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Abstract. We prove the convergence of the distribution of the scaled last
exit time over a slowly moving nonlinear boundary for a class of Gaussian
stationary processes. The limit is a double exponential (Gumbel) distribu-
tion.
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1. INTRODUCTION

Consider a stationary Gaussian process with continuous trajectories and its “last
exit time over a moving boundary”, i.e. the last time when the process hits a bound-
ary ¢ f(t), where t denotes time and ¢ > 0 is a drift (or trend) parameter. After this
time, the process stays forever under the boundary. We are interested in the asymp-
totic distribution of the last exit time when the parameter € goes to zero. In this
work, we prove the convergence of the distribution of the properly centered and
scaled last exit time to a double exponential (Gumbel) law.

A special case of this problem, for a particular process and a linear boundary,
emerged in recent works [1} 2], that provide a mathematical study of a physical
model (Brownian chain break). In [9] the same question for a wide class of pro-
cesses was studied. In this work we give a natural generalization of this result to a
variety of boundaries.

As far as we know, the problem setting, dealing with small trends, is new, al-
though the last exit time is a fairly popular object in economical applications, such
as studies of ruin probabilities. In risk theory, for a centered Gaussian process with
continuous trajectories Y (t), the process

R(t) =u+ef(t) - Y(t)
represents company balance. For instance, when f(t) = t, this process can be used

© Probability and Mathematical Statistics, 2022



196 N. Karagodin

as the simplest model of an insurance company balance with starting balance u,
fixed income per time € and stochastic expenses Y. In this setting the values inf {¢ :
R(t) < 0} and max{t : R(t) < 0} are called the ruin time and the ultimate
recovery time respectively.

There are plenty of works dedicated to the times when a process with trend hits
some level. In order to achieve a positive result one has to balance between the
variety of trends and the variety of the processes considered.

For instance, the classical ruin time is well studied. The result for a locally
stationary Gaussian process Y () is given in [[7].

In [5] the asymptotic behavior of the distance between the ruin time and the
ultimate recovery time when u goes to infinity and Y (¢) has stationary increments
is studied.

In [4] the Paris ruin time inf {¢ : Vo € [0, A], R(t — §) < 0} for a fixed A is
considered.

On the other hand, in [15]] the ruin time and the recovery time for any smooth
trend are studied for the standard Brownian motion Y ().

In those settings, however, as a rule, one considers processes with stationary
increments and a fixed trend; see also [8,[12]]. In this work we consider the ultimate
recovery time for a stationary process without starting balance and small ratio of
trend to volatility. The covariance function of the process is of Holder type at 0 and
decreasing at infinity faster than 1/In ¢. Moreover, the class of trends is quite wide,
covering, among others, the cases et and € exp{t?}.

2. MAIN RESULT

Throughout we use the following notation for positive functions f(x) and g(z):
o f(x) <g(x)if3C > 0: f(x) < Cg(x) asymptotically as = approaches x,
e f(x) = g(x) if simultaneously f(z) > g(x) and f(z) < g(x),

o f(z)~g(x)iflimg_y, f/g=1.

Sometimes we consider f,(x) and g,(x) depending on a parameter a. We say
that the first relation above is uniform over a € K if the constant C' does not depend
on a. The third relation is uniform over a € K if the convergence is uniform.

Let Y(t), t € R, be a real-valued centered stationary Gaussian process with

covariance function p(t) := E[Y (¢£)Y(0)]. We make two assumptions on the co-
variance function:

e at zero (Pickands condition): for some v > 0, Q > 0, « € (0, 2],
2.1) p(t) = v*(1 = QIt|* + o([t|]*)) ast — O;
e at infinity (Berman condition):

(2.2) p(t) =o((Int)™h) ast — +oo.
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The Berman condition appears in the context of limit theorems for maxima of
Gaussian stationary sequences and processes [3], [6, Theorem 3.8.2].
Define Y’s last exit time over a boundary f as

T=T(e):=max{t:Y(t) =€ f(t)}.

We are interested in the asymptotic behavior of 7'(¢) when ¢ — 0. Therefore, if not
specified otherwise, we consider all the asymptotic relations when € — 0. Clearly
T(e) = max{t : 1Y (t) = £f(t)} = Ti(e/v), where T} is the last exit time
of the scaled process %Y(t). Therefore, one can study only normalized processes
with v = 1 and then substitute € /v for ¢ in the result for generality. Let us denote
e, = ¢/v for convenience.

There are three conditions on the boundary function f:

e Ultimate monotonicity: when z tends to infinity, f(x) is strictly increasing,
twice differentiable and tends to infinity.

e Restriction on growth rate: for some 0 < \ < 1 we have f(z)/f'(x) < o7

when z — oo.

To state the third restriction we need to introduce two parameters. Take v =-y(¢)
such that

-1y
(2.3) 7% =21In [(f)s(l/ev)] +o0(1) whene — 0.
and 79 = 79(&) such that
(2.4) f(m0) =~/e, whene — 0.

