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Abstract. We deal with the problem of existence and uniqueness of a so-
lution for one-dimensional reflected backward stochastic differential equa-
tions with two strictly separated barriers when the generator has logarithmic
growth |y| [In |y|| + |z|+/|In |2]| in the state variables y and z. The termi-
nal value ¢ and the obstacle processes (L¢)o<t<r and (Uy)ogegr are LP-
integrable for a suitable p > 2. The main idea is to use the concept of local
solution to construct a global one. As applications, we broaden the class of
functions for which mixed zero-sum stochastic differential games admit an
optimal strategy and the related double-obstacle partial differential equation
problem has a unique viscosity solution.
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1. INTRODUCTION

In this paper we are concerned with the problem of existence and uniqueness of a
solution for one-dimensional reflected backward stochastic differential equations
(BSDE:s for short) driven by Brownian motion (B;);<7 with two continuous re-
flecting barriers L := (L)< and U := (U )< and whose coefficient and termi-
nal values are f and £ respectively. This means that we want to show the existence
of a unique quadruple

(Y,Z,K*,K™)

of F;-adapted processes such that

* K. Oufdil is supported in part by the National Center for Scientific and Technical Research
(CNRST), Morocco.

© Probability and Mathematical Statistics, 2022



252 B. El Asri, K. Oufdil and N. Ourkiya

T
Y =&+ [ f(s,Ys, Zs) ds
t

T
(LD + (K7 —K) = (Kp —K;) — [ Z;dBs, te[0,T];
: t
Li<Y;<U, Ytelo,T];
T
(}/s_Ls) dK;r :f(Us_Y:s) dK; = 0.
0

o~—"

\

In the framework of a Brownian filtration, the notion of BSDEs was first introduced
by Pardoux and Peng [[18]]. Then, in [[11], El-Karoui et al. introduced BSDEs with a
lower obstacle L := (L)< where the solution Y is assumed to be above L; sub-
sequently, Cvitani¢ and Karatzas [4] generalized these results to BSDEs with two
barriers (upper and lower). Due to their appearance in many finance problems such
as the model behind the Black and Scholes formula for the pricing and hedging of
options in mathematical finance, as well as their many applications in several other
problems: optimal switching, stochastic games, non-linear PDEs etc. (see [7} [11}
12, 17] and the references therein), many authors have attempted to improve the
result of [4] and establish the existence and uniqueness of a solution by focusing
on weakening the Lipschitz property of the coefficient or the square integrability
of the data (see [8]] for the latter).

The main objective of this paper is to show the existence and uniqueness of a
solution for BSDEs with two reflecting barriers with a generator allowing logarith-
mic growth in the state variables y and z:

[f(tw,y,2)|
< Jnel + colyl I fy|| +erlzlv/ I 2], V(tw.y,2) € [0,T] x @ x R x RY,

with the terminal data £ and the barriers being merely p-integrable (with p > 2).
For example, let C be a constant and f(y) = —CyIn|y|, and consider the BSDE

T
Vi =&+ [ f(Ys)ds
t

T
(1.2) + (K7 — K') — (Kp — K )~ [ Z:dBs, te[0,T];
: t
L <Y < Uy, Vte[O,T];
T
(Ys — Ly) dK = [ (U, = Y;) dK; = 0.
0

o~—"

\

The generator in (I.2) is not locally monotone or of sublinear growth in the y-
variable; moreover, it grows as a large power of y. The logarithmic nonlinearity
y In |y| which appears in (I.2)) is interesting in itself and to our knowledge it has not
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been covered yet; the same for f(z) = |z|y/|In |z||. As we can see, our assumption
covers both f(y) = —Cyln|y| and f(z) = |z|y/|In|z]|.

Moreover, we also impose another assumption on f (see (H.4) below) which is
local in ¥, z and also in w; this enables us to cover certain BSDEs with stochastic
monotone generators.

There are two main reasons why we study this kind of problem. The first one
is zero-sum games, of Dynkin type or of mixed type, where we broaden the class
of data for which those games have a value. It is well known that double-barrier
reflected BSDEs are connected with mixed zero-sum games, which we describe
briefly.

Assume that we have a stochastic system whose dynamic ()< satisfies

t t
T = x0 + fcp(s,xs,us,vs) ds + fa(s,xs) dBs, te€[0,T], zo € R,
0 0

¢ is the drift of the system and the stochastic processes (u¢)i<7 and (v¢)i<r are
adapted and stand for, respectively, the intervention functions of two agents A; and
Ay on that system (the system could be for example a stock market and A; and As
are two traders). Moreover, the two agents can exit the system whenever they want,
meaning that they can stop controlling at stopping times 7 and . However, their
actions are not free and their advantages are antagonistic, i.e., there is a payoff
J(u, T;v,0) between them such that

J(u, 750,0)
TNO

=E®Y) [ f h(5> T, Us, US) ds + L01{0<T<T} + UT]l{T<U} + gﬂ{T/\O':T} >
0

where h is the instantaneous reward of Ao, L (resp. U) is the reward if Ao decides
to stop at o (resp. 7) before the terminal time 7', and ¢ is the reward if he decides
to stay until 7.

The first (resp. second) player chooses a pair (u, 7) (resp. (v, o)) of continuous
control and stopping time, and looks for minimizing (resp. maximizing) this pay-
off, meaning we aim to find a pair of strategies (u*, 7*) and (v*, o*) for A; and A,
respectively such that J(u*, 7%;v,0) < J(u*,7%;0v*, 0%) < J(u,T;v*,0%). The
main idea is to characterize the value function as a solution of a specific reflected
BSDE with two barriers. This problem has already been studied, for example, in
[15] when o1, @ and h are bounded and in [13]] when a‘lgo is bounded and A is
of linear growth with respect to the z-variable. We consider the case when both h
and ¢ are of linear growth in z.

The second reason for considering this problem is to weaken the hypotheses un-
der which the two-obstacle parabolic partial differential variational inequality has
a unique solution in the viscosity sense. We consider for example the Markovian
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of the BSDE (1.2)), which is defined by the SDE-BSDE system

S S
X" =+ [blu, X5 du+ [ o(u, Xi") dBy;
t t

T
YO = g(XP) - C [ Y |V | du
S

(13) N } AT _ } K"~ [ 20 dBu;
u (%)

h(sX”) Yt’”<h’( X", Vselt,T);

*—

T
(}/St,:c _ h(S,th K—i—tac f h/ S Xt:t - Yst,x) dK;,t7I —0.
t

The system of double-obstacle variational inequality associated with (1.3) is
given by
1.4)
min[u(t, z) — h(t, z), max {—%?(t, x) — Lu(t, )
+ Cu(t,z) In|u(t,z)|, u(t, z) — h’(t,:c)}] =0, (t,z)€l0,T)xR%
u(T7x> :g(.%'), V.TERd7
where
d 5?2 d b o
= j——— t
Z )Zja$ial’j + Z( ( Hf)) 8.%,

t,j=1 i=1

l\')l'—‘

The logarithmic nonlinearity u In |u| is interesting in its own right, since it is nei-
ther locally Lipschitz nor uniformly continuous.

