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Abstract. We give sharp two-sided estimates for the functions
gm(t,z,y) and g (¢, x,y) — g(t, x,y), where gar(t, z,y) are the tran-
sition probability densities of the reflected Brownian motion on an M-
complex of order M € Z of an unbounded planar simple nested fractal and
g(t, z,y) are the transition probability densities of the “free” Brownian mo-
tion on this fractal. This is done for a large class of planar simple nested
fractals with the good labeling property.

2010 AMS Mathematics Subject Classification: Primary: 60J35,
28A80; Secondary: 60J25, 60J65.

Key words and phrases: Projection, good labeling property, reflected
process, transition probability density, simple nested fractal, graph metric,
Sierpinski gasket.

1. INTRODUCTION

The analysis and probability theory (especially stochastic processes) on frac-
tals underwent rapid development over the last decades (see e.g. [0], [T2], [23],
[?4] and the references therein). The original motivation came from the investi-
gations on the properties of disordered media in mathematical physics. Fractals
also help us to understand the features of natural phenomena such as polymers,
and growth of molds and crystals. The rigorous definition of the Brownian motion
on the Sierpifiski gasket has been given by Barlow and Perkins in [B] (see also
[Z], [Z]). Lindstrgm [M9] used a nonstandard analysis to construct such a process
on general simple nested fractals (see also [B], [IX], [22] for a Dirichlet form ap-
proach). The case of more general fractals was also addressed in [], [I4], [T&]. The
estimates of the transition densities for the Brownian motion on simple nested frac-
tals were proved by Kumagai in [I3]. The case of a more general class of finitely
ramified fractals (called affine nested fractals) was studied in [5].

* Research supported by the National Science Center, Poland, grant no. 2015/17/B/ST1/01233.
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The present article is a companion paper to [9], where the reflected Brownian
motion in an M -complex, M € Z, of a simple nested fractal was constructed (see
also the paper [20] for the case of the Sierpinski triangle). Such a process was ob-
tained as a “folding” projection of the free Brownian motion from the unbounded
fractal and the whole construction was performed under the key geometric assump-
tion that the fractal has a good labeling property (see Section 2 for more details).
It was also proved in the cited paper that the one-dimensional distributions of this
process have the continuous and symmetric densities gps (¢, x,y) (see (Z9) for a
definition), which provided us with further regularity properties of the reflected
process.

Our main goal in this paper is to find the sharp estimates of the densities
gm(t,z,y) and for differences gns(t, z,y) — g(t, x,y), where g(¢,x,y) are the
transition probability densities of a “free” process. We give an argument which
allows us to deduce the two-sided sharp estimates for these functions from the in-
trinsic growth property of the graph metric on the planar nested fractal (for the
definition of the graph metric dy;(z,y) see (Z4)). More precisely, we show that
there exist positive constants cy, . . ., ¢g (uniform in ¢, x, y and M) such that

c1(fea (t |2 = Y1) V ey (8, M) < gur(t, 2, y)
< C4(f85(ta |l’ - y‘) N h’CG(t’M))7

dw \ 1/(ds—1)
felt,r) =t~/ exp<_ ‘ (Tt > )

where

and

o DM\ e M /D)
hc(t,M):L f <t1/dw \/1) eXp<_C<t1/dw\/1> )

This result is given in Theorem Bl. Here L is a scaling factor of the fractal and
dyf, dy, and dj are certain parameters determined by the geometry of the fractal.
One can see from the above estimates that for ¢ > LMdv the density gas (¢, z,v)
behaves like L=Mdr If t < LMdw | then the reflected process less “feels” the re-
flection and resembles the free diffusion (see Corollary Bl for details). This effect
is explained by our second main result (Theorem B7), which gives the sharp two-
sided estimates for the difference gp/(¢, z,y) — g(¢, x,y). Indeed, we prove that
there are positive constants c7, ..., c12 (again uniform in ¢, x, y and M) such that

C7<fcg (t75M($7y)) v hcg(tvM)) < gM(t,:):,y) - g(t,:r,y)

< c10 (fcu (t7 6M(x7 y)) \ h012 (ta M))?

where dp/(x,y) = inf,evy, (|o — 2| + |2 — y[) and Vy; is the set of all vertices
of a basic M-complex that connect it with other M -complexes. By Corollary Bl
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mentioned above, this results describes how the dependence on the boundary of
the complex emerges in the distribution of the reflected process.