They are important, because, in fact, 7y is the main term of 7'(g)’s asymptotics
and 7'3‘7_2 is the precision, where the stochastic part appears. Assume that f also
satisfies the following condition:

e Regularity: for some x > 0, 5 and B, when e — 0

(2.5)

(F Y (y/eo) ~y°(f 1) (1/ey)  uniformly over y € [(1—k)y, (1+£)1],
(2.6) )

(f (y/ew) = o(y°(f 1) (1/ey)) uniformly over y € [(1+ k)7, 00).

Then we have the following limit theorem, in which the Pickands constant H,,
appears; see [11] for more information about it.
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THEOREM 2.1. LetY (t), t € R, be a real-valued centered stationary Gaussian
process satisfying (2.1) and 2.2). Let f be a function satisfying the conditions

above. Define C,, := Ql\;;:{“. Then for any r € R,

lim IP){T(E)_A‘E < 7‘} = exp(—Cq exp(—r)),
ey—0 BE

for the shift and scaling constants defined via 19 and v as follows:

(2/a+ B —2)Iny 1
Floery 0<ff<m>m>’

A =710+

. 1+ 0(1)
Be = Simen

Note that in the recent work [9] the linear boundary was considered for the
same class of processes. The proof below is based on the same ideas. However,
working with a much larger class of boundaries requires more technical analysis.

2.1. Examples. There are several interesting examples of boundaries for which the
normalizing constants can be found in explicit form.

COROLLARY 2.1. For a boundary function f(x) = x¢ d > 0, and a proc-
cess Y, constant C,, parameter ¢, and the moment T'(¢) defined as before one
has

Te)— A
lim P{(E)E < r} = exp(—Cq exp(—7)),
e—0 B:

where the shift and scaling constants can be found explicitly:

! 1.1 3
(—211151, + <0¢ + 2 2) In(—21ne,)

The following proof works for d # 1. However, the statement remains true for
d = 1. First of all, exactly the case of f(x) = = was handled in [9]. Secondly,
one can prove that for f(z) = 2¢ the convergence in the theorem is uniform over
d € (1/2,1). Since P(%:AE < r) is continuous in d, we see that convergence
for d € (1/2,1) implies the convergence for d = 1. Now we proceed with the
proof of the corollary for d # 1.
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Proof of Corollary For f(z)=x%,d >0, we get f"(z) = (d— 1)z~ L f'(z),
i.e. A = 1. Moreover, f~(z) = /9 and (f~!)'(z) = 12'/¢"L. Therefore, we
take

—2Ine,
72:21n<;5;1/d>—|—0(1): dns —2Ind+o(1).

In addition, for every y,

(fF Y (y/e0) = %y”d’lei’”d =y (Y (1/e,),

i.e. the regularity conditions (23)), (2.6) hold with 3 = § = 1/d — 1.
Take

T0 = f_l(’y/sv) = ('7/51))1/(1'
Then

Fm) = ali) g L

70 EvT0 .

Hence, by substituting everything in Theorem [2.1] we obtain

(2/a+ B —2)1plny T0 70 + o(70)
— + + — B = ————-.
A= a2 \52 ) e a2

Transforming these expressions, we get

COROLLARY 2.2. For a boundary function f(x)

exp{z?}, 0 < ¢ < 1,
and a proccess Y (t), constant C,, parameter e, and the moment T'(¢) defined as
before one has

Ho—2e < } — exp(—Ci exp(—1)),
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where the shift and scaling constants can be found explicitly:

1
_ (e L L2
A = . q(—lnsv)—l—2lnln(—lnev)+21n q—2
n (1_3> Inln(—1Ineg,) N (é—%) ln(%— ) —lnq)
a 2 (% —2)In(—Ineg,) (% —2)In(—1Ine,) ’

(—Ingy)s !
(2—-2¢)In(—1Ineg,)

Proof. For f(x) = exp{z?},0 < ¢ < 1, we have
f'(x)
f(@)

Therefore, the restriction on the growth rate holds with A = 1 — ¢, since

@)/ f'(x) ~ gz~ (70

B, =

297V exp{at},

=g
= q(q — 1)z ? exp{z?} + ¢°2** * exp{a?}.

In addition

gy ()i
() ==

Therefore,

2
72:(_2>mL4n%)—2mq+0ﬂ)
q

Then we get the regularity conditions (2.3), (Z.6) with 3 = —1,3 = 0, because
uniformly over y € [0.57, 27], as ¢ — 0 we have

(Iny —In sv)%fl
ay/ev

(f) (y/eo) = ~y T (Y (1 k),

and uniformly over y € [2v, 00|, as € — 0 we have

(Iny —In 51})%_1
y/€v

(f~ ) (y/e0) = = o((f7) (1/ev)).

Now we can use Theorem [2.1] Take

0= f " (v/e0) = (Iny —Ing,) s

then

f,(TO)ev = ngilf(TO)sv = ngil’Y'
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Therefore, in the formula for A, and B. the precision we are interested in is

() () =57

Consequently,

2/a+ B —2)10 9In 7l 7791 4+ o(1
A€:7-0+(/ q72)0 74—0 02 . B.=2 ( ())

Let us write

(—lneﬁé_1>.

