probability spaces equipped with filtra-
tion satisfying only the usual assumptions of right-continuity and complete-
ness. As for barriers, we assume that there are cadlag processes of class
D that are completely separated. We prove the existence and uniqueness of
solutions for an integrable final condition and an integrable monotone gen-
erator. An application to the zero-sum Dynkin game is given.
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1. INTRODUCTION AND NOTATION

In this paper we study the problem of existence and uniqueness of solutions
of backward stochastic differential equations (BSDEs) with two reflecting cadlag
barriers L, U. The main new feature is that we deal with equations on probabil-
ity spaces with general filtration F = {F;t € [0,7T]} satisfying only the usual
conditions of right-continuity and completeness and we do not assume that the
barriers satisfy the so-called Mokobodzki condition. Instead, we assume that the
lower barrier L and the upper barrier U are completely separated in the sense that
Ly < Ugand Ly < U;_ for t € [0, T]. Moreover, we consider equations with L?
data, where p € [1, 2]. Our motivation for considering such a general setting comes
from PDEs theory (equations involving nonlocal operators, see [9], [[1]]) and from
the theory of optimal stopping (Dynkin games, see [R], [I2], [I4], [T5]).

LetT" > 0. Suppose we are given an Fr-measurable random variable &, a pro-
gressively measurable function f : Q x [0,7] x R — R and two adapted cadlag
processes L, U such that L; < Uy, ¢ € [0, T]. Roughly speaking, by a solution of
the reflected BSDE with terminal condition &, generator f and barriers L, U we
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mean a quadruple (Y, K, A, M) of cadlag adapted processes such that Y is of
Doob’s class D, K, A are increasing processes such that Ky = Ag = 0, M is a lo-
cal martingale with My = 0, and a.s. we have

T T T T
Vi=¢+ [ f(s,Yy)ds+ [dK, — [dAs — [dM,, te[0,T],
t t t t

(1.1) Li<Y,<U, tel0,T),
T T
J(Yie — Li_)dK; = [(Up— — Y;—) dA, = 0.
0 0

In most papers devoted to reflected BSDEs with two barriers it is assumed that
L, U satisty one of the following conditions:

(a) between L and U one can find a process X such that X is a difference of
nonnegative cadlag supermartinagles (the so-called Mokobodzki condition); or

(b) Ly < Uy and Ly— < Uy for ¢t € [0,T] (i.e. the barriers are completely
separated).

Problem () under assumption (a) is studied thoroughly in Klimsiak [R].
Among other things, in [K] it is proved that if f is continuous and monotone with
respect to y and satisfies mild integrability conditions (see hypotheses (H1)—(H4)
in Section 0), then there exists a unique solution of (ITI).

A drawback to assumption (a), and one of the main reasons why more explicit
condition (b) is considered, is that (a) can sometimes be difficult to check. Unfor-
tunately, equations with barriers satisfying (b) are more difficult to deal with. At
present, all the existing results on equations with barriers satisfying (b) concern the
case where the underlying filtration is Brownian (see Hamadéne and Hassani [4],
Hamadene et al. [8]) or is generated by a Brownian motion and an independent
Poisson random measure (see Hamadéne and Wang [6]). Moreover, in [@]-[B] it
is assumed that f is Lipschitz continuous and the data (including barriers) are L?-
integrable. Recently, in [[7], in the case of Brownian filtration, an existence and
uniqueness result was proved for equations with separated continuous barriers, L'
data and Lipschitz continuous generator.

Our main theorem says that under the assumptions on &, f from [8] and cadlag
barriers L,U satisfying (b) and such that L*, U~ are of class D there exists
a unique solution of (IIl). Thus we extend the results from [K] to barriers satis-
fying (b) and at the same time we generalize the results of [@]—[[Z] to equations
with general filtration and less regular data. It is worth pointing out that as a simple
corollary to our existence result (it suffices to consider the generator f = 0) one
gets the following result from the general theory of stochastic processes: if two
cadlag processes L, U are completely separated and L™, U~ are of class D, then
there exists a semimartingale of class D between L and U.

The main idea of the proof of our main result is to reduce the problem with
completely separated barriers to the problem with barriers satisfying the Moko-
bodzki condition, and then apply the results of [R]. Such a reduction is possible
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locally (we use here some modification of a construction from [3]) and enables us
to obtain solutions of (IT) on stochastic intervals of the form [0, 7,,], where {7, }
is some stationary sequence of stopping times. These local solutions can be put
together to get the solution of (I-T) on [0, 7']. The last step involves some techni-
calities, but in general our proof is short and rather simple. In our opinion, it is
much simpler than the proof for equations with the underlying Brownian—Poisson
filtration and L2 data given in [6].

The paper is organized as follows. In Section @ we review some results from
[8] concerning reflected BSDEs with one barrier. The proof of the main result is
given in Section B. Finally, in Section B we give an application of the results of
Section B to the zero-sum Dynkin game with payoff function determined by &, f
and L, U.