This paper is organized as follows. In Section 2, we present the notations and
the assumptions used throughout the paper. Moreover, we give some preliminary
results that will be useful in this paper. In Section 3, we show the existence of
a local solution for the two-barrier reflected BSDE. Later we show the existence
and uniqueness of a solution for (I.I). In Section 4, we apply the results obtained
to prove that the value function of a mixed zero-sum stochastic differential game
problem can be characterized as the solution of a specific BSDE with two barriers.
In Section 5, we show that, provided the problem is formulated within a Markovian
framework, the solution of the reflected BSDE provides a probabilistic represen-
tation for the unique viscosity solution of the related obstacle parabolic partial
differential variational inequality.

2. NOTATIONS, ASSUMPTIONS AND PRELIMINARY RESULTS

2.1. Notations. Let (2, F, P) be a fixed probability space on which is defined a
standard d-dimensional Brownian motion B = (By)o<:<7 Whose natural filtration
is (F? := o{Bs,s < t})o<i<r- Let F = (Fy)o<i<r be the completed filtration of
(F)o<t<r with the P-null sets of F.
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Next for any p > 0,

e let S” be the space of R-valued F;-adapted and continuous processes (Y%);e(o,7]
such that
1118, = E[sup [Vil’] < +o0;
t<T

e let M denote the set of P-measurable processes (Zt);c(o,r) With values in R¢

such that
T

[1Zs?ds < 00 P-as.,
0

and let MP the subset of M such that

1200 = E[(f 127 d5)""] < oo

e let A be the set of adapted continuous non-decreasing processes (Kt)te[o,T]
such that Ky = 0 and K7 < +oo P-a.s. and AP is the subset of A such that
E[KT] < +ooc.

2.2. Assumptions. Suppose we are given four data:
e ¢ is an R-valued and Fr-measurable random variable.

o f:[0,T] x 2 x R xR?Y — R is a random function which is measurable
for any (y,2) € R x R? and the process (f(t,w, ¥, 2))o<i<T i progressively
measurable.

o L := (Li)o<t<r and U := (Up)o<e<T are continuous progressively measurable
R-valued processes.

We make the following assumptions on the data &, f, L and U:

(H.1) There exists a positive constant A large enough such that

eAT
E[|€]¢ ™) < +o0.

(H.2) Ly < Ugforallt € [0,7] and L7 < ¢ < Ur. In addition for p € ]1,2[ we
have

E[ sup ()7 ) 7T] < +oo, E[ sup ((07)H)77] < +ov,
0<t<T o<t<T

where LT = LV 0and U~ = (-U) V0.

(H.3) (i) f is continuous in (y, z) for almost all (¢, w).
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(i1) There exist positive constants cg, A (large enough) and ¢; and a process
(n¢)¢<T such that

|f(t,w,y,2)] < [ne| + colyl In[y[| + er|z[v/[In([=])],
V(t,w,y,z) € [0,T] x Q x R x RY,
and

T
E[ [ " ds] < +o0.
0

(H.4) There exist v € LY (Q x [0,T]; R, ) (for some ¢ > 0), a real valued se-
quence (Ax)n>1 and constants M € R, and r > 0 such that

() 1< Ay < N",VYN > 1;
(1) Imy_oo ANy = +00;
(iii) forall N € Nand y, v/, z, 2’ such that |y|, |¢/], |z], |z'| < N, we have

(y - y/) (f(tv w,Y, Z) - f(tv W, y/7 Z/)) ]]'{vt(w)gN}

InA
<M<|y—y'|21nAN+\y—y’||z—z’| Ay 4 N>.

An

2.3. Preliminary results. Now let us define the notions of local and global solu-
tions of the reflected BSDE associated with the quadruple (&, f, L, U) which we
consider in this paper. We start with a global solution.

DEFINITION 2.1. We say that {(Y;, Z;, K;, K; );0 < t < T} is a solution of
the reflected BSDE associated with two continuous barriers L and U, a terminal
condition ¢ and a generator f if

YeS8MHl ZeM, KtecA

T
Vi =&+ [ f(s,Ys, Zs) ds
t

T
2.1) +(Kf —K') = (Ky —K;)— [ ZsdBs, tel[0,T];
t

Lt<Y;€<Uta VtG[O,T];

T T

[(Ys— Ly)dK = [(Us — Yy) dK; = 0.
0 0

Since in many applications, especially in stochastic games or mathematical fi-
nance, we do not need strong integrability conditions on Z and K*, we do not
require them in Definition 2.1

Now we define a local solution. In the following, p € |1, 2[.
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DEFINITION 2.2. Let 7 and ~y be stopping times such that 7 < vy P-a.s. We
say that (Y3, Zi, K;", K; )o<i<r is @ local solution on [7,~] of the reflected BSDE
associated with two continuous barriers L and U, a terminal condition ¢ and a
generator f if
(2.2)

Y eS8, ZeM?, K*e A

v
n:Y'y"i_ff(Sy)/sst)ds
t

Y
+ (K = K") = (Ky = K;) = [ ZsdBs, Vte[r,7];
t
Yr =¢;
L <Y, <Uy, Vtelny],

(Y — Ly)dKF = [(U, — Y,)dK; = 0.

N —
N2

\

We first begin with an estimation of f which can be easily proved.

LEMMA 2.1. If (H.3) holds, then for any o € |1,2],

T T T
@3) E[[|f(s,Ys, Z) P/ ds| < CE[ [ [, ds + sup [Vi|/* + [ |2, ds],
0 0 s<T 0

where C'is a positive constant that depends on cy and T.
Proof. From assumption (H.3) we can see that there exists € > 0 such that

|f(s,Ys, Zs)| < |ns| + col Ys|* + fad

1
\/72?|Zs
Then there exists a constant C' > 0 (that changes from line to line) such that

[f (5, Ye, Zo)[7/* < CmoP* + Vo[V 4 | 2,0 %).
Next, we choose 0 < € < 1 and we put « = 1 + €. Then
£ (8, Ys, Z5) P < Cmsl P/ + 1Yl Y™ + 1 Zf).
Hence, (2.3) follows. =

We now introduce the comparison result established in [9, Theorem 4.1], which
also holds in our setting.