We would like to emphasize that we have direct applications for the estimates
obtained in the present paper. In the articles [I0], [I1], the reflected Brownian
motion was used to prove the existence and further asymptotic properties of the
integrated density of states for subordinate Brownian motions evolving in presence
of the Poissonian random field on the Sierpinski triangle. The estimates of the
densities were an essential tool there. The present results will allow us to continue
this research in the case when the configuration space is modeled by a general
simple nested fractal. In this context, it is crucial that our estimates describe the
behavior of gps(t, x,y) not only in =,y and ¢, but also in M. This is the subject of
our ongoing project.

At the end of the Introduction, let us say a few words about our methods.
First note that our upper bound for the tail of the series in Lemma B3 extends a
similar result in [10], Lemma 2.5, obtained for the reflected Brownian motion on
the Sierpinski gasket. The proof of that bound in an essential way uses the facts
that the M -complexes of any order M € Z of the gasket agree with the Euclidean
balls B(0,2M) intersected with the fractal and that the geodesic (or the shortest
path) metric is uniformly comparable to the Euclidean one. Such a comparabil-
ity condition is also a common assumption in the papers dealing with subordinate
Brownian motions on fractals having the d-set structure, see [4], [R]. This argument
does not have an extension to the general nested fractals, for which the geodesic
metric is typically not well defined. To overcome this difficulty, we propose a new
approach based on an application of the graph metric of order M that works well
for all nested fractals. Our main contribution is the observation that the intrinsic
growth property of the graph metric stated in Lemma BT leads to the sharp esti-
mates of densities gas(t, z,y). We also want to mention that the concluding part
of the proof of the upper bound in Lemma B follows the general ideas from the
proof of Lemma 2.5 in [10], while Lemma B3 is a new key observation.

2. PRELIMINARIES

2.1. Planar simple nested fractals. Consider a collection of similitudes W; :
R? — R? with a common scaling factor L > 1 and a common isometry part U,
ie. U;(z) = (1/L)U(x) + v;, where v; € R?, i € {1,..., N}. We shall assume
11 = 0, which will allow us to write C (M) — M0 without using the translation
before or after scaling. There exists a unique nonempty compact set ) (called
the fractal generated by the system (W;)N.,) such that £ = Uiil T;(KO). As
L > 1, each similitude has exactly one fixed point.

DEFINITION 2.1 (Essential fixed point). A fixed point z € K is an essential

fixed point if there exists another fixed point y € K(9 and two different similitudes
v,, \I’j such that \I’Z(CL‘) = \Ifj (y)
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The set of all essential fixed points of transformations ¥y, ..., ¥ is denoted
by Vi, Clearly, k := #V.”) < N. For the Sierpiriski gasket k = N, but there are
many examples with k < NV (see Fig. 1).

DEFINITION 2.2 (Simple nested fractal). The fractal K% generated by the
system (U;)Y . is called a simple nested fractal (SNF) if the following five condi-
tions are satisfied:

(D) #V” > 2.

(2) (Open set condition) There exists an open set U C R? such that for 4 %3
we have ¥;(U) N ¥;(U) = () and Ufil v, (U) CU.

(3) (Nesting) W;(K\0) N 05 (K0 = W;(Vy™) N (V) for i # .

(4) (Symmetry) For z,y € V0<0>, denote by S, , the symmetry with respect to
the line bisecting the segment [z, y|. Then

Vie{l,...,M}Ve,y e V¥ 3j e {1,..., M} Sopy (B:(Vi)) = 0, (V).

(5) (Connectivity) On the set Vf? = UZ \Ili(V0<0>) we define a graph structure
E_ as follows: (x,y) € E_ if and only if 2,y € W;(K{9) for some 7. Then the
graph (V_«?, E_,) is required to be connected.