Notation. Let 7' > 0 and let (Q, F,F = {F; }4c[0,7], P) be a filtered proba-
bility space with filtration satisfying the usual assumptions of completeness and
right-continuity. By 7 we denote the set of all F-stopping times such that 7 < T,
and by 7, t € [0, T, the set of 7 € T such that P(7 > t) = 1.

By V we denote the set of all F-progressively measurable processes of fi-
nite variation, and by V! the subset of V consisting of all processes V such that
E|V|r < oo, where |V|r stands for the variation of V' on [0,7]. Vp is the sub-
set of V consisting of all processes V' such that Vj = 0, Vgr (resp. pvg ) is the
subset of V) of all increasing processes (resp. predictable increasing processes).
M (resp. M) denotes the set of all F-martingales (resp. local martingales). By
L'(FF) we denote the space of all F-progressively measurable processes X such
that F¥ fOT | X;|dt < oo, and by L'(Fr) the space of all Fr-measurable random
variables £ such that E|¢| < oc.

For a stochastic process X weset X = X V0, X~ = —(X A0)and X;_ =
limg _t X with the convention that X = X. We also adopt the convention that

b
fa = f(a,b]'

2. BSDEs WITH ONE REFLECTING BARRIER

In what follows £ is an Fp-measurable random variable, and L,U are F-
progressively measurable cadlag processes, V € Vpand f: Q x [0,7] x R — R
is a measurable function such that f(-, y) is an F-progressively measurable process
for every y € R (for the sake of brevity, in our notation we omit the dependence of
fonw € Q).

We will need the following assumptions on £ and f:

(H1) There exists a constant ;4 € R such that for almost every ¢ € [0, 7] and
ally,y € R,

(fty) = Ft ) =) < ply =]

(H2) [0,T] >t~ f(t,y) € L*(0,T) forevery y € R.
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(H3) The function R > y +— f(t,y) is continuous for almost every ¢t € [0, 7.

(H4) ¢ € LY(Fr), V € Vo N VY, f(-,0) € LY(F).

Recall that a stochastic process X on [0, 77 is said to be of class D if {X :
7 € T} is a uniformly integrable family of random variables.

DEFINITION 2.1. We say that a triple (Y, K, M) of cadlag processes is a
solution of the reflected BSDE with terminal condition £, generator f + dV and
lower barrier L (RBSDE(, f + dV, L) for short) if

(a) Y is a process of class D, K € PVI, M € M, with My = 0,

(b) Ly <Y, t€[0,T], P-as.,

T
© [y (Vie — Ly )dK; =0,
) Ye=¢+ [ f(s,Ys) ds+ [ Vet [ dE,— [ dM,.t € 0,T), P-as.

DEFINITION 2.2. We say that a triple (Y, K, M) of cadlag processes is a
solution of the reflected BSDE with terminal condition £, generator f + dV and
upper barrier U (RBSDE(E, f + dV,U) for short) if

(a) Y is a process of class D, A € pVSF, M € M, with My =0,

(b) Y < Ut €]0,T], P-as.,

T
(©) fo (U= —Y;—)dA, =0,
) Yi=¢+ [ f(s, Y ds+ [T av— [T dA,— [T dM,, t € [0,T], P-ass.

Our motivations for considering reflected equations involving a finite variation
process V' comes from the theory of partial differential equations with measure
data. In these applications, V' is an additive functional of a Markov process in the
Revuz correspondence with some smooth measure, see [9]-[I1].

In the theorem below we recall some results on reflecting BSDEs with one
barrier proved in [R]. They will play an important role in the proof of our main
result in Section B.

THEOREM 2.1. Assume that L™, U~ are of class D and (H1)—(H4) are satis-

fied.
(i) There exists a unique solution (Y, K, M) of RBSDE(E, f + dV, L).
Moreover, if (Y™, M™), n € N, are solutions of BSDEs of the form
T T T T
Y =&+ [ f(s.X)ds+ [dVs+ [n(Ls = Y) " ds — [ dM],
t t t t

then Y /' Yi,t € [0,T], P-a.s.
(ii) There exists a unique solution (17,117 M) of RBSDE(, f + dV,U).
Moreover, if (Y™, M™), n € N, are solutions of BSDEs of the form

- T _ T T T
VP =¢+ [f(s,YM)ds+ [dVs — [n(Y] — Uyt ds — [dM,
t t t t

then 57;” Yt € [0,T], P-a.s.
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Proof. Part (i) is proved in [8], Theorem 4.1, under the assumption that L is
of class D. The following argument shows that in fact it suffices to assume that L™
is of class D. Let (Y9, M?) be a solution of the BSDE

T T T
@2.1) VP =&+ [ f(s,Y)ds+ [dVi— [dM, te[0,T],
t t t

andlet L = LV (Y% —¢) forsome e > 0.1f LT is of class D, then L¢ is of class D,
because Y is of class D. Therefore, by Theorem 4.1 in [R], there exists a solution
(Y, K¢, M?) of RBSDE(&, f + dV, LF) such that K¢ € V. In particular,

T T T T
22) Y=+ [f(s,YE)ds+ [dVi+ [dKS — [dMZ, te€]0,T],
t t t t

and
(2.3) Y>> L > L.