11
7'0:(—lnev)flz+q( lnev) 1n'y+o< ~

Additionally, Iny = 1 In+? yields

= (22 o) o3 )

1 1 2 Ing o(1)
— Slnln(—Ine,) + =In 2 —2) — n .
510 n(—Ine )+2 n(q > (%—2)111(—1116@) In(—Ine,)

After some transformations we get

1
Asz(_m{;)q< (—Iney) + = Inln( lnev)+2ln<—2>
l 3 Inln(—1Ineg,) (é - %) ln(% - ) —Ing
+ (04 ) (% )ln —Iney,) (% — 2) In(—Ineg,) )’
poo eyt

(2—-2¢)In(—1Ineg,)
3. PROOF OF THE MAIN RESULT

The first restriction (2.1)) on the covariance function appears in the following lem-
ma, which serves below as one out of the two basic tools in our calculations.

LEMMA 3.1 (Pickands, Piterbarg). Let Y (t), t € R, be a real-valued centered
stationary Gaussian process satisfying the Pickands condition 2.1)) and such that

limsup p(t) < 1.
t—o0
Then, with H,, being the Pickands constant (in particular, H1 = 1,Hy = — 2),
we have

Ql/aHOé 2/a—1_—x2/(2v?)
> ~N — . .
P{Srél[%?a Y(s) x} NoTS t-(z/v) e

for all z and t such that the right hand side tends to zero and tx*/®

— OQ.
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A first version of this lemma with fixed ¢ was obtained by Pickands [[13]], while
this version with variable ¢ (which is important for our results) is due to Piterbarg
[14, Lecture 9, Theorem 9.3.1]. _

As was mentioned before, by scaling Y () = vY (¢) one may reduce the prob-
lem to the case v = 1. Hence from now on ¢, = €.

Letus fix r € R and let

T=1(e,r) = Ac + Ber.
The theorem’s statement is equivalent to

;iir(l)P{T(e) > 7} =1—exp(—Cqyexp(—r)).

The basic plan of the proof is the following. We are interested in the event of
crossing the boundary ¢ f(t) after time 7.

First of all, for appropriately large o this crossing happens before time o with
probability close to 1. For this purpose one can pick 0 = A. + B R(e) with R(¢)
growing to infinity with any speed.

Now, to analyze the event of crossing somewhere in [, o] we divide [r, o] into
intervals and approximate the boundary ¢ f (¢) with a staircase, i.e. a function that
is constant on each interval and has jumps in between. The event of crossing the
staircase is much simpler and we can use Lemma [3.1]to analyze it, by studying the
events of crossing on different intervals. If those events of crossing were almost
independent for different intervals, we would have to work with a sum of inde-
pendent random variables. The only problem here is that the events of crossing on
neighboring intervals are unpredictably correlated.

To fix it, one has to choose the intervals appropriately. We divide |7, o] into
alternating long and short intervals of length ¢(¢) and s(¢) respectively. Then we
show that the crossing happens on one of the small intervals with probability close
to 0. The role of the small intervals is to separate long intervals, so we can con-
trol the correlation of the process between different long intervals via the Berman
condition (2.2).

Finally, to work with the crossings on different long intervals we concentrate
the correlation between different intervals in one auxiliary term using the Slepian
inequality (3.16). This part of the proof starts with Lemma [3.4] It allows us to pass
to the sum of independent random variables and then find the probability we are
interested in.

The interval lengths ¢ = /(c), s = s(¢) must satisfy the following relations:

(3.1) Ins > 2,
(3.2) s/l — 0,
(3.3) f(r)f(r)e* e —o.
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We need the first relation to get a lower bound on the correlation between different
long intervals. The second relation implies that the probability of crossing on a
small interval is close to 0. The third one is equivalent to ¢ = o(B.) and implies
that { = o(0 —7) = o(B:(R(g) —r)), i.e. the number of intervals grows to infinity
and the staircase is a good enough approximation of the boundary.

The proof that one can pick £ and s satisfying these conditions is given in Sec-
tion 3.1

We cover the halfline |7, o0) with the following system of sets:

e the halfline [0, 00), where 0 := A.+ B R and R = R(c) slowly tends to infinity
as ¢ — 0; the choice of R is further specified at the end of the proof but note
that we assume only upper bounds on the growth rate of R,

e longintervals L; = [({ + s)i, (£ + s)i + £, i € Z, of length £ = {(¢),
e shortintervals S; = [({ + s)i + ¢, ({ + s)(i + 1)], 7 € Z, of length s = s(e).
Let

€ ._ € .
X; = %%?Y(t), Ve rtré%icY(t).

By using stationarity, we infer from the Pickands—Piterbarg lemma the asymptotics
P{X§ > a} ~ Cola?* exp(—2?/2),
P{V{ > 2} ~ Chsz?/*Lexp(—22/2),

as soon as the respective right hand sides tend to zero and sz2/® — 0. We use

these relations for 2 = f(7)e and clearly s(f(7)e)?/® ~ sy?/®
Define the index sets

— OQ.