PROPOSITION 2.1. Let (&, f,L) and (¢, f', L) satisfy all the assumptions
(H.1)-(H.4). Suppose in addition that:

(i) £ <& P-as.
(i) f(t,y,2) < f'(t,y,2) dP x dt a.e., ¥(t,y,z) € [0,T] x R x R4
(i) Ly < L} forallt € [0,T) P-a.s.
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Let (Y, Z, K™) be the solution of the reflected BSDE with one lower barrier asso-
ciated with (&, f, L), i.e.

T T
Vi=E&+4 [ f(s,Ys, Zs)ds + K} — K — [ ZgdBs, t€[0,T];
t t

L <Y, VYtel0,T);
T
J(Ys = Ly)dK =0,
0

and (Y',Z', K'T) the solution of the reflected BSDE with one lower barrier asso-
ciated with (&', f', L"). Then

Y; <Y/, 0<t<T, P-as.

REMARK 2.1. The comparison result also holds for reflected BSDEs with one
upper barrier U, that is, if (£, f,U) and (&', f',U’) satisfy (H.1)-(H.4), and more-
over £ < &, f(t,y,2) < f'(t,y,z) and U < U’, then P-as., Y; < Y/ for
0 <t < T, where (Y,Z,K™) is the solution of the one upper barrier reflected
BSDEs associated with (¢, f,U), i.e.

T T

Vi=£&+ [ f(s,Ys, Zs)ds — Ky + K — [ ZsdBs, t€0,T];
t t

Ut 2 Y;f7 vt € [OvT]a

T
[(Us = Ys)dK; =0,
0

and (Y’ Z', K') is the solution of the one upper barrier reflected BSDEs associ-
ated with (¢/, f/, U").

If L = —o0, then KT = 0 and the comparison theorem holds in the case of
BSDE without a barrier.

3. EXISTENCE AND UNIQUENESS OF A SOLUTION

In this section we are going to show the existence and uniqueness of a solution for
(2.1), but first we show that it has a local solution in the sense of Definition
then we show that this solution is in fact global when the barriers are completely
separated. The main difficulty in this section is to show that the solution of the
one-barrier reflected BSDE studied in [9] can be obtained using the penalization
method and the comparison theorem, since the authors of [9] used the localization
technique to get that result. Actually, we have the following theorem.
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THEOREM 3.1. Foreachn > 0, let (y, 2} )i<T be the unique solution (exist-
ing due to |2l Theorem 2.1]) of the BSDE

T

T
Gl y =&+ f(f(&y?,ZQ) +n(Ls — y?)+) ds — fz?st, t € [0,T].
t t

Then the processes (y2, 22, fo — y™MYtdr)s<r converge to (ys, zs, ks)s<T
solving the following reflected BSDE with one barrier:

;

sup |ys|¢ +1+f|zs|2ds+kp] < +o0;

0<s<

(a)E[

(3 2) (b) yt:g_‘_ff(s’yS’ZS)dS—i_kT_k‘t_fZSstv te [07T]7
: t t
(¢) Ly <y, VE€0,T];

T

(d) { (ys — Ls) dks = 0.

Proof. Part (a) of (3.2) is a direct consequence of [9] Proposition 3.1]; that is,
there exists a positive constant C'(\, p, co, ¢1,T) such that for all p € |1, 2],

(3.3) IE[ sup \yt\e 1 f |z6|% ds + kp]
t€[0,7)

< COupenen DE[L+ 6+ [lad™ s+ sup ((20)7°)77]
o<t

Next, we define

t
K =n [(Lo—yl)tds, te0,T).
0

Hence, from (3.3) we infer that for p € |1, 2],

(34) E| sup |y"< +f\z”]2ds+ (k2P| < +oo, Vn>0.
0<s<T
Note that if we define f,,(¢,y,2) = f(t,z,y) + n(L; — y)T, then f,(t,y,2) <
frn+1(t,y, z). Using the comparison theorem of [9], it follows that y;* < y"“,
0 <t <T,as. Thus, y has a limit ;. Therefore, by dominated convergence we
have
T

(3.5) E[f(y y)°© g -0 asn — .
0

The rest of the proof will be divided into two steps.
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AT+1

STEP 1. We will show that for p € ]m, 2],
(3.6) E[ sup ((Ls — yg)ﬂp%] 0 asn — oo.
0<s<T
Forany n > O and ¢t < 7', we have

T

T
(3.7) yt =&+ [ f(s,ys,20)ds + k' — [ 2 dB,.
t t

Putting g7 = f(s,y?, 22) and writing (3.7) in the forward form we get

t t
ki =yg —yi' — [gids+ [ 20 dB;.
0 0

Since from Lemma[2.T]and (3.4), for any n > 0,

T T
IE[ sup |y?|eAT+1+f\g?|2/a ds+f]z?|2ds] < 400,
0<i<T 0 0

there exist processes (g¢)o<i<7 and (2¢)o<t<r Which are the weak limits of (sub-
sequences of) (g7")o<t<r and (z{")o<t<T respectively. Hence, for any stopping time
7 < T the following weak convergences hold:

ze dBs — | z,dBs and fg? ds — fgs ds.
0 0

o~
o~—

It follows that
kf — ks =40 —§r — [ gsds + [ 25 dBs.
0 0

Now for any stopping times o < 7 < 71" we have k7 < kZ, so ks < k7. Hence,
(kt)o<t< is an increasing process. Additionally, E[(k7)P] < liminf_, . E[(k7.)?]
< +o0. Hence, thanks to the monotonic limit of Peng [[19, Lemma 2.2], the pro-
cesses (Ut)o<t<r and (kt)o<t<r are RCLL.

Next, due to the fact that E[(k.)P] < +oo for any n > 0, we deduce, taking

the limit n — oo, that
T

EU(LS — )t ds| = 0.

0
Therefore, P-a.s. 4y > L;foranyt < T. But ¢ > L7, so y > L. Hence,
(Ly —y)* | 0for 0 < t < T as., and from Dini’s theorem the convergence is
uniform in ¢. Since (L; — y*)* < |L¢| + |3}, the result follows.