By (Z-T), (Z2) and Proposition 2.1 in [4], Y* > Y. Hence we have live sg, 3 =
liye >z y fort € [0, 7], and consequently

T T
(2.4) {(Yti — Ly )dE; = [(YE — Li-)lgye 5p, 3 (t) dKG

(Y2 — L )gye 12 3 (8) dKG =0,

o~—~N o

the last equality being a consequence of the fact that fOT Liye sze 3 (t) dKF = 0.
By (Z2)—(24) the triple (Y, K, M) = (Y&, K¢, M¢) is a solution of the equa-
tion RBSDE(E, f + dV, L). Uniqueness follows from Corollary 2.2 in [R]. This
proves the first part of (i). Observe now that the first component of the solution
of RBSDE(£,0, L) is a supermartingale of class D dominating L. Therefore, to
prove that Y;* Y}, t € [0, T1, it suffices to repeat step by step the proof of Theo-
rem 4.1 in [®]. Since the proof of (ii) is analogous to that of (i), we omit it. m

3. BSDEs WITH TWO REFLECTING BARRIERS

In this section &, f, V and U, L are as in Section [. We also assume that L; <
Ui fort € [0,T], P-as.

DEFINITION 3.1. We say that a quadruple (Y, K, A, M) of cadlag processes
is a solution of the reflected BSDE with terminal condition £, generator f + dV/,
lower barrier L and upper barrier U (RBSDE(E, f 4+ dV, L, U) for short) if
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(LU1) Y is aprocess of class D, A, K € PV, M € M, with My = 0;

(LU2) Ly <Y; < Uyt €10,T], P-as.;

LU3) [ (Yo — L) dK; = [ (U — Vo) dA; = 0;

(U4 Vi= ¢+ [ f(s,Ya)ds + [ dVi+ [ d(i,— A,) = [T dM,,t €
[0,T7], P-a.s.

We will need the following conditions for the barriers L, U:

(Bl) Ly < Uyand Ly~ < U fort € [0, T1.

(B2) L+, U~ are processes of class D.

A sequence {7,,} C 7 is said to be of stationary type if

P(liminf{r, =T}) = 1.

The following lemma is an extension of Remark 3.4 in [3].

LEMMA 3.1. Assume that L,U are of class D and satisfy (B1). Then there
exists a process H € V such that Ly < Hy < Uy, t € [0,T], P-a.s. Moreover,
there exists a sequence {1,} C T of stationary type such that E|H|,, < oo for
everyn € N.

Proof. Let iy = 0, and for n € N set

LTn—l + U'rn—l > Ut LTn 1 + UT

Tn:inf{t>7n_1: 5 or 5 Lt}/\T.

Obviously, {7,} is nondecreasing. We shall show that it is increasing up to 7". To
see this, we first observe that

3.1) P(th=7ns1 <T) =0, neNuU{0}.

Indeed, suppose that w € {7, = 7,11 < T'}. Then there exists a sequence {¢,,}
such that ¢,,, \, 7, (w) and for every m € N,

L (@) + Ur (o L (@) + Ur (o
() (@ )2 (w) (@) S U (@) or Im )(w) (w) (@) <L ()

Since L and U are right-continuous, this implies that

L () (W) + Ur, ) (W)

> UTn (w) (w)

or
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Hence L., () (w) = U, () (w). Since the barriers satisfy (B1), this shows (BT).
We can now prove that {7, } is of stationary type. Suppose, on the contrary, that
there is 7 € 7 such that 7, /" 7 and P( ({7 < 7}) > 0. Then

P (LT’” ‘;U“H L "; v ‘> > 0.

This implies that P(L,_ > 2=3%= > U, ) > 0, and so P(L,_ > U,_) > 0,
which contradicts (B1). Thus {7, } is of stationary type. Set

X L,  +U;_
Ht = Z T 1 2 T 1 H[Tn—lﬂ'n)(t)7 t c [O, T]

n=1
Then L; < H; < U, t € [0,T], P-a.e., and H € V because {7, } is of stationary
type. Moreover, for each n € N,

" UT LT UT,+LT,
ElHl,, = Y, B|-i 2 o na
k=1

which is finite because L, U are of class D. m

The following example shows that in general there is no H between barriers
such that E'|H |7 is finite.