L={i:(l+s)i+l>T1, ({+5s)i <0},
Ly={i:(l+s)i>1, ({+s)i+{l<o},
Isi={i:(l+s)i+1)>1,({+s)i+{l<o}
chosen so that
(3.4) ULZ-C[T,U]C(U L,-)u(U S)
i€ls ie€lq i€l3

Let us define the events related to the exits of our process over the boundary:

&= UAXT > (L +s)i)e},

i€l
£2:= U XF > F((L+ )i+ D)e),
1= ULV > 1L+ 9)i)e)

Ey={3t>0:Y(t) > cf(t)}.
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By using the inclusions (3.4) and ultimate monotonicity of f, it is easy to see
that

P{T(é‘) > T} = P{ﬂt > T Y(t) > Ef(t)} < P{gl} + P{gg} + P{&l},
P{T(e) > 7} > P{&}.

Therefore, it is sufficient to prove that, as ¢ — 0,
P{& }, P{&} — 1 —exp(—Cqexp(—r)), P{&},P{&4} — 0.

The parameter R should grow to infinity so slowly that uniformly over w €
[—1, 1] we have

(3.5) 70 ~ To + w(o — 79),
(3.6) f'(10) ~ f'(10 + w(o — 10)),
(3.7) f(10) ~ f(10 + w(o —70)).

That is, f and f’ do not change much in the interval around 7 containing o.

The following lemma provides useful asymptotic estimates and shows that we
can pick R satisfying (3.5). Since it is only technical, the proof is postponed to
Section

LEMMA 3.2. Consider any function R(¢) such that R = o(In~) and

B
Bli=Fe T <f’ (o) )

Then for A, and Bc described in Theorem[2.1|we have

(3:8) f(A€+BER)s:7+< +5_2)1“7+R+ <1>
Y Y Y

Moreover, for R(g) corresponding to the same restriction, uniformly over w €
[—1,1] one has

f'(70) ~ fl(ro+w(o —1)), f(r0) ~ flr0+w(o — 1))
From (3.8) applied to R = 7 and R = R, we obtain

(3.9) f(r)e ~n,
(3-10) (F@)) 02 exp{—(f(r)e)?/2} ~ e 72,
(3.11) (F(0))** 72 exp{~(f(0)e)*/2} = o(e /7).

These relations are crucial for our choice of 7 and -y, because they appear in the
resulting probabilities of &1, &a, &3, 4.
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For the following relations we use an analogue of the restriction on the growth
rate but for f instead of f’, namely the fact that

(3.12) f’(( )) r
To check this note that (f'(x)z?) = f”(z)a* + Af'(x)x*~1. Therefore, since
)

cf'(z) < f"(z)z* < Cf'(z) and A < 1, we can write a similar inequality but
with new constants depending on A:

exf'(x) < (f'(x)x?) < Cnf'(x)  for large enough .

Now we integrate these inequalities to get

xr — OQ.

exf(z) + const < f'(x)z < Cxf(x) + const for large enough .

Since f(z) — oo as x — oo, we divide by f(x) and conclude that f’(z)z* <
fla)ie f'(2)/f(z) < 2.
Notice that (3.12) and (3.9) imply that

G.13) () = (f(r)e)Pr™ = 42

Moreover, there is a connection between 7 and 7. Due to (3.12)) and the regu-
larity condition (2.5) combined with the definition (2.3) of v we get

f(f~(v/e)
f(f=1(v/e)

and since 7 ~ 79 = f~1(7y/¢) due to (3.5), we get

1+

(I (/) = = 207 Gfe) ~ (Y (e e,

(3.14) ™= 'yHBeVz/Q.

Now, having obtained the crucial relations, we proceed with the proof. Let us
first show that the probabilities of the events £; and & are almost equal; thus it is
enough to find the limit of P{&; }. Indeed, let I; = {m, m + 1,...,n}. Then, on
the one hand, P{&} < P{&:}; on the other hand,

ple} =P [ (X7 > F((+ 9)i)e) }

CPIXE, > F((L+ syme} + B{XG, > F((£+ 5)(m + 1)e}
Pl U (X7 F(C+ )2}

i=m-+2

<X > f((+ 9me} +B{ U (X5 > £+ 96+ D)}

j=m+1
<2P{XE, > f((£+ s)m)e} + P{&},
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where in the penultimate inequality we use the stationarity of the sequence X7
following from the stationarity of Y. For the remaining term we use the Pickands—
Piterbarg asymptotics to obtain

P{X;, > f(r = 0)e} ~ Cal(f(r = 0)2)*/* L exp{~(f(r - £)e)?/2}.
From (3.3)) we know £f(7)f(7)e? — 0 and from (3.9) and the definition of B.

we infer that £ = o(oc — 7). Moreover, due to Lagrange’s theorem and (3.3)), for
some { € [T — £, 7] one has
F(7T = 0% = (f(r) - £f'(€))%?
= f(r)%e? = 2f (1) f(§)e” + L2 f'(€)%* = f(7)%* + o(1).