If £ is a simple nested fractal, then we put

2.1) KM = LM af ez,

and

(2.2) Koor = | K,
M=0

The set K(°°) is the unbounded simple nested fractal (USNF).

DEFINITION 2.3. Let M € Z. Then define:
(1) An M-complex: every set Ay C K of the form

J .
(2.3) Ay=KM 4+ Y Ly,
j=M+1

for some J > M + 1, v;; € {v1,...,vN}, is called an M -complex. The set of all
M -complexes in (> is denoted by Ty
(2) Vertices of an M -complex: the set V (Ay) = LM V0<0> + Z;.]:MH Liy;,.
(3) Vertices 0flC<M>:

Vit = vy = LMy,
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(4) Vertices of all M-complexes inside an (M + m)-complex for m > 0:

V<M+m)

v y{MAm=1) + LMy,.

7

LC=

(5) Vertices of all O-complexes inside the unbounded nested fractal:
00 > M
M=0
(6) Vertices of M -complexes from the unbounded fractal:
Vi = LMy,

(7) The unique M-complex containing x € k(> \V]\<4C>o> is denoted by Ay ().

FIGURE 1. An example of a nested fractal: the Lindstrgm snowflake. It is constructed by
seven similitudes with L = 3. It has seven fixed points, but only six essential fixed points.

By dy, d,, and ds we denote the Hausdorff dimension, the walk dimension and

the spectral dimension of the SNF {9, respectively. It is known that the identity
dy/dy = dg/2 holds.
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The M -graph metric on K>} x K¢ is defined as follows:
(2.4)
0 ifrx =y;
1 if there exists Ay € 7as such that z,y € Ay,
dar(,y) = n > 1 if there does not exist Ay; € 77 such that z,y € Ay
’ and 7 is the lowest number for which there exist
AL A® A € Ty such thatz € ALY,

L yEAS\Z)andAS\?ﬂAE\ZH)#@f0r1<i<n—1.

Less formally, the M -graph metric means the smallest number of M-com-
plexes the process must walk through when passing from x to .

2.2. Good labeling property and folding projections. Throughout this section
we assume that M € Z is arbitrary but fixed. Note that every M-complex Ajs
is a regular polygon with k vertices (see [U], Proposition 2.1). In consequence,
there exist exactly k different rotations R; around the barycenter of ‘™) mapping
KM) onto KM (for i = 1,2,. ..,k the rotation R; rotates by the angle 27i/k).
Put Ry = {Rl, R ,Rk}.

The concept of the good labeling property (GLP in short) has been introduced
in [9]. Given the set of labels A = {a1,...,ax}, the labeling function is a map
lar e V]\<4°O> — A. It provides a good labeling (of order M) if every M-complex
has the complete set of labels mapped to its vertices and the vertices of any M-
complex are labeled in the same orientation. More precisely:

(1) For every M-complex A, the restriction of £5; to V' (Ajy) is a bijection
onto A.

(2) For every M-complex Ay of the form

J .
AM:’C<M>+ Z Ljyij,
j=M+1

with some J > M + 1l and v;; € {v1,...,vn} (cf. Definition Z3 (1)), there exists
arotation R ,, € Ry such that

J .
(2.5) ﬁM(v)zﬁM(RAM(v— > Ljuij)), veV(Ay).
j=M+1

The fractal K{°° is said to have the GLP if for some M € Z there exists a
labeling function /), satisfying both the conditions above. Note that due to the
self-similarity of this set, having this property for some M gives one for every
M € 7Z. The GLP takes a quite simple form in the case of the Sierpinski triangle
(cf. [20], [IT]). However, in general, it is a rather delicate property. If [, is a good
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labeling function of order M on VA<4°O>, then it is typically not true that restricting

Iy to V]\<4°j_>1 gives the GLP of order M + 1 (see [9], Remark 3.1).
Now, for the unbounded fractal (>} having the GLP, we define a projection
map
K s 2 — mpp(a) € KD

by the formula

J .
(2.6) '/TM(x) = RAM (.7} - Z L]l/ij)’
j=M+1

where Ay = KM 4 Zj: M1 L vi; is an M-complex containing x, and Ra,

is the unique rotation determined by (Z3). Here, the two cases are possible:
(Difx ¢ V]\</[°°>, then Ay, = Aps(x) (i.e. Aps can be chosen uniquely);
Q)ifx € V]\</[°o>, then A,y is one of the M -complexes AE\Z) such that

e = () A7,

where r, = rank(x) is the number of M -complexes meeting at x.