EXAMPLE 3.1. Let T = 1 and F = {F; };¢[o,1) be a Brownian filtration. Let
{Bn}nen be a partition of 2 such that By, is F; /4 -measurable and P(B,,) = Cn—2
with C = 672, n € N. Define h : [0,1) — R by the formula

b [b teli-mhniogk). neNUo)
-3, te[l-+,1-515), neN,

T 2n0 T 2n+1

and put
Li =Y hpa-1/m+1yle,, Us=Li+1, te[0,T]
n=1

One can check that L, U satisfy the assumptions of Lemma BTIl. Therefore, there
exists a process H € V such that L; < H; < Uy, t € [0,T], P-a.s. Consider now
an arbitrary process H € V such that L; < Hy < Uy, t € [0,T], P-as. By the
construction of the barriers L and U,

|H|rlp, > Y. (U — Li-| AUt~ — L)1, - 1,20y () 1B, = nlp,.
t€[0,T]

Hence

_ oo _ o) x© O
E|H|r = 3 E|H|rlp, > 3 nP(By) = 3 — = oo
n=1

n=1 n=1
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Before proving our main result, we first introduce some additional notation.
Assume that &, f satisty (H1)—(H4), and L, U satisfy (B1) and (B2). Set

im(tvy) = f(tvy) - m(y - Ut)+a ?n(tvy) = f(t’y) + n(Lt - y)+'

Then f | F" also satisfy (H1)—(H4), since yy — n(L; — y)* and y — m(y — U;)t
are Lipschitz continuous for ¢ € [0,7] and L*,U™ are of class D. By Theo-
rem T, for each n € N there exists a unique solution (?n, A" Mn) of the equa-
tion RBSDE(E, f,, + dV,U), and for each m € N there exists a unique solution
(Y™ K™ M™)of RBSDE(E, f, + dV,L). Therefore,

T T
(32) Vi =6+ [f(s,Y])ds+ [dVs
t t
=13 A N T e
n(Ls—Y )" ds— [dA; — [dM, < U,
t

+ s
t

+—=H

and

T T
Y =&+ [ f(s, Y ds+ [dVy
t t
T T T
— [mY T —Uy)Tds+ [dK] — [dM] > L,
t t t

fort € [0,T]. The function (¢,y) — f(t,y) —m(y — Us)™ +n(Ls —y)™ also sat-
isfies (H1)—(H4), so by [K], Theorem 2.7, for any n, m € N there exists a solution
(Ymm M™™) of the BSDE

T T T
Y =&+ [ f(s, Y ds + [dVs + [n(Ls = Y"™) T ds
t t t
T T
— [m(Y"™ - Ug)"ds — [dMP™, t€0,T).
t

t

By Theorem T, for each m € N the sequence {Y""},, is nondecreasing, for
each n € N the sequence {Y""},, is nonincreasing, and

Y =sup V" = lim Y™, Y, = inf Y/""" = lim Y™, tec[0,T).

i
neN n— 00 meN m—oo

In particular, for all n, m € N we have

n

(3.3) Y, <YY" <YP, te€[0,7).
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By Proposition 2.1 in [B], the sequence {7”} is nondecreasing, whereas the se-
quence {Y™} is nonincreasing. Set

(3.4) Y,=inf Y= lim Y", Y;=supY, = lim Y.
meN m—00 neN n— oo

Since Y™ > Lforallm € Nand Y < U for all n € N, we have
Xt > Lt, ?t < Ut, t e [O,T], P-as.

Also note that from (B3) and (B84) and the monotonicity of the sequences {?n}
and {Y"} it follows that

(3.5) V<V <V <y<ym<y’

Since Y and Y are solutions of reflected BSDEs, they are processes of class D.

LEMMA 3.2. Assume (H1) and (H2) are satisfied. Then for every r > 0

t— sup f(t,y) € L'(0,T).
ly|<r

Proof. By (Hl), forally € [—r,r],t € [0,T], we have

f(tv y) > f(t’ T) - 2/,147’, f(tv y) < f(ta 77‘) + 2MT
Hence

|st [yl < |f(E —r) +2pr| V [f(E,7) — 2pr].
yl<r

It suffices to use (H2) to complete the proof. m

LEMMA 3.3. Let (Y, K, A, M) be a solution of RBSDE(&, f + dV,L,U)
and let T € T. If € € LY(F,), ft,y)Lz7(t) =0 forally € Rand t € [0,T],
and
(3.6) Vi=Vine, Li=Linr, Up=Upr, t€[0,T],
then

37 Yi=Yinr, Ki=Kinr, Ar=Ainr, My= DMy, tel0,T].

Proof. By (LU4),

t t t
(3.8) Yine =Y = [ dKs— [ dAs— [ dM,.

tAT tAT tAT
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Let {¢,} be a fundamental sequence for the local martingale M and let o € 7.
Applying the Tanaka—Meyer formula we get