STEP 2. We will show that (y", 2™, k™) converges to (y, z, k) solving (3.2).
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Let0 < 7" < T and put A; := |y — y7"|> + Ay and ®(s) = [y7| + |y™| +
|22t| + |2*| + vs. Then by Itd’s formula, for C' > 0 and 1 < f < min (3 — a, 2),

Tl
3.8) CIAJP 4 [eC AL ds = CT AL
t

T/
+ B [P ALy —ymy (F(s,y 2) — F(8, 40, 2) Lageys v ds
t

Bf SAB/2 1 y;n)(f(S,y?aZ?)_f(S ysa s ))IL@() Nds
t

24

e N A [
t

T/
1B [ CNP (g (dkY — dkT).
t
First let us deal with
T/
B =B [P AN (yr — ym)(dk
t

‘We have

T/

B=3 [ (lyp —y"* + APy —y

t

T/

+ B [ e (lym — 2+ AR i -yt

t

T/
O ConB s — [ Lol
t

— )z — 2") dBs

— k™).

5') dky

) dk™.

Since dky = Lyyngr,ydkg and dkJ* = Ty mcp ) dkg* and the function z —
BeCs(|x — y|? + AyH)P/27 1z — y) is non-decreasing, it follows that

T/
B< B [e“(ILs —yi'P + AN PN (L — i) Y
t
T
+ B [ € (ILs —yi P + AP Ls — 2
t

< B! sup ((|Ls —y 1 + A2 (Ls — yi)

0<s<T

+ 87T sup ((|Ls =yl + AG)YP N Ly - y2)

0<s<T

) dk"

T/
0 [ a
T/

o) J



262 B. El Asri, K. Oufdil and N. Ourkiya

Therefore,

B < 28T sup ((|Ls —y P + ARHP (L — y™) ) kR
0<s<T

+26¢T sup ((1Ls = yi P + AG)Y2 TN (L =yl RE,

0<s<T

which is due to the fact that the processes (k;*):<7 and (k;"*):<7 are both increas-
ing. Now, since /2 — 1 < 0 and since for all ¢ € [0, T,

Ay < |Ly —ytm|2+AjV1 and Af\,l < Ly —yf|2 + A,

we get
(1L — g + ARHPP < AP,
(1L = g2 + ARHP2 < Ay P2,
It follows that
(3.9) B <245 28T sup (Ls — y™) kY
0<s<T
+ 24572 8eCT sup (Ly — y?) TR
0<s<T

Next we put

_ 5 fecw/z Nyl =y (Pl 22 — P, 20) Lageyon ds,

BfecsAB/Q 1( —Ys )(f(saygazg)_f(s ys ) Zs ))]lq)() Nds-
Let k =3 — a — . Since % + § + 5 = 1, we use Holder’s inequality to obtain
, 1 B-v/2 T k)2
(3.10) Jy < BeCT — UA ds| x| [ ®(s) ds|
t
[T 1802 = fGssm, preas]
t

For Js we use assumption (H.4) to obtain

G.1D)  J < 5MfeCSM/2 1
m|2 In A m
x| ys —ys'l 1HAN+T+|?JS —ys'lzg — 2 W In AN | Lias)<ny ds

T/
<BM [P AIPTA AN + [yl =y 120 — 20|V In AN] Lo <y ds.
t
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We combine (3:8) with (3:.9)—(3.11)) to get

T/
(3.12) eCtAf/Q + Cf eCSAf/2 ds < eCT,Aé{{Q
t
Tl

+ BeCT ! [fA ds} (e X ffl d(s)? ds} "2
t

» o
<[5tz st ] ™
t

T/
+BM [P AJPTH A AN + [yp — | 127 — 22V In An) Lia o)<y ds
t

BT/ B T’ B
=5 [ APy — 2P ds = 5 [ e ADPT Y — ) (2 — &) dBs
t t

!

- BT A (g — ) et - )’ ds

t

+ 2A}V_B/2ﬁeCT/ sup (Ls— y?)+k§‘~
0<s<T

+ 245 728CT sup (Ly — y) PR
0<s<T

But

T/
BM [P AP A I AN + [y =yl |21 = 21V I AN) Lja<ny ds
t

IBT/ Cs AB/2—1| n m2 B 2T’ Cs A B/2—2 n m n my\2
_5 € As |Zs | ds— /3 f As ((ys —Ys )(ZS —Zs )) ds

t t

T/
< ﬁ(f MeCSAB21n Ay ds + f eCSAE/Q_l(Mw? —ys'| |28 — 2"V In An
t t
1 2-8
- glap = P 2Pl g — P - ) ds)
We now apply [1, Lemma 4.6] to obtain
(3.13)

Tl
ﬂMfecsAf/Qfl(AslnAN—i- lYs — ys |25 — 25" [V In AN) L)<y d8
t

T

S — n m ﬁ 2 S — n m n m
[eCsn821n m 2 gs— g f CsNI2=2 (g2 —y) (22 —20))  ds
t t

ﬁ(fM CSAB/21HANdS+f€CSAﬂ/2 I(IW;IDAN‘ n_y";n|2_5%| — 2 | ) )

|
ST R
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T/
/3M21nANfeCSM/2(1+ >d A1) Df e AL ds
B— 4
2 T/ T
2M ﬂ In Ay [ eC5AP2 ds B(B-1) [ €SBt m2 g
IB } S 4 } S S S

<

since 8 < 2
2
Choosing C = Cy = 26M_1ﬂ In Ay, we then have

1T
(3.14) eCNtAf/2+ﬁ(B4 >feCN5Af/2_1|z§—z§”\2ds

<AL - B f NN Y — ) (1 — 2T dBy
r 1 (B-1) T ®/2
+ BeNT | [ Ayds >< ®(s)* ds
sl aa] 7 [fotral

T af
Gt -z ]
t

+ QA}\;B/QBeCNT, sup (Ls — y;”)J“k%
0<s<T

+ QA}V_BMBeCNT/ sup (Ls— y?)'*'k‘j”}
0<s<T

Therefore, we take the expectation on both sides of (3.14) and we use Burkholder’s
inequality to find that there exists a universal constant £ > 0 (which may change
hereafter) such that

IE[ sup lyt' —y \] [ 7 o — 2" d]
(T7—5")+<t<T" ' (v Zony+ (18— y@2 +vp) =P/

< LR |y — yT,W + AV
Cné'

B ([ avas] T [ o as]
0

0

e

+/

T o2
X[f|f(s,y?,z?)—f(s ys’ s)|2/ad8} }
0
+ KA}V_ﬁ/zeCN‘yE[ sup (Ls— y?)*k%]
0<s<T

+ LAY PPN [OquT(LS — YRR,
\s\
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where v = sup{Ay' : N > R}. Thus, by Holder’s inequality, (3.4), Lemma
e)\T+1