Combining this with (3.9) and (3.10) we get

U (= O/ exp{=(F(r = 0)2)?/2} ~ L(f()2) 7 exp{~(f(7)2)*/2}
~ g(f(T)E)l_Be_T_VZ/Q ~ EWI_BQ—T—WQ/Q.
We know that
tf'(r)f(r)e* — 0,
and from (3:13), (3.14),

LF (1) F(1)e? = P = iyt Pe 2,

Hence
B2 L,

We conclude that P{X?5, > (¢ + s)me} — 0, thus the difference between P{&; }
and P{&} is indeed negligible.

Below we repeatedly use the following technical lemma. Its proof is postponed
to Section[3.11

LEMMA 3.3. Foreach o # 0and all 0(¢), a(e),b(e), c(e) such that, as ¢ — 0,
one has (0 + wa) ~ f'(0) uniformly over w € [—1,1], and

fO)e ~v, a=o(0), f(O)cs®—0, f(0)f(0)ac®— 0,

it is true that

} §>9(f(ai +b)e + ce)¥*Lexp{—(f(ai + b)e + c£)%/2}
eV’ /2
~ ——(f(0))** TP 2 exp{—(f(0)e)?/2}.

a
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Let us evaluate P{&3}. From stationarity of the sequence V7,

P{Es} < 20 P{Vi > F((L + s)i)e},

i€l3

and from Lemma |3.1| we obtain the following upper bound for this sum, uniform
in ¢

Cas(l+0(1) 3 (f((L+8)i)e)”* exp{—(f((£ + 5)i)e)?/2}.

i (04s)(i+1)>7

In order to find the asymptotic behavior of this sum, we apply Lemma [3.3] with
parameters a = { +s,b=0,c = 0,0 = 7 — { — s. Then, by using (3.2)), (3.3) and
BI), we have a ~ £, 0 ~ 7, (f(0)e)? = (f(7)e)? + o(1). Therefore, Lemma 3.3]
relation and assumption yield

2
C,se’ /2
a

(f(0)2)** T2 exp{—(f(0)2)*/2}

2
C,seV’/?

(D) P 2 exp{—(f(r)e)?/2} = o(1).

Let us bound P{&4} as follows:

P{&4} < P Y(t) > '
@< 2 P{ | max V(0> f(r+ e

< Ca(1+0(1)) i'fo (Fo + )2 exp{—(f(o + 1))?/2}.

Lemma [3.3| applied with parameters a = 1, b = o, ¢ = 0, = ¢ and relation
(3.11)) provide the following asymptotics for the sum:

Cae™ ?(f(0)e)?/ 772 exp{~(f(0)e)?/2} = o(1).
The hardest part is to show that
(3.15) 1 —-P{&} — exp(—Cquexp(—r)), & —0.

Our main tool here is the following classical inequality due to Slepian (see, e.g.,
[10, §14], [14, Lecture 2]).

LEMMA 3.4 (Slepian). Let (Ui,...,U,) and (Vi,...,V,) be two centered
Gaussian vectors such that I[“FJU]-2 = IEV]-Q, 1 < j < n, and E(U;U;) < E(V;V}),
1 < 7,5 < n. Then for each r € R one has

IP’{ max Uj >r} >IP’{ max Vj>r}.

1<j<n 1<5<n
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One may write this inequality in a slightly more general form (see [[14} Lec-
ture 2]): under the assumptions of the Slepian lemma, for all nonnegative ry, ..., r,
one has

P{H] . Uj > Tj} > P{HJ . V; > T'j}.
This follows by applying the Slepian inequality to the vectors (U /71, ..., Uy, /7Tn)
and (Vi /r1,...,V,/rp) and r = 1.

The latter inequality easily extends to Gaussian processes with continuous tra-
jectories defined on a metric space (by the way, the processes satisfying assump-
tion belong to this class). Namely, let {U(¢),t € T} and {V(¢),t € T'} be
two centered Gaussian processes with continuous trajectories defined on a com-
mon metric space T. Let EU ()2 = EV(¢)%, t € T, and E(U(t1)U(t2)) <
E(V(t1)V (t2)), t1,t2 € T. Then for all compact sets T1,...,T, in T and all
nonnegative 71, . .., 7, we have

(3.16) P{j@l{maxU(t) > rj}} > ]P’{]Ql{maxV(t) > rj}}.

tETj tETj
Now we proceed to the proof of the remaining claim
(3.17) 1 —P{&} — exp(—Cqexp(—7)), € —0.

We provide the corresponding upper and lower bounds. In both cases we use the
Slepian inequality in the form (3.16). Since &; is defined by the process on long
intervals L;, ¢ € I, when referring to long intervals in this part we mean L;, ¢ € ;.

Upper bound. Let us compare our process Y with an auxiliary process Z that
is defined as follows. First, let us consider a process Y (t),t € Ui6 1, Li, which
consists of independent copies of Y (¢) on the intervals L;. Define

62 =6(e)? := sup |E(Y (¢)Y(0))].

t>s(e)

Taking into account the correlation decay assumption (2.2) and assumption (3.1))
concerning the choice of s, we have, as e — 0,

(3.18) 62 =o((Ins)™1) = o(y72).