0N

(}/(O'/\Cn)/\T - Ya/\Cn)+ < f ]l{Y(S/\T),>YS,} dK
(oACn)AT

o/ACn

- f H{Yv(s/\‘r)—>Ys—} dAS

(oACn)AT
oNCn

- ( &/‘) :H-{Y<5/\T>7>Y57} dMS
ONCn )AT

oACn 0N

< lyey, 3 dKs— [ Igy.sy, y dM,.
(0NC)AT (OACR)AT

Taking the expectation and then letting n — oo yields

E(Yopr = Yo)" < E [ 1y, oy, ydK,.
o\

T

On the other hand, by (LU3) and (B-6),

J Lyvesve ydEs = [ Lvisv, y Ly, =1, ) dK,

ONT ONT

= [ Lyysv, 41y, —p,y dK,.

oAT

Hence

(3.9) E(Yopr = Yo)" <E [ Lyyv.ov, 31y, =1, dK,.
oNT

From now on we consider the stopping time ¢ defined by
o=inf{t >7:YVinr >V} AT.

Observe that
(3.10) Yinrlpcoy < Yilgicoy, t€[0,T].
Set

T

Br ={ [ Liv,>v, yLv, =1} dKs > 0}.

T

Since 1y, >y, y1yy, =1} < 1z, <v,}, we have

(3.11) Br c {L; <Y;}.
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From (LU3), (B10), (310) and the fact that L; = L, for ¢ € [0, T it follows that

(3.12) 1p, - | dK,=0.

TN

By (B3) and (B12),

BE(Y; —Yo)" < E [Lyoy, Ly, =1,y dE,

=E(1p, [ Liy,>v, 11y, —1,3 dKs) = 0.

Consequently,
(313)  E((Yr=Yy) " loory) =0,  E((Yr —Ys)"1{pery) =0.

Suppose that P(oc = T') = 1. Then, by (BI0) and the first equality in (BI3),
(Yinr — Y1)t =0 P-as. for t € [0,T]. We now prove that

(3.14) Pc <T)=0.
By the second equality in (B13),
(3.15) PHY: <Y,}n{o<T})=Ploc<T).

Observe that from the definition of o and the fact that L, = L, for t € [0, 7] it
follows that

(3.16) {o < T} C{L; <Y;}.
Set Vol
C:inf{t>a:Yt< T_; T}.

YT;LT Ly<T}- There-

By the right-continuity of Y and (B16) we have Y 11, .7} <
fore, using (B16), we get

(3.17) PH{Y, <Y }n{o <T}) = P(oc <T).

Furthermore, from (B_I), the definition of ¢ and (LU3) it follows that
¢ ¢ ¢

(318) 0< 1, - [dKs <y v,y [ dKs = 1q1 oy Lioecy - [ dKs = 0.
g g g

Observe that, by the definition of the set B,

¢ ¢
E(f Lyvisy, Yy =1} dK,) = E(1p, f Livisve y L=y dK).
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By the above equality, (312) and (BIX),
q o
B( [ 1y, svi Ly =1,y dKs) = E(Lpy [ Ly,sv, 1Ly, =1, ydKs)

¢
+ E(ILBT f IL{YT>YS_}IL{YS_:LT} dKS)
=0.

This combined with (B9) with ¢ replaced by ¢ gives E(Y; — Y;)* = 0. Conse-
quently, B(Y; — Y¢)"1{,<r} = 0, which together with (817) proves (814). Thus
(Yinr — Y;)T =0, t € [0,T], P-as. Applying the Tanaka-Meyer formula to the
process (Yinr—Y;) ™ and using similar arguments, one can prove that (Y —Y;)™
=0,t € [0,T], P-as. Hence

(3.19) Yi =Yinr, t€][0,T).
From (B=) and (B-19) we obtain

t t t
0= [ dK,— [ dAs— [ dM,,

tAT tAT tAT
which implies (BZ1). =

THEOREM 3.1. Assume that (H1)-(H4), (B1), (B2) are satisfied. Then there
exists a unique solution (Y, K, A, M) of RBSDE(&, f + dV, L,U). Moreover,
Y=Y=Y.

Proof. By [8], Corollary 3.2, there exists at most one solution of the equa-
tion RBSDE(, f + dV, L,U), so it suffices to prove the existence of a solution.
To this end, first assume additionally that L, U are of class D. Then by Lemma Bl
there exists H € V such that L; < Hy < Uy, t € [0,T], P-a.s. and H'/\T;Q e V! for
some sequence {7} } of stationary type. Set

(3.20) = 7L A S

and HF) = H. 5., where

5k:inf{t>0:

OH&

f(s,Hg)ds >k} AT.

Observe that H*) ¢ V! and, by Lemma B2, {7k} is of stationary type. The rest of
the proof will be divided into five steps.
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Step 1. We show the existence of a solution of RBSDE(E, f +dV,L,U)
on stochastic intervals [0, 7%]. Set

U(k) = U-/\Tk’ L(k) = L]l[O,Tk) + (LTk A YTk)]l[Tva]’
g(k) = 77%7 f(k)(ay) = f('vy)]l[O,Tk]v V(k) = V/\Tk-’
where Y is defined by (34). By (B3), ¢*) € L'(Fr). Also observe that Lgft) <
€W < U and LY < B < UM, t € [0, 7). Therefore, by [8], Theorem 3.3,

there exists a unique solution (Y(k),K(k), A M(k)) of RBSDE(g(k)7 F®) 4
dvV ) LF) UF)) such that

(3.21) EEKY <00, EAW <.