If x is a vertex from V]\<400>7 possibly belonging to more than one M -complex,
then indeed we can choose any of those complexes in the definition above — thanks
to the GLP of (), the image does not depend on the particular choice of Ag\i[).

The projection 7,s is an essential tool to construct the reflected Brownian

motion on (M),

2.3. Reflected Brownian motion on simple nested fractals. We denote by
Z = (Z1,P%);50, zexc(> the Brownian motion on the USNF K>, In the case
of the Sierpinski gasket such a process has been rigorously constructed in [B]. For
general nested fractals, the Brownian motion has been first constructed on the unit
fractal C(©) ([19], see also [IX]) and then extended to (o) by means of Dirich-
let forms ([B], see also [M3], [22]). It is a strong Markov process with continuous
paths whose distributions are invariant under local isometries of K(°°) . Tt has tran-
sition probability densities g(¢, x,y) with respect to the d ¢-dimensional Hausdorff

measure p on K(*), ie.,

P*(Z, € A) = fg(t,a:,y),u(dy), t>0, e, Ac B(IC<°°>),
A

which are jointly continuous on (0, c0) X {2 x K¢ and have the scaling prop-
erty
g(t,x,y) = LY g(L%t, La, Ly), t>0, z,y € fcloo,

Moreover, there are absolute constants cjs,...,c1g > 0 such that the following
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sub-Gaussian estimates (see [I3], Theorems 5.2 and 5.5) hold true:

@) ent=trlt exp( — e (127U
. 13 exp| — c14 ; < gt z,y)

oz —y| 1/(dy—1)
< Cl5t_df/dw exp(— C16 <t> >, t>0, z,y € ’C<OO>

The constant d; > 1, called the chemical exponent of K s a parameter de-
scribing the shortest path scaling of the set K(*°). Typically, d; # d.,, but it is
known that for the Sierpiniski gasket one has d; = d,,. The above estimates were
proved under the assumption that there exists n € N such that for any M € Z, if
z,y € K satisfy |z — y| < LM, then dps(z, y) < n (see [I3], Section 5). It was
shown in [9] that in fact this assumption holds true for any planar simple nested
fractal. For a fair account of the theory of Brownian motion on simple nested frac-
tals we refer to [0I] and the references therein.

The reflected Brownian motion on KCM) was constructed in [9] as a canonical
projection of the free Brownian motion

ZM = 7p(Z).

Formally, it is the process ZM = (ZM, P3/) >0, zexc(mn» Where the measures P,
are determined by

(2.8)
Pi(ZM e Ar,....ZM € A,) = P(Zy, € myf (A1), ... Z1, € T (An))

for every 0 <t <to < ...<tn, x € KM and Ay,..., A, € B(IC<M>). As
mentioned above, its transition probabilities are absolutely continuous with respect
to the measure y (restricted to KM)y with densities gu(t,z,y) given by

Z g(tvxay/) lnyIC \VM ,
emyt (y)
2.9) ta,y) =4 Y™
( g1 (1:,) > gt @, y’) - rank(y') ifyGV]&M>,

Y 67";[1 (y)

where rank(y’) is the number of M-complexes meeting at the point y’. Moreover,
as proved in [9], Theorems 4.1 and 4.2, the function g (¢, z,y) is continuous in
(t,z,y) and symmetric and bounded in (x, y) for every fixed ¢ > 0. This provides
us with further regularity properties of the process (Z} )t>0 such as the Feller and
the strong Feller property.