Let £ be an auxiliary standard normal random variable independent of the pro-
cess Y. We define the centered Gaussian process Z(t), ¢t € |, 1, Li- by

Z(t) := /1 —82Y (t) + 6¢.

Then for all ¢ the variances are equal: EY (¢)? = E Z(t)? = 1. For covariances we
have the following inequalities:
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o for ¢; and ¢, that belong to the same interval L; we have

E(Z(t1)Z(t2)) = E((V1 = 62Y (t1) + 6€) (V1 — 02 Y (t2) + 6¢))
= (1 =) E(Y ()Y (t2)) + 8> > E(Y (t1)Y (¢2)),

where the last inequality follows from E(Y (t1)Y (t2)) < \/EY (t1)2EY (t2)2
=1,

e for ¢; and ¢ that belong to different intervals L; and L;, by the definition of §
and by the intervals’ construction we have

E(Z(t1)Z(t2) = E((V1 = 82Y (11) + 6¢) (V1 = 62 Y (t2) + 6¢) )
=52 > E(Y (t1)Y (t2)).

Let )?f = maxer, Y (t). By applying the Slepian inequality (3.16) to the
processes Y and Z, we obtain

P{&r} = P{ U (XS > f((0+9)i)e) |

{zg{\/1—52X~5+6§ (€+s))6}}

Let us pass to the complementary events. For every h = h(e) > 0 the following
elementary bound holds:

(3.19) 1-P{&) = ]P’{ N {XE < f((C+ s)z‘)s}}

ie€ly

<P{ N {V1-02X:+de< f((L+ s)z’)a}}

<
< p{ N {V1—2X5 < f((L+s)i)e + hs}} + P{0€ < —he)
€l
B e J((£+s)i)e+ he
B zehP{Xl ST e

} +P{¢ < —he/é},
where the last equality holds because the X, ;’s are independent copies of X;. We

choose the level h = h(4, ¢) so that, as € — 0,

(3.20) he/§ — oo,
(3.21) hf(t)e? ~ hye — 0,

which is possible under (3.18).
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Under (3.20) the last term of (3.19)) is negligible. Therefore, we aim to show
that the product converges to exp(—Cy, exp(—r)) as € — 0. Taking the logarithm
and passing to the complementary events, we see that we have to prove that

%:1 1n<1 - P{Xf > 1 %Jr hs}) — —Cpexp(—7).

The probabilities in the sum tend to O uniformly over ¢ € I, since the X;’s are
identically distributed. Hence

5 1n<1—IP{Xf S f((£+s)z')a+ha}>

i€l Vv - 52
o o . f((0+ s)i)e + he
=—(1+ (1)>z‘e§IIP{XZ > N }

Let us prove that

f((l+ s)i)e + he
IP’{X ;>
i§1 ‘ v1-— 62
By Lemma[3.1| we know the exact asymptotics of each term of the sum. Moreover,

due to stationarity of the sequence X the equivalence is uniform over ¢ € I;.
Therefore the whole sum is equivalent to

Ca52<f((€+s)z)s+ €> exp(—(f(( + s)i)e + 5) /2>
icl; V1— 42 V1-—42
We represent this expression as the difference of two sums

(3.22)

C‘YQ:(H}}WT(J(W e hé‘)”"“lexp“f (e the) s )

} — Oy exp(—7).

and

(3.23)

cagi:w%w(f((f %Jr h5>2/a_1 exp (— <f((£ %+ h€)2/2> .

The asymptotics of the first sum follows from Lemma [3.3]applied with the variable
change ¢ = ¢/v/1 — 62 ~ ¢ and parameters a = £ + s ~ ¢, b = 0, ¢ = h and
6 = 7 — ¢ ~ 7. Note that because of our choice (3.21), c fits the assumptions of

the lemma. Due to (3.9), and (3.18),
(f(0)8)? = (f(r = 02)* = (f(1)e)* + o(1) = (f(1)e)?/(1 = 6%) + 0(1)
= (f(1)e)* + O((£(1)£6)*) + o(1) = (f(7)e)* + o(1).
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Combining this with condition (3.10), Lemma [3.3] gives us the following asymp-
totics for (3.22)):

2
eV /2

Col——(f(0)8)* > 2 exp{—(f(0)8)?/2}

eV’ /2

14

~ Cyl (f(T)e)Y B2 exp{—(f(7)e)?/2} ~ ce".

At the same time, Lemma/3.3| with the same £ and witha = {+s~ ¢,b=0,c=h
and @ = o provides the asymptotics of (3.23). Since (f(6)£)? = (f(c)e)? + o(1)
and (3.11)), we obtain

2
eV’ /2

Cal——(f(0)2)*/* 7 2 exp{—f(62)° 2}

a
eV’ /2

~ Cal—; (f()e)*/ T2 exp{~(f(0)2)*/2} = o(1).

Subtraction of the sums’ asymptotics implies the required upper bound for
1 —P{&}.