In particular, we have

T
(3.22) Y = e® g [0 (s, y®)ds + [ av®
t

fort € [0, 7). By Lemma B3,
623 (K, 49, M) = (O, K, 4D M), e 0Tl
Step 2. We are going to show that for every 7 € 7,

(3.24) V® =V s

T

By Theorem I, for each n € N there is a unique solution (Y () A(k)n pp(k)n)
of the equation RBSDE(£®), fk)n o gy k) 7(kR)) with fRn (¢ ) = fR) (¢, )
+ n(Lik) — y)T and the triple (Y *) AR} pp(R)n) satisfies

T T
3.25) YO =¢® 4 [ f® s y®Onyas 4 [ av®
t t

T T
n(L® — YBm)* ds — [aa®n — [ anon,
t

+ s
t

="

and, by [8], Theorem 3.3,

(3.26) y k. qy (k)
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Write V7' = V" — 7, Ar = AP AT N = M — 317 By (B,
(B29) and the Tanaka—Meyer formula, for all {,7 € 7 we have

- - CAT —
Vb SYOE [ Lpn sy (fP (s, Y — 10 (5,77)) ds
TACATE
CATE
+ [ T (L =Y — (L, -V )) ds
TACNATE =
CATE 5 CATE 5
TACNATE TACNAT

Consequently, using (H1), we get

- . AT
B27) Yl <Yil 4 cf Vot ds
TACNATE

CATE —n

+ [ T (L =Y — (L, -V )) ds
TACATE 5
CATE . CATE 5

n

+ [ 1 (7 >0y 445 — [ 1 (7 sop MY

TACAT, TACATE,

Since y — (Ls — y)™ is nonincreasing and L(k)]l[omc) = L1jo,7,), we have

CATE

(3.28) I L >0}((Lgk> —Y®mMF (L, Y ) ds < 0.
TACNATE 5
Since Yt(/@kn < Ut(flk = t(k) and ??Am < Uinr, = Ut(k), we have
- En . o k
Y?/\Tk g Y;f(/\'zkn \ Y:L/\Tk < Ut( )
Hence
C/\Tk C/\Tk Y(k)7n \/ ?n _ ?n
(329 [ Lyt dAi < [ Lga g —ar A
TACATE o TACATE o szf
ATk N i
< liminf m I Lgn siymy(Us— =Y ) dAT =0.
TACNATE

By (322)~(379),
- — CATE CATE
n, n, S, i ~
Y o SYO A [ Y Tds— [ 1 (7 w0y MY
TACNATE TACNATE
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for any 7, € 7. Let {Gn} be a fundamental sequence for the local martingale
M™". Replacing ¢ by (,, in the above inequality and then taking the expectation,
we obtain

Cm ATk -
EY’:;\Z_ N E)/Cn —/tTk + ME f Y:?n7+ ds.
T/\C‘"L/\Tk

The processes Y ®) Y™ are of class D as solutions of reflected BSDEs. Conse-
quently, Y™ is of class D. Therefore, letting m — oo in the above inequality,
we get

+ Y s
(3.30) EY[ L <EY!t 4 uE [ Ytds

TN\Tk

for all 7 € 7. Observe that

Tk _ Tk _ T
f szn7+ ds = f szn7+ ds = f Ysm—i_ﬂ[‘r/\‘rk,rk](s) ds
(TVE) ATy ((TATE)VE)ATE
T on
‘.thY(T\/S)/\Tk ds.

From the above inequality and (B30) with 7 replaced by 7 V t it follows that

~+ 0,4
EY onn S EYZ T +u f EY % ds, TET, te[0,T].
Applying Gronwall’s inequality to the mapping ¢ — EY( VAT gives
331 BY . <eTEVET<HtTEYIT YL te[0T).

By B3),Y" /Y., = &0, whereas by (B28) and BE23), V" 7 v = ¢b),
Hence, by the monotone convergence theorem,

By n — W — o0, BV, W] 0.
Therefore, applying Fatou’s lemma and then (BE31) with ¢ = 7', we obtain

Eliminf Y . < liminf EY%T

n—00 (tAT) N—00 TATE
< liminf et T (BlYPm —e®)| 4 By —¢®)) =0
n—oo
But YTnATk - YT(’AC)TIC - ?T/\Tk = YT(k) - Yr/\T;C Hence E(Y( ) ?T/\Tk)+ =
In much the same way one can show that E(YT( ) Y am,)” = 0, which com-

pletes the proof of (B324)). By (324)) and the optional cross-section theorem ([Z],
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p. 138-1V, (86) Theorem), the processes Y*) and Y. Ar,, are indistinguishable. In
particular, Y ..., has cadlag trajectories. By the same method we show that y (%)

and Y, are indistinguishable.