Our aim in the present paper is to find the sharp two-sided estimates for the
densities gas(t, z,y) and for gar(¢, x,y) — g(t, x, y). This goal will be achieved in
the next section.



Estimates of densities for the reflected Brownian motion on nested fractals 431

3. ESTIMATES

We are now in a position to state our main results in this paper. For given ¢ > 0
and for every t > 0, M € Z and r > 0 we put

dw \ 1/(ds—1)
3.D felt,r) = s/ duw exp( c <rt> )
and
(3.2)
P LM df—dw/(dj—1) M dw/(ds—1)
hc(t,M):L f (tl/dw \/1> exp<_c<t1/dw\/1> >

The first theorem gives the sharp two-sided estimates for gas (¢, =, y).

THEOREM 3.1. Let K{°°) be the USNF with the GLP. Then there exist con-
stants c1, . .., cg > 0 such that for everyt > 0, M € Z and x,y € KM we have

C1 (f@(tﬂ "T - y’) 4 hc3(t, M)) < gM(t7w7y>
< ca(fes(ts |2 = yl) V heg (8, M)).

We also obtain sharp two-sided bounds for the difference gns(t, z,y) — g(t, z,y).

THEOREM 3.2. Let K{°°) be the USNF with the GLP. Then there exist con-
stants cz, . . ., c12 > 0 such that for everyt > 0, M € Z and x,y € KM) e have

7 (fos (#0012, )) V hey (£, M) ) < gua(t,,9) = gt 2.9)
< 10 fous (6001 (2, )) V hesa (1 M) )
where 0 (7, y) = min.evy, (|7 — 2] + [2 — y|) with
Viri={z¢€ V]\</[M>: there exists Ay € Tay such that Ay N KM = {z}}.

We give the proofs of the above theorems after a sequence of auxiliary results.
First we fix some useful notation. For M € Z and y € KM >\Vﬁm we let

A(M, m, y) = {y/ c W]T/Il(y) . y/ c ]C<M+m+1>\lc<M+m)}7 m >0,
and
B(M,0,y) = {y € my} (y) : v/ € KMTINKCM A (y) n KD = 0},

C(M,0,y) ={y € my/ (y) : v/ € KMFNEM, Ay (y') n KM £ 0},
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so that
A(M,0,y) = B(M,0,y) UC(M,0,y).

Then we can decompose the fiber of y as follows:

mor () = QIA(M,m,y) UB(M,0,y) UC(M,0,y) U{y},

and, consequently, for every z,y € KM >\V]\</IM>, we get

(B3) gult,z,y)= > > glt,z,y)+ X gltzy)

mz21y'€ A(M,m,y) y' €B(M,0,y)

::gﬁé) (t,z,y)

+ > gtz y)+ gtz y).
y'€C(M,0,y)

=:g§§) (t,z,y)

Note that B(M, 0, y) can be an empty set (the only planar example of () with
this property is the Sierpifiski gasket). Here we use the convention that the summa-
tion over an empty set always gives zero.

The following lemma will be used in proving our estimates for the function

g](\? (t,z,y). It can be interpreted as the intrinsic growth property of the graph

metric with respect to the Euclidean metric.

LEMMA 3.1 ([9], Lemma A.2). For every M € Z and every x,y € 4 e
have

(3.4) crrL ™M |z — y| < dpr (z,y) < max{2,c;sN M |z — y|df},
where c17, c1g are independent of x, y and M.

The next two lemmas will be applied to get the upper bounds for the function
g](\? (t,z,y) in the decomposition (B3).

LEMMA 3.2. There exists a constant c19 > 0 with the following property. For
everyxz,y € K\ andm € 7 such that x € A%ll), y € A,(fb) andAgrll) mAﬁZ) =0
we have |x — y| > c19L™.

Proof. The lemma follows from Corollary A.1 in [9] by scaling. =

LEMMA 3.3. There exists an absolute constant cog > 0 with the following
property. If x,y 6 KM and o € 7@[1( )\{y} is inside an M-complex Apr such
that Ay VKM = {2} for some z € V< ) , then

[z — 4| > eaolz — 2] + |z — y)).