(H.4)(i) and the fact that C'y = QéW_ 215 In Ay we get, for p € } ST 2 [,

’ ‘ﬁ 7 ‘Z? — Z;n’2
IE[ sup v =y ] —HE[ ds]
syt (o (W8 =y +vg)t =P/

2M2s'p 2M25'8
y A At
<o Bll I+ B )
B8/2 K/
Ay Ay
p—1
+ €A}V_ﬁ/2eCN5/E[OquT((LS — y;“)ﬂﬁ} P
IS
p—1
+£A}V_B/260N‘S/E{Oiu£T((Ls - y?)ﬂﬁ} T
\8\
Hence for ¢’ < (8 — 1) min (437, 27‘]\"}2,3) we derive
2M25'8 2M2s'p
At A
lim ¥ =0 and lim —Y—=0
N—+o0 Aﬁ/z N—+oco An/r
N N

It then follows from (3.6)) that, for any € > 0,

(3.15) limsupIE[ sup lys —y?!ﬁ]
n,Mm—00 (T7=6")*+<t<T”

< &4 Le“N limsup E[|lyp — yi)P).
n,Mm—00
Taking successively 7/ =T, T = (T — §) ", T' = (T — 2§")*,... in B13) we
get

(3.16) lim IE[ sup |yy —y?|’8} = 0.
n,m—oo Ogth

Therefore, there exists a P-measurable process y such that

E[ sup |y; —ytq — 0 asn — oo.
0<t<T

Next, we prove that

T
(3.17) lim EU 20—

s
n,m—00 0

2
ds] = 0.

It follows from Itd’s formula that
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T
(B.18) |y —yy P+ [|er — 2 ds
0

=2 [yl =y (f(s, 08, 28) — f 5,95, 25")) ds

o~—"

T T
+2 [ (g8 =y (AT — dkT) = 2 [(ye =y (28 — ") dBs.
0 0
First we argue that the third term of the right side in (3.18)) is a martingale. We
can deduce from Burkholder-Davis—Gundy’s inequality and (3.4) that there exists
a constant ¢ > 0 such that

!

T
< cIE[ sup |yy — y;nﬂ +cE [f |25 — z;n|2ds] < +o0.
0<s<T 0

t

(3.19) E| sup | [ (g2 — g2 (2 - 20
0<t<T !y

Now we deal with the term fo (y2 — y)(dkY — dkT). Actually, since dkI' =

s

Lyyngp,y dkg and dk* = 1y mgp ) dkg" we obtain

T

(320)  [(yr — yI")(dk? — dk")
0

O%'ﬂ O%’ﬂ o—

T
(y? — ) dk? + f(yén —yy) dk]"

(L —Ys )+dkn+fL _ys)+dkm

Combining (3:18)—(3.20) we find that there exists a constant ¢ such that

T T
(21) B[ [ 20— 2P ds| < B[ [ lyi =yl 1f (5,02, 22) = s,y 20 ds|
0 0

T T
B | [(Ly—y2)* d+ [(Lo—y2)* k7).
0 0
Next by Holder’s inequality we have

(3.22) [flys—ys\lfsyS, 28) = f(s,95, 2 s)ldS}
E[(bﬂyz—y?|2%ds)22a(2|f<s,y2,zs>—f<s il as) ]

2—a

< (B[ 1oz 1 as]) (B[ 17002, — snald as]) .

0
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We plug the last inequality into (3.21) to get

T
(3.23) EU 27— zg”|2ds]
0

2—«

< C<EU§ e =yl ds]) * x(E [Z s,y 22) = f (s, 2] ds) )

_p_
+ B[ sup |(L, — y") 7T | El(k")
0<s<T

v

+ cE[ sup |(Ls —y2)* 7T [EIR™).

0<s<T

Then, from Lemma and (3-4)-(3-6) (for A large enough and 1 < ov < 2— —+7),
T

(3.24) EU 2n — z;nPds} — 0 as(n,m) — oo,
0

Consequently, from (3.1),

E[ sup |k — /c[”|] —0 as(n,m)— oo.
0<t<T

Therefore, there exists a pair (z, k) of progressively measurable processes such
that

T
E[f\z?—zSIst—i— sup \kf—ktq —0 asn— oo.
0 <t<T
It remains to show that T
f(ys — Lg)dks = 0.
0

Clearly, (kt)o<t<r is increasing. Moreover, (y", k™) tends to (y, k) uniformly in
t in probability. Then

T
(ys — Ls) dkg — f(ys — L) dks
0

o~—"

in probability as n — oo. Therefore, since fOT(yQ — Lg)dk? < 0, n € N, we
have fOT(yS — Lg) dks < 0. On the other hand, fOT(ys — Lg) dks > 0. Thus,

o~

(ys — Ls)dks =0 as.

Hence, (y, z, k) solves the reflected BSDE associated with (£, f,L). =
We now focus on the uniqueness of a solution for BSDE (2.1)):
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PROPOSITION 3.1. Assume that (H.1)-(H.4) are satisfied. Then the reflected
BSDE associated with (€, f, L, U) has at most one solution.

Proof. Suppose that (Y, Z, Kt K~ )and (Y', Z', K'", K'~) are two solutions
of 2.1), and for N € N* set A, := [V; — /|2 + A"

Following the same argument as in Step 2 of the proof of Theorem[3.1] one can
prove that for every i € N and every € > 0 there exists /Ny such that for every
N > N(),

T’ 2
(3:23) E[ o ]Y}—Yﬂﬁ} +E[ f / ’Zf;Zé’ 1-8/2
(T"—8")* <t<T" (v g+ (1Y = Y2 +vg)t=F/

< LeCNIE[ Y — Y|P + €,

ds

where v = sup{Aj\,1 : N > R} and / is a universal constant. Taking successively
T =T,T7=(T -8, T = (T —2§)",... in (3.23), we obtain

Y=Y Z=72, K'—-K =KTtT-K'".

Finally, let us show that K™ = Kt and K~ = K'~. Forany t < T,

t
(Y:e - Ls) sz - f(Y:s - Ls) dK;7
0

o\&

where K = KT — K~ and K’ = K't — K'~. But

t t t
(Yo—Lg)dKs = — [(Us—Ls)dK,, [(Ys—Ls)dK,=— [(Us—Ls)dK, .
0

O%H

0 0
Then , .
J(Us — Ly)dK; = [(Us— Ls)dK,, Vt<T.
0 0

Since K, = K(’)_ =0and L; < U, for all t < T it follows that K~ = K'~, and
we also find that K™ = K'*, which completes the proof. m

Having overcome the main difficulty of this section (Theorem3.1)), we can now
address the existence of a local solution for (2.1)):

THEOREM 3.2. There exists a unique continuous process Y = (Yi),c(0,1) Such
that:

(i) Elsupyer |Ysl® 1] < +o0and L<Y < U and Y = €.