Step 3.Inthis step we define a solution on [0, T']. By Step 2, forevery k € N,
(3.32) Yo = Yinn, = Vinnana = Yoo, t€10,T).
By (B222), (B32) and the uniqueness of the semimartingale decomposition,

k+1 k+1 k+1 k+1 k k k k
(Vi s K s At Myt ) = (V0 KGR AR MUY, t € [0.T.
Therefore, we may define processes Y, K, A, M on [0, T by

333 Y=Y", K=r"% 4,=4% M=M" telo,n]

By Step 2, Yrnr, =Y =Y pr forall7 € 7T and k € N, so letting k — oo

T =—TNTk
gives Y, = Y for 7 € 7. Hence, by the cross-section theorem,

Yy =Y.

The quadruple (Y, K, A, M) is a solution of RBSDE(, f + dV, L,U). Indeed,
from (B22), (B33) and the stationarity of {7y} it follows that (Y, K, A, M) satis-
fies (LU1) and (LU4). Moreover, from the fact that (Y *), K(*) A®) A1) js a
solution of RBSDE (X, f*) 4 qv®) L(*) 7)) and by (B33) it follows that
Lipnr, < Yinr, < Uiar. t € [0,T), P-as. and

Tk Tk

SV = L) dK, = [(Up- = Yi-)dA, =0

0 0

for k € N. Since {7y} is of stationary type, this implies (LU2) and (LU3).

Step 4. Repeating the arguments from Steps 2 and 3 for £*) = Y, . we
provethatY =Y, where (Y, K, A, M) isasolutionof RBSDE(E, f+dV,L,U).
Therefore, by the uniqueness of solution, Y =Y =Y.

Step 5. We now show how to dispense with the assumption that L, U are of

class D.
LetY, Y be processes appearing in Theorem 1. By [9], Proposition 2.1,

Y;<Y;, tel0,T], P-as.

Lete > 0and let L = Ly V (Y; — ), U = Uy A (Y; 4 €). If L, U satisfy (B1)
and (B2), then also L®, U*® satisfy (B1) and are processes of class (D). By Steps
1-3 there exists a unique solution (Y, K, A, M) of RBSDE(, f + dV, L¢,U*®).
As in the proof of Theorem 1], one can check that (Y, K, A, M) is also a solution
of RBSDE(, f +dV,L,U). =
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COROLLARY 3.1. Assume that L, U satisfy (B1) and (B2). Then there exists
a semimartingale Y of class D such that Ly <Y; < Uy, t € [0, T, P-a.s.

Proof. It is enough to consider £ = L A Up, f =0, V =0, and apply
Theorem B1l. =

REMARK 3.1. Let {1, } be a sequence defined by (B20). If there exists kg € N
such that

(3.34) Py, =T) =1,

then from Step 3 of the proof of Theorem Bl it follows that (Y, K, A, M) =
(Y (ko) (ko) - A(ko) - (ko)) is g solution of RBSDE(E, f + dV, L,U). Further-
more, by (B20), EKp < 0o and EAr < oo, and by [9], Lemma 2.3, f(-,Y) €
LY (F). Also note that a sufficient condition for (334) to hold is the following: there
is H € V! such that Ly < Hy < Uy, t € [0,T), and t — f(t, Hy) is bounded.

The following example shows that in general FKp and EAr need not be
finite even if f = 0and V = 0.

EXAMPLE 3.2. Let IF be a Brownian filtration and let L, U be defined as in
Example Bl Set £ = (Ly + Ur)/2 and f = 0, V = 0. By Theorem B, there
exists a unique solution (Y, K, A, M) of RBSDE(£,0, L, U). In particular,

T T T
Vi =&+ [dK, — [dAs— [dM,, te€[0,T).
t t t

Let 7, = 1 — 1/n. Since the filtration is Brownian, AM,, = 0 P-as. for every
n € N. Hence
AY, =AA, —AK,, neNlN

In fact, by (LU2), (LU3) and the definitions of L and U, AY, = AA, ifm
iseven and AY, = —AK, if m is odd. Consequently, using the fact that L <
Y < U, we infer that

P({AA,, >1}NB,)=Cn"2 2<m<n+l1,
when m is even, and
PH{AK,, >1}NB,)=Cn"2 2<m<n+1,

when m is odd. Hence

EKr = E|K|r = ) E|K|rlp, > > —5—P(By) =C ) 55 =
n=1 n=2 n=2
and
BAr = BlAlp = 3. BlAlrip, > Y. " P(B)=C Y ot =
n=1 n=2 n=2 n
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4. DYNKIN GAMES

In this section we consider a certain stochastic game of stopping called a
Dynkin game. For interpretation of notions which we define below (payoff func-
tion, lower and upper value of the game) we refer the reader to [[].