In particular, |x — y'| > coolx — y|.
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Proof. Assume first that z,y € IC<]\4>\‘/]\</I]‘/I> and let y' € 7, (y) be such
that Apr(y') N KM = {2} with some z € V]f/[M).

Observe that for every m < M the vertex z lies at the intersection of two m-
complexes A%)(z) and Ag)(z) such that A%)(z) C KM and Agg)(z) ¢ KM,

Let now m € Z be the smallest integer for which z,y € A,gb) (z). Then we
have |z — z|, |y — z| < L™c}, where ¢} is the diameter of any zero-complex. On
the other hand, as « ¢ Agll (z)ory ¢ Agll (z), we see that = and y' are in dis-
joint (m — 1)-complexes. Those (m — 1)-complexes are included in two different
m-complexes and at most one of them is attached to z. Then, from Lemma B2 we
get |z — 3| > L™ 'e1g and, in consequence,

2¢) L

[z —z[+ ]z -yl < z =y

By continuity of the Euclidean distance, the same is true for every z,y € KM,
The second assertion follows from the triangle inequality for such a distance. The
lemma holds with cog = ¢19/(2¢|L). m

We now give the estimates for the integral, which will be useful in the proofs
of the upper and lower bound in Lemma B3.

LEMMA 3.4. For fixed n, 8,7 > 0 there exist positive constants co1, Cao Such
that for every a > 0

cara v )P eV < ofoyﬁe*"y”dy < ean(a v 1)PrHlemnlav)T,
a

Proof. Throughout this proof, constants are independent of a (may depend
on 7, 3,). Using the I’Hospital rule, one can see that

oo
. a I
3:2) A At — 4> 0

so there exists ¢;, > 1 such that for a > ¢, we have

A frtl —na? .8 —ny" 31 grt1, —na?
54 e < fy e dy < - @ e .

a

On the other hand, for a € [1, ¢,] the functions in the numerator and denominator
of (B3) are strictly positive and bounded, therefore there exist ¢4, ¢, > 0 such that
fora > 1
o0
chal e < [ yfem W dy < dya’ T e
a
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Finally, as the integrand is bounded for y > 0, one can write
oo
cyla Vv 1)Prttemma’ ¢ i yPe ™ dy < ci(a v 1) Hemme?
a

for a > 0, which completes the proof. m

We now give the two-sided bounds for the function g](\}) (t,z,y), which are the

first crucial ingredient of the proofs of our main results. This is the case when 3/
under the sums in (B3) are far away from x.

LEMMA 3.5. Foreveryt >0, M € Z and x,y € IC<]\4>\V]\<4]V[> we have
(36) 023h024(t7 M) < Qg})(tﬂ’vy) < 025h626<t7 M)?
with certain numerical constants ca3, . . . , cag > 0 (independent of M, t and x, y).

Proof. Let M € Z,t >0and z,y € IC<M>\VA</[M>. We now prove the upper
bound and the lower bound separately.

The upper bound. Let us observe that for every fixed m > 1 and 3y €
A(M,m,y) we have dpsy,—1 (z,y") > 2. Then, by applying the upper bound in
(B34) for dpsym—1(x,y’), we get

|z —y/|% > 2 NMAmet,
C18

Moreover, the number of such points y is equal to the number of M-complexes
inside KC(MHAmAD\CIM+m) e N™(N — 1). Analogously, if ¢ € B(M,0,y),
then dps—1 (z,y") > 2, which gives

‘J) _ y/|df > iNM_l.
C18

There are less than N — 1 such points.