(i) For any stopping time T there exists another stopping time Ar > 7, P-a.s.,
and a triplet (Z7, K™, K™7) € M2 x AP x AP (KI'* = 0) such that
P-a.s.
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;

Ar
Y, =Yy + [ f(s.Y,Z0)ds + (KT — K[F) — (K™ — K[7)
t
A
(3.26) — [ ZTdB,, te[r,\];
Ar ' Ar
J (Ve = L) dKT = [(U, - Y,)dKD™ =0.
T T

(iii) If vy and m; are stopping times such that
vr=inf{s>7:Y,=Us} AT and n.=inf{s>7:Ys= L} N T,
then P-a.s., v NV w; < Ar.

Proof. Having proved Theorem [3.1] the remaining steps to prove Theorem
are actually the same as in [8]. Thus, to avoid repetition, we only give a sketch of
the proof and for more details we refer the reader to [8, pp. 914-924].

First, we analyze the following increasing penalization scheme: for any n > 0,

(Yy" e S‘ZAT“, Zne M2, K™~ € AP;
T

Y =&+ [(f(s, Y Z0) +n(Ls — Y) ) ds
t

3.27 T
G20 Ky - KPT) - [ Z0dB,, te 0T
t

Yr<U, Vtelo,T], [(Us—Yr)dK> =0.

o~—"

\

First, (Y™, Z", K™ ) exists due to Theorem [3.1| and the fact that (Y, Z, K) is a
solution of the reflected BSDE with a lower obstacle associated with (¢, f, L) iff
(=Y, —Z, K) is a solution of the reflected BSDE with an upper obstacle associated
with (=¢,—f(t,-Y,—Z),—L).

Next, since the sequence fy,(t,y,2) = f(t,y,2) + n(L; — y)* is increasing,
from Remark we know that Y < Y"1 < U for any n > 0. Then (Y;"*),>0
converges to a lower semicontinuous optional process Y = (Y;)o<i<r that satisfies
Y; < Ug forall ¢ < T P-as., and E[sup;<p \Yt|eAT+1] < +o00.

Next, we put

0 =inf{s>7:Y'=U} AT, 60,= lim 07, g = f(s,Y],Z7),
n—oo

and we show that Y is RCLL on [r,6.]. Indeed, since K™~ does not in-
crease before 0., (Y;*, Z}') satisfy with K77~ = K,"~ = 0 on [r,6;].
Then, as a consequence of Lemma [2.1] and (3.4), there exist subsequences of
(95 Lr6,1(8))s<r)n=0 and ((Z31-9.1(5))s<T)n>0, Which we still index by n,



270 B. El Asri, K. Oufdil and N. Ourkiya

and processes (gs1-.](s))s<7 and (Zs1g,1(s))s<r such that for any stopping
time ¥ satlsfymg T < fy < 6 the followmg weak convergences hold:

fZ”dB —\fZ dBs and fg”dséfgsds as n — oo.
It follows that

t t
PY S KE and Y=Y, — [gids— K+ [ Z,dB,,
T T

so that E[(K;)?] < liminf, 4o E[(Kp" )] < 4o0. Since Y < Y, we

can deduce from a result of S. Peng [19, Lemma 2.2] that Y is RCLL on [r, 0;].
Next, we can show as in [8]] that we have the following proposition which can be
considered as a step of the proof.

PROPOSITION 3.2. Assume that (H.1)-(H.4) are satisfied. Then the following
holds true:

() P-as., Yo 1o 1y = Up, Ly <1y and P-a.s., Ly <Yy forallt <

(ii) There exist adapted processes KIT o<t<T and [ Jo<t<T Such that
C exl. t
(Ys, Z7, K%, 0)ocicr is a local solution of the reﬂected BSDE (2.1) on
[T, 0:], which means that it satisfies

ZTe M?, KTt e AP
0 3 B 3

Y, =Yy + [ f(5,Ys, Z])ds + (KjT — K['™)
t

0,
(3.28) — [ ZsdB,, Vte|r,0;];
t
Yr=¢;
0

Li<Y,<U, Vtelro:], [(Ys—Ly)dKI" =0.

.
(i) If vy =inf{s>7:Ys; =Us} AT, then v, < 6,.

Now by analyzing the decreasing penalization scheme, that is, for any m > 0,

T
E [supgeer [V + [ 1202 ds + (K7 )P] < +oc;
0

s

T
=&+ [(f(s, Y, Z) —m(Y™ — U)*) ds
t

(3.29) -
+ (KT — K" — [ ZmdB,, te[0,T);
~ T t
Y > Ly, Vte[0,T], [(Y"—L)dK" =0
\ 0

( }7’”, Zm, K™71) exists due to Theorem [3.1)) we can also prove
P



One-dimensional reflected BSDEs 271

PROPOSITION 3.3. The following hold:
(i) P-a.s., ?671{5T<T} = L5T]1{57<T} and P-a.s., fft U forallt <T.
(i1) There eicist:v a pai~r of adapted processes (Z[ , f(tT " )<t such that the quad-

ruple (Yy, ZT,0, K" )< satisfies
ZTe M2, KT € AP,
Vo= s, + [ £06, Y 2y ds - (R - R7)
t
(3.30) - (Sf ZTdB,, Vte|[r,d.];
?T =& t
5

Li<Y,<U, Vtelrd), [(Us—Y,)dK]™ =0.

T

(iii) Put ppr =inf{s>71: Y, = Ly} NT. Then pr < 6.

Here Y = lim,, oo Y™ and 6, = lim,, o0 O with 07" = inf {s > 7 : stm =L}
AT forallm = Q.
Next using the comparison result and the technique in [8, p. 923], we can prove

that P-a.s., Y; =Y, for any ¢ < T'. Finally, we proceed once again as in 8} p. 924]
to finish the proof.

Next we can proceed as in [[14, Theorem 3.7] to show that the local solution is
actually a global one:

THEOREM 3.3. Under (H.1)—(H.4), the reflected BSDE (2.1) associated with
(&, f, L,U) has a unique solution that is the quadruple (Y, Z, K+, K™).