Let L,U be cadlag processes of class D such that L, < U, t € [0,7],
P-as., and let f, £,V be as in Section B. Also assume that conditions (H1)—(H4)
are satisfied. Consider a stopping game with payoff function

ONT ONT

@.1)  Ryo,7)= [ f(s,Y)ds+ [ dVi
t t

+ 51]'{0'/\7':T} + LT]]-{T<T,T<U} + UO':[L{0'<T}7 o, 7 €Ty,
where (Y, K, A, M) is a solution of RBSDE(E, f+dV, L,U)such that K, A€ V}.
By Remark B, such a solution exists if (B1), (B2) and (BZ34) are satisfied.

The lower value V and the upper value V of the stochastic game corresponding
to R are defined by

V, =esssupessinf E(R;(o,7)|F), Vi =essinfesssup E(R:(o,7)|F:).
V, = esssupessin (Ri(0,7)|F) ¢ = essinfesssup (Ri(o,7)|F2)

We say that the game has a value if V, = V, t € [0,T], P-a.s.

LEMMA 4.1. Let {7,} be a sequence of stopping times such that 7, /' T
P-a.s. and

4.2) P(liminf{r, =7}) = 1.
Then for every o € Ty, E(R¢(0,74)|F) — E(R¢(0,7)|F) P-a.s. asn — oco.

Proof. By (BEdQ) and (B2), Ri(o, 7,) — Ri(o,T) P-a.s. Since V, L, U are of
classDand E|¢|+ E fOT |f(t,Y:)|dt < 0o, we conclude from (ET) that the family
{Ri(0, ™) }nen is a uniformly integrable family of random variables. Therefore,
the desired convergence follows from [I3], Theorem 1.3. =

THEOREM 4.1. Let the assumptions of Theorem Bl hold and additionally
let the relation (334) be satisfied. Then the stochastic game corresponding to the
payoff function (Bl) has the value equal to the first component of the solution of
RBSDE(, f+dV,L,U), ie.

(4.3) YV, =V,=V,, te[0,T], P-as.

Proof. By [I2], Lemma 5.3, to show that the game has a value it suffices
to prove that for any € > 0 and ¢ € [0, T there exist o7, 7y € 7; such that for all
o,7 €T

(4.4) — e+ E(Ri(0,7)|F) < E(Ri(o,75)|Fi) +e.
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To show (B4), we set 0f = inf{s > ¢: Y, > Us; — e} A T. Observe that Y;_ <
Us_ fort < s < o7, and hence, by (LU3),

4.5) Asl(t,aﬂ(s) = Aafl(t,af](s)7 S € [O, T].
Clearly, for any 7 € 7y,
{o; =T} Cc{r<o;}, {r>o0;}C{o] <T}.

Therefore, by (B3) it follows that on the set {7 < o} we have
T

Ry(of,7) = [ f(s,Ys)ds + [dVi+ &Lromy + Lelirory
t

<

+— 3 s+ —

f(8,Ys)ds+ [dVs+ Elomy + Yol oy + [ dKs — [ dA,
t t t

whereas on {7 > o7 } we have

of of
Rt(Uf,T) = ff(S,Y;) d8+fd%+UUfﬂ{af<T}
t t

€
T¢

< [ F(s. Yo ds+ [ dVy+ Yo + [ dK, — [ dA+e=Yi+ [ dM, +e.
t t t t t

Hence

OFNT

Rt(th,T) = Rt(afvT)ﬂ{Tiaf} + Rt(U?aT)]]-{T>Jf} <Y+ f dMs + €
t

P-as. Let {¢,} be a fundamental sequence for the local martingale M and let
Tn, = T A (. Then {7, } satisfies the assumptions of Lemma BTl and
0 ATACn

E(Ri(of, TAG)F) <EYi+ [ dMi+e|FR) =Y, +e.
t

Letting n — oo and using Lemma BT, we obtain
(4.6) E(Ri(o7,7)|F) <Y +e.

Now, let us consider the stopping time 77 = inf{s >t :Y; < Ly + e} AT. The
arguments similar to those in the proof of (E6) show that for any ¢ > O and o € 7,

4.7 E(Ri(o,7)|F) 2 Yy —e.
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Combining (E-6) with (BEZ2), we see that for any € > 0,
(4.8) — e+ E(Ri(07,7)|F) <Yy < E(Ry(o,77)|F) +e.

Thus (E=4) is satisfied and, in consequence, the game has a value. Moreover, from
(ER) and the definitions of V, V it follows that — + V; < Y; < V, +¢,t € [0, 7],
for € > 0. Since we already know that the game has a value, this implies (E3). =

Note that Dynkin games were studied, in different contexts, by several authors.
For results related to Theorem BTl we refer the reader to [[], [8], [T2], [I4], [T5]
and the references given therein.
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