Then, by using the decomposition of gg\}) (t,z,y) in (B3), the upper sub-

Gaussian estimate for g(¢, x, y’) in (ZZ2) and the above observations, we get
1
B gy (t.7,y)

2 dw/dj N (MAm—1)dw/df \1/(d1—1)
<t/ dw 3™ NN 1) exp (— c/2<( fers) n ) )
m=0

N(M—i—m)dw/df 1/(ds—1)
m=0

with an appropriate absolute positive constant cj.
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Since for any 7,y > 0 we have

o0 00 NM+m o
[ e™de=y [ edgz 3 NMEmUN - 1)e VT

NM-1 m=0 NM—-1+m m=0
(B72) can be estimated by an appropriate integral. We then get

1 Cl o gdw/df 1/(ds—1)

NM-1

Cﬁl o0 gl/df duw/(ds—1)
= [ Md; pdy/du Nf eXp<_ Cg<t1/dw d,

M—-1

which, by the substitution &1/4f¢~1/dw = ¢, is equal to

cyd e
it S ¢t (=i )
LY ai-vjag, 14,

Now, using Lemma B2 and the fact that N*/4s = LM we can conclude the proof
of the upper bound in (B), getting

s (DM df—duw/(ds—1) L M-1 dw/(ds—1)
/ — /
<C5L f (tl/dw \/].> exp(— Cg(tl/dw\/l> >

deld LM df_dw/(dJ_l) LM dy /(dj—1)
/ — /
<CGL f <t1/dw \/1) eXp<— C7<t1/dw\/1> >,

which completes the proof of the upper bound.

The lower bound. First recall that B(M,0,y) can be an empty set.
Therefore, we first write

(3.8) Aty =Y X gltay).

m21y' e A(M,m,y)

When m > 1 and 3/ € A(M,m,y), we have dpsym1 (z,y") = 1. By applying
the lower estimate in (B4) with n = M + m + 1, we get

LLM-‘rm-i-l

lz— 9| <
C17
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(recall also that the cardinality of A(M, m,y) is equal to N (N — 1)). Therefore,
by the lower sub-Gaussian bound of g(t, z, 3/'), the series on the right-hand side of
(BX) is larger than or equal to

dw T (M4m~+1)dy, \ 1/(ds—1)
c’gt*df/dw > N™(N - 1)exp<cf3<(1/cl7) L ) )

m=>=1 t

NM+m)dy /g \ 1/(d1=1)
N M/ 5 NM+m<N_1>exp(cgo() )

m2>=1 t

where ¢ and ¢/, are absolute constants. Now, estimating the series by an appropri-
ate integral (as in the proof of the upper bound), we show that the above member
is greater than or equal to

00 gdw/df 1/(ds—1)
C/HLfMdft*df/dw f exp<_c/10<> >d§
NM+1 t

Md deld oo El/df dw/(dJ_l)
= LMt 1/dw f exp< c’lo<t1/dw) >d§

NM+1

=chd LMY [ (Y exp (¢ /)

LM+1t—1/dw

Using Lemma B4, we can now write

g (t,2,y)

g LM+1 df—dw/(ds—1) . LMA+1 dw/(dy—1)
>CIIL ! (tl/dw \/].> eXp(—Clo<t1/dw\/1> >

, —deM LM df_dw/(dJ_l) , LM dw/(dJ_l)
> C12L f <t1/dw \/].> eXp<—Cl3<tl/dw\/1> )

This completes the proof of the lemma. =

We are now ready to give the proofs of our main theorems.

Proof of Theorem B Let M € Z,t > 0 and assume first that x,y €
KM >\V]\<4M>. Recall that from (B3) we have

aur(tz,y) = 657 (8 2, y) + 652 (8, 2, y) + gt 2, y).
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By the sub-Gaussian upper estimate in (Z-2) and Lemma B3, we have

(3.9)
— duw 1/(dJ_1)
0< 91(\? (tx,y)<d, S td/dw exp(— c, <‘xty|> )
y'€C(M,0,y)
< kit eXp( <(620|x_y‘)>1/(@1)>
t

| ’dw 1/(ds—1)
c s/ dw exp [ .
t

If 2,y € KM >\VJ\</IM>, then the claimed two-sided bounds in Theorem B follow
(1)

from a combination of the estimates of g;, in Lemma B3, the above estimates

of g( ) and the sub-Gaussian two-sided estimates of g in (Z72). By continuity of
the function gp/ (¢, x,y) (see [9], Theorem 4.1(1)), these bounds also extend to
arbitrary z,y € K™ This completes the proof of the theorem. m