4. MIXED ZERO-SUM STOCHASTIC DIFFERENTIAL GAME PROBLEM

Now we deal with an application of the double-barrier reflected BSDESs to solving
stochastic mixed games problems. First, let us briefly describe the setting of the
problem. Write 2 = C([0, T}, R?) for the space of continuous functions from [0, T’]
to RY.

Put |jw[|¢ = sup,, |ws| and consider a mapping o : [0,T] x @ — R? @ R?
satisfying the following assumptions
(A1) (i) o is P-measurable and invertible.

(i) There exists a constant C' > 0 such that for all (¢,w,w’) € [0,T]xQx €,

lo(t,w) — o(t,w)] < COllw — ||,
lo(t,w)| < C(1+ ||wlle), la_l(t,w)| < C.
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Let 2o € R%and z = (x¢)t< be the solution of the following standard functional
differential equation:

t
4.1) z=x0+ [o(s,x)dBs, t<T.
0

The assumptions on o imply that (4.1) has a unique solution x (see [20, p. 375]).
Moreover,

4.2) E[(||z]|7)"] < 400, V¥n € [1,+00[ ([I6l p. 306]).

Let now U (resp. V) be a compact metric space and I/ (resp. V) the space of all
P-measurable processes with values in U (resp. V), and let ¢ : [0, T] xR x U x V'
— Reand h: [0,T] x R? x U x V — R9 be such that:

(A2) (i) For each (u,v) € U x V, the function (t,z) + ¢(t,z,u,v) is pre-
dictable.

(ii) Foreach (t,z) € [0, 7] x R4, o(t,z,-,-) and h(t, z, -, -) are continuous
onU x V.

(iii) There exists a real constant X > 0 such that

(4.3) |h(t, 2, u,v)| + |o(t, 2, u, v)|
<K(L+|2ll), V(ta,u,0) € [0,T) x REx T x V.

Under this assumption, for any (u,v) € U x V), we define a probability on (2, F)
by

dp?)
dP

T T
_ 1 _
= exp{fa Ys, 2)p(s, x, us, vs) dBs — 5] lo 1(s,x)g0(3,a:,us,vs)]2ds}.
0 0

We now consider the payoff

4.4  J(u,T;v,0)
TAC

=E®Y) [ f h(S, T, Us, US) ds + LU]]‘{O'<7'<T} + UT]l{T<J} + gﬂ{’r/\a:T}:| ’
0

where L, U and ¢ are those of the previous sections. The problem we are interested
in is to find a saddle point for the payoff functional J(u, 7; v, o), that is, we are
looking for two intervention strategies (u*, 7*) and (v*, 0*) that satisfy

4.5) J(u*, m550,0) < J(u*, 0%, 0") < J(u, Ty 0", 0").
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Now we define the Hamiltonian associated with this mixed stochastic game prob-
lem by

H(t,x, z,u,v) = zo Y(t,z)p(t, x,u,v) + h(t,z,u,v),
(t,x, z,u,v) € [0,T] x R x RY x U x V.
Under Isaacs’s condition, and by Bene§’ theorem [3]], there exists a couple of P®QB-
measurable functions u* = u*(¢, x, z) and v* = v*(¢, x, z) with values in U and V
respectively such that for all (¢, z,u,v) € [0,T] x R4 x U x V,
H* (t’ x? Z) = H(t7 :L" Z’ u* (t’ x? Z)7 /U*(t’ 'r’ Z))

= inf sup H(t,z, z,u,v) = sup inf H(t,z,z, u,v).
uel veV veV uel

THEOREM 4.1. Under assumptions (A1) and (A2), there exists a quadruple of
adapted processes (Y*,Z*, K*T, K*™) that is the unique solution of the finite
horizon reflected BSDE associated with (§, H*, L, U). Define stopping times by

of=inf{t>0:Y=L}AT and 7 =inf{t>0:Y=U}AT.

Then Yy = J(u*,7%;v*,0%) and (v*, 7*;v*,0") is a saddle point for the mixed
stochastic game problem.

Proof. Since H* satisfy (H.3) and (H.4) (see [9]), the quadruple (Y™, Z*,
K** K*7) exists and is unique. The rest of the proof is classical and left to
the reader.

5. CONNECTION WITH DOUBLE OBSTACLE VARIATIONAL INEQUALITIES
Letb: [0,7] x R? — R%and ¢ : [0, 7] x R — R be two globally Lipschitz
functions and consider the following SDE:

dXt = b(t, Xt) dt + O'(t, Xt) dBt, t < T.

We denote by (Xﬁ’x)@t the unique solution of this SDE starting from z at time
s=1t.
Now suppose we are given four functions

f:0,T]xRIXRxRY R, ¢g:RY—>R, hh:[0,T] xR =R
such that the following holds:

(H'.1) f satisfies assumptions (H.3) and (H.4), and there exists p > 1 such that
for every (t,z) € [0,T] x RY,

T
E|:f|f(S7X§7x’O7O)|pdS < +00.
0
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(H'.2) For all (t,z) € [0,T] x RY, h(t,z) < K(t,z) and h(T,z) < g(z) <
I (T, z), and there exists a constant C' > 0 such that

|1 (¢, )] + [h(t,2)] + |g(2)] < C(A+ [[z]]e).

5.1. Connection with one-obstacle variational inequalities. Let us denote by
(V" Zb" KL7Y set,) the solution of the following reflected BSDE:

T
Vo = g(XpT) + [ f(r, Xp% Y0, Zp%) dr + Kt — Ko©
T S
(5.1) — [ Zv" dB,;
S

YO > (s, Xy7), Vsel[t,T], [(Y;"" —h(r,X7")dKy" = 0.

+ ="

Moreover, on [0, t] we set Yhe = Ytt’x, zb® — gb* — .
We will show that Y, is deterministic for every (¢, z) and we define

(5.2) u(t, ) = )"

First we will prove that u is continuous and is a viscosity solution of the following
obstacle problem: for all (¢, ) € [0, T] x RY,

(5.3)
ou

min |u(t, z) — h(t, x), 5

(t,x) — Lu(t,x) — f(t,z,u(t,x),o(t,z)Vu(t, z))
=0,

with u(T, z) = g(x) for z € R? and

d 2 d
L= % > ((UU*)(tW))i,ja:jaxj + Z(b(t>$))iaii'

ij=1 i=1

Then we will prove that it is the unique continuous viscosity solution that belongs
to some class of functions.

5.1.1. Continuity

THEOREM 5.1. For every (t,z) € [0,T] x RY the function u(t,z) = Y;"* is
continuous and of polynomial growth.