Lower bound. In order to obtain an opposite bound for 1 — P{&; }, we introduce

and compare two more auxiliary processes Y7, Yi. Let £ be an auxiliary standard
normal random variable independent of the process Y. Let Y7 () := Y (t) + &,
t e UiE 1, Li- Furthermore, let us consider a sequence of independent standard

Gaussian random variables &; independent of 17(75), and let
Yi(t) =Y (t)+6&, telL.

Then for all ¢ we have the equality of variances: E Y;(¢)2 = EY;(¢) = 1+ 62. For
covariances we have the following inequalities:

e for ¢; and ¢, that belong to the same interval L; we have
E(Y1(t)Yi(t2)) = E(Yi(t)Yi(t)),

e for ¢ and {5 that belong to different intervals L; and L; we have

E(Yi(t1)Y1(t2)) = E((Y (t1) + 6)(Y (t2) + 6€)) = E(Y (t1)Y (t2)) + 6
> 0= E(Y1(t1)Y1(t2)).

We choose h = h(0, ¢) as before, i.e. satisfying (3.20) and (3.21).
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The Slepian inequality (3.16)) yields

P{U{X: + 66 > f((+5)i)e — he} )

i€l
= P{igl{?&%fﬁ(t) > f((£+ s)i)e — hs}}
> P{igl{gggiﬁ(t) > [((¢+5)i)e — he} |

- IP{ U (X5 + 66> f((£+ s)i)e — hs}}.

i€l

By passing to the complementary events, we obtain

IP’{ N (X5 + 06 < f((£+ s)i)e — hs}}

i€l
> P{ () {X5 +06 < f((L+ 5)i)e — he}}
el
= ] P{X + 66 < f((£+5)i)e — he}
i€ly
= [[ P{X} + 6§ < f((€+ s)i)e — he}.
i€ly

Further, we apply an elementary bound

1-P{&) = IP’{ N X5 < F((+ s)i)s}}

i€ly
> IP’{ N (X5 + 86 < fF((£+ 8)i)e — he}} — P{5¢ < —he}
i€ly
> [ P{X; + 6 < f((£+ 8)i)e — he} — P{0€ < —he}.
i€l
Under assumption (3.20), we have P{d{ < —he} — 0ase — 0. It remains to
prove that the product is greater than exp(—Cy exp(—r))(1 + o(1)). Taking the

logarithm and passing to the complementary events, we see that we have to prove
the bound

S In(1 — P{X5 + 66 > f((£ + 5)i)e — he}) > —cexp(—r)(1 + o(1)).
el

Since all the probabilities in the sum tend to zero uniformly over ¢ € I, we have
S In(1 — P{X{ + 5¢ > f((£ + s)i)e — he})
i€ly

= —(1+0(1)) 32 P{XT 456 > [(€+ ) = hel:
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Let us prove that

ZI: P{X; + 0 > f((£+ s)i)e — he} < Cyexp(—r)(1+ o(1)).

We start with the estimate

(3.24) Y P{X] + 6> f((£+ s)i)e — he}
i€l
< Y (P{X] > f((0+ s)i)e — 2he} + P{6E > he})
el
< Y P{XP > f((0+ s)i)e — 2he} + N{P{0€ > he},
i (b+s)i+0>7

where V7 denotes the number of elements in the set /7; it has asymptotics

o—17 (R—-7r)B: R R

Ny

s (+s  fl(nevt” fr)f (e

For the sum in (3.24) Lemma 3.1| provides an equivalent expression

(3.25) Cal z; (F((£+ s)i)e — 2he)?/ L exp(—(f((£ + s)i)e — 2he)*/2).

The asymptotics for the last sum follows from Lemma [3.3] with parameters a =
{+s,b=0,c= —2h,0 = 7 — £, moreover, similarly to the upper bound, we have
an~ L0~ (f(0)e)?=(f(r)e)? + o(1). Therefore Lemma[3.3|combined with
yields

Cole?’/? _
= (FO))Y T exp{~(f(0)e)*/2}

~ Cae P (f (7))o 2 exp{—(f(7)e)?/2} ~ Cae ™"
We have obtained the asymptotics of the first term on the right hand side in (3.24):

S P{XS > f((£+ s)i)e — 2he} = Coe (14 o(1)).
:(0+s)i+e>T

It remains to estimate the second term in (3.24)). To this end, we have to specify the
choice of £ and R.

So far we have assumed a lower bound for ¢ in (3.2)) and an upper bound in (3.3).
We claimed that they are compatible (see Section [3.1] for details). Now we need
another lower bound on ¢, namely

P(0¢ > he) _
Lf(r)f'(r)e
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This does not contradict the upper bound in (3.3)), since P(6¢ > he) — 0, so we
may choose /() satisfying this new condition too. Then R = R(e) can be chosen
growing so slowly that

RP(6¢ > he)
Lf(r)f'(r)e

By summing up the estimates for the terms of (3.24), we arrive at the required
lower estimate for 1 — P{&; }.