Proof of Theorem B2 LetMEZ,t>0andletm,y€lC<M>\Vj\<4M>
As above, we have

(3.10) gu(t,z,y) —g(t,z,y) = g}/ (t,z,y) + 95\4) (t,z,y)

by (B3), and from Lemma B3 we obtain

023h624 (t M) g](\}) (t xz y) 625hc26 (t M)

It is then enough to estimate 91(\31) (t,z,y). From (IZ2) and Lemma we see that

fory’ € C(M,m,y)
gt 2,y") < dify(lz = 2+ |2 = yl),

with z € ij/[]\/[> such that Ay (y') N KM = {2} and with the absolute constants
¢}, ch. On the other hand, |z — ¢/| < |z — 2| + |z — /| = |z — 2| + |z — y|, which
gives

g9t z,y') > cafe (v — 2| + |2 — y]).

Then, summing over y' € C (M, m,y), we obtain

2
WDty = Y gtry)<d Y fe (s |z — 2|+ |z = yl)
yIEC(Mzmzy) ZGVIW

< C/1]'€.]cc’2 (ta 5M(x7 y))
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and

2
oty = X gtay)>d X fultz— 2+ ]z —yl)

y'eC(M,m,y) 2eVy
> Cé’)fcﬁl (ta 5M(x7 y))a

where dp/(z,y) = inf,evy, (|2 — 2| + [z — y). As the functions on both sides of

(BT0) are continuous in (z,y) on KCM) M) | the above bounds in fact extend
toall z,y € KM, This completes the proof. m

In the sequel, we will write a(t, x,y, M) ~ b(t, z,y, M) if there exist positive
constants ¢}, ¢, independent of z, y, ¢, M such that

cdalt,z,y, M) < b(t,z,y, M) < cha(t,z,y, M).

We will now describe the behavior of gps(¢, z,y) in various time-space regimes.
Recall that we have |z — y| < LM diam(K(?) for every z,y € K™ with M € Z.

COROLLARY 3.1. Forevery M € Z and z,y € K™ we have the following.
Ift > LMdw  then
gM(ta xz, y) ~ L_Mdfa

and if 0 < t < LM then

(311) 027f028(t7 |.T - y‘) < gM(t7$,y) < 029f030(t7 ‘:L' - y‘)’

with certain numerical constants cay, . .., c30 > 0 independent of t,x,y and M.

In particular, for 0 < t < LM such that t > |z — y|™ we have gpr(t,z,y) ~
tds/dw,

Proof. The first assertion follows directly from the fact that for ¢ > LMdw

we have o
—dy/dw —Mdy |z =yl L
t <L and ¢ e S 1/dy

<1
Indeed, the last two inequalities give
fc’2 (ta |33 - y|) ~ t_df/dw and hcg (ta M) ~ LMY

and from the estimates in Theorem Bl we get g/ (¢, z,y) ~ L~Mdr,
Consider now the case |z — y|% < t < LM Then again |z — y|/t'/% <1,
which yields
fo(ts o = y|) = =0/,

Moreover,

0 < hy(t,M) = t=r/dw g~ exp(—cha),



Estimates of densities for the reflected Brownian motion on nested fractals 439

where a = (LM /t1/dw)dw/(d;=1) > 1 As the function a +— a~'exp (—cka) is
bounded for a > 1, we conclude that

o ()@ = y)) V gy (8, M) = =4,

This also implies (B—1T).
Finally, if 0 < t < LM% and t < |z — y|%, then by |z — y| < LM and
LM jtl/dw > 1, we see that

dy/d LM —dy /(dj—1) , LM dw/(ds—1)
0 < hey(t, M) =17 (m) exp<_08(tl/dw> >

i /d , ’.ZU _ y’ dw/(dJ_l)
<t “’eXp(—Cg(ﬂ/dw> > = fe(t: [z =),

This again implies (B11) and completes the proof. =

Note that a similar result can be given for the difference g/ (¢, x, y)—g(t, z,y).
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