Nlp{(Sf > hz’f} ~

3.1. Proofs of technical lemmas

3.1.1. Proof of Lemma Define

(2, g\, R
A_f’(ro)&‘((aJrB 2) v +7)'

Then, due to (2.4)) it is sufficient to show that

f(ro +A+O<f’(;)€'y)> = f(70) + Af'(70) +o(71€).

Notice that

In~y In~y In~
fl(ro)yerg  flro)ye 2

In particular, A = o(7). Moreover, uniformly over w € [—2, 2] one has

AT(;)\N

f(ro+wA) ~ f(ro) and f'(10 +wA) ~ f'(79),
since for \ < 1,

. M)_ToerA N /x vaO+WA‘,L,*>\ N
(5 T "

70

= (10 + wA)l_’\ — T(}_’\ = wATO_A = o(1),

and for A = 1,

n M)VTOJMA:Cl r =1In wATTH) =0
1< ) = [ dz = In(1 + wA7; ") = o(1).

70

A similar reasoning works for f’. This already shows the second part of the state-
ment, since o — 7y can be represented as A for a right choice of R.
Uniformly over w € [0, 2],

(10 + wA) < /(10 + wA) (10 —|—wA)_)‘ ~ f/(To)T(;A = " (o).
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By the mean value theorem for some w € [0, 2] we have

f<TO+A+o<f,(Tlo)m)> — f(n) = f’(ro+wA)<A+o<f,(;)m>>,

since the increase in the argument is smaller than 2A as ¢ goes to 0. Notice that

reen)-of gy <o)

It remains to show that

(7m0 - ')A =of 1),

or equivalently

S red) Sy (1)
f'(r0)ey ve)
By the mean value theorem, for some @ € [0, w],
f'(m0 + wA) = f(10) = wAf" (10 + @A) < wA " (10) < wAf(10)7y
We complete the proof by noticing that A7 * Iny = o(1). =

3.1.2. Choice of £(c) and s(c). Recall that we are to choose ¢ and s such that (3.1)—
(3.3) hold true, i.e.

Ins>=~% s/l —0, f(r)f'(r)e* — 0.
We recall that due to (3.13)) and (3.14),
J@)f()e? =P r =y e,

Therefore we can pick 8 = = ¢7*/* and any ¢ > s such that y'fe™ 120 = 0 as
e — 0. Note that £ = ¢7/3 clearly fits these conditions, thus the set of choices for
£ is not empty.

3.1.3. Proof of Lemma 3.3, The monotone decay of 2 + 2%/~ exp{—x2/2} for
large = combined with (f(6 — a) + ¢)e — oo allows us to squeeze the sum in the
statement between two integrals:

- f z)e 4 ce) 2/ Vexp{—(f(x)e + c)?/2} du.
@ otq

By changing variables y = (f(x) + c)e we get # = f~!(y/e — c). Then dx =
L(f~1(y/e — c)dy. The integrals transform into

1 o0
— v Vexp{—y?/2}(f 1) (y/e — ) dy.
(f(6+a)+o)e
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To deal with these integrals we estimate (f~!)/(y/e — ¢) for large y and for small y
separately via the regularity conditions (2.3]) and (2.6) and the relation

(f(0£a)+c)e~r.
Since f(6 £ a)e ~ yas e goes to 0,
F(0 £ a)e, (1+ /2)f(8 + a)e] € [(1 - m)y, (1+ w].
For convenience denote Ly = (f (0 & a) + ¢)e. Then 2.3) gives

1 (+r/2)Ls
— [y lexp{—y?/2H(f Y (y/e — o) dy

age L
Sy ey (/DL
N(fle(/) [ o Vexp{—v?/2}(y — o)’ dy
Ly
—1\/ 1/e (1+k/2)L+ B
LA/ C)w( /e) [ y¥ P exp{—y?/2} dy
Ly

O etz ey -1 2y

-~ (f_l)’(l/g) (f(a)E)Q/aﬁb’fZ exp{—(f(0)5)2/2}.

ae
The last equivalence follows from the Lagrange theorem and our conditions, since
for some w € [—1, 1] one has

L% = (f(0 £ a) + c)%e?
= (f(0) + f'(0 + wa)a + c)*e?
= £(0)%€® + O(f(0)f (0 + wa)ac® + f(0)ce?)
= f(0)%* 4+ o(1).

Moreover, the second regularity condition (2.6)) yields

() <w-ePuy (1),

implying
aig Ofo y2/a—l eXp{—y2/2}(f_1)’(y/5 _ C)dy
(14+x/2) L+
) W“l +1/2) L) exp{—((1+ n/2)Ls)?/2}

—1y/
B "<(f) R exp{—(f(9)6)2/2}>'

ac
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Finally, the integral is asymptotically equal to

(f7H'(1/e)

ag

(f(0)2)* =2 exp{~(f(0)2)?/2},

which is equivalent to

(1]
[2]
(3]
(4]
[5]
[6]
(71
[8]
[91
(10]
(11]
[12]
[13]
[14]

[15]

eV’ /2

a

(f(0)e)* =2 exp{—(f(0)e)?/2}. m
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