Proof. Let (t,,x,) — (t,2). Since |Y;"" — Y, is deterministic, we have
t, tnn t, tn,n
I )
<E(Y =Y ) + B = YE).

Then from (3.3)) and Lemmawe get lim,, IE[|Yttx — Ytiﬂ] =0.
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Now we shall show that lim,, .o E[|Y,"" — Y,"*"|] = 0, for which we use the
fact that
B[l - ¥ | <E| sup |[vie - vimo].
0<s<T
We proceed as in Step 2 of the proof of Theorem[3.1] For 3 € |1, min(3 — o, 2)],
we have

E|: sup |}/;t,l‘ _ Ystn7xn’5]
(T/— 5" H <s<T"

+ E ’1} |Z§7x _ Zﬁn:xn|2 .
Yt#E _ Ytn,ivn 2 I—B/Q
2o+ (1Ys s" 2+ vR)
oM25' B 2Mm25'8

-1 1

< COTEg(XE) — g(xtmn)P) 4 o AN AN
X T T AB/Z AH/T

N N

+ 0OV BN 4 1) T

T/
B[ [ £ X, Y05, 287) — flu, Koo, Yo, 28%) ]
t

+ 0O (B[ sup |(|h(s, XE) = (s, X2 + AR}
0<s<T

)5/2—1

p—1

x (h(s, X47) = (s, X)) ]) 7

Since f, g and h are continuous in z, for §' < (8 — 1) min( 4z, m) we pass

to the limit as n — oo and then as N — oo, and by taking successively 7" = T,
T =(T—-0)",T =(T—-25),..., forevery 5 € |1, min(3 — «, 2)[ we get

lim E[ sup YT — Y;mwnﬂ ~0.

Finally, since 8 > 1, the result follows by using Holder’s inequality. The polyno-
mial growth of u follows from (3.3). =

5.1.2. Existence of the solution

THEOREM 5.2. Assume that (H'.1) and (H'.2) are satisfied. Then the function
w: (t,x) — ult,z) = Yf’w is a viscosity solution of the obstacle problem 1|

Proof. Consider the following reflected BSDE:
T T
(54 Y= g(X5T) + [ fulr, X5 YO ZEY dr — [ 280 d B,
S S

where

Fulr, Xp Y500, 2000 = fr, Xp®, Y000, 2500 + n(YE5" = h(r, Xp7)) 7



276 B. El Asri, K. Oufdil and N. Ourkiya

Then, from [2], u, (¢, z) = Y;*" is a viscosity solution of
Ouy,

ot
From the comparison theorem we know that wu,, is increasing, and we can argue as
in [[11] to show that u,, converges to w solving (5.3). =

(5.5) —(t,x) + Lun(t,z) + fult, o, un(t,z),0(t, 2)Vu,(t,z)) = 0.

5.2. Connection with double-obstacle variational inequalities. Let (Yo", Z0",
Kb K" )<<t be a solution of the following reflected BSDE:

(

T
YT = g(Xp) + [ F(u X" Y0 207 du
S

T T T
5.6) + f dKSY — [dKY — [ 24" dBy;

h(s, X”) SYIT LW (s, XYY, Vselt,T);

T
(Y™ — h(u, X7)) dES = [(W (u, X0%) = Vi) dK, b = 0.
t

=

The objective of this section is to show that u(t, z) = Ytt’ is continuous and it is
a viscosity solution of the obstacle problem

min |u(t, x) — h(t, x), max {—g::(t, x) — Lu(t, )

(5.7) —f(t,z,u(t,z),o(t,x)Vu(t,z)),u(t,z) — h'(t, x)}] =0,
(t,z) € [0,T) x RY;

u(T,z) = g(z), VrecR%
5.3. The continuity of the viscosity solution
PROPOSITION 5.1. For every (t,z) € [0,T] x RY, the function u(t,z) = Y,

is continuous.

Proof. For any n > 0 let (Y5™™),cp (resp. (Y."™)s<r) be the first com-

ponent of the unique solution of the BDSE with one reflecting lower (resp. upper)
barrier associated with (g(X72"), f(s, X5*, y, 2)—n(R (s, Xo")—y) =, h(s, X5*))
(resp. (g(X57), f(s, Xe*,y, 2) + n(h(s, X0F) — y) T, h' (s, X&™))). As shown in
the previous subsection, for any n > 0 there exist deterministic functions u" (¢, x)
= YY" and a"(t, 2) = Y,™" that are viscosity solutions of

(5.8)
min |u(t, z)—h(t, z), —%(t, x)—Lu(t,x)— f(t,x,u(t,x),o(t, z)Vu(t, z))

n(h (t,z) —u(t,z)) | =0, (t,x)€[0,T) x R% uw(T,z) = g(x),
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and

(5.9
max [u(t, z)—h (t, ), —%:(t, x)—Lu(t,x)—f(t, z,u(t,x),o(t,x)Vu(t,x))

—n(h(t,z) —u(t,z))t| =0, (t,2)€0,T) x R% uw(T,z) = g(x),

respectively. Now thanks to the results of the previous sections, the sequence
(Y™, >0 converges increasingly to Y% and the sequence (?t’w’n)n>o con-
verges decreasingly to the same Y'*, meaning that u"(t,z) \, u(t,z) and
a™(t,x) /" wu(t,z). Since u" and @" are both continuous, u is both lower and
upper semicontinuous, and hence continuous.

5.4. Existence of the solution

THEOREM 5.3. Assume that (H'.1) and (H'.2) are satisfied. Then the function
w: (t,x) — u(t,x) = Yf’x is a viscosity solution of the obstacle problem 1’

Proof. First note that since ", @ and u are continuous, Dini’s lemma shows
that they converge uniformly to « on compact subsets of [0, 7] x R

Let us now show that u is a viscosity subsolution of (5.7). Let ¢ €
CY2((0,T) x R?), and (t,, z,,) be a sequence of local maximum points of u"™ — ¢
that converges to (¢, z). For n large enough we have u"(t,,, x,,) > h(t,, z,), and
since u" is a viscosity solution of (5.8) we have

_aaf(tna l'n) - £¢(tn7 l'n) - f(tn7 xn,gn(tn, ajn), O'(tn, xn)ngﬁ(tn’ Q;n))
+n(h (ty,xn) — U™ (tn, 20))~ < 0.
Then
o¢
— ¢ (tns @) = LO(tn, 2n) = ftn, T, " (tn; Tn), 0 (tn, 20) VO (tn, 20)) < 0.

Now due to the continuity of the functions and the uniform convergence of u" we
obtain
0¢
_E(ta .’L‘) - £¢(t7 .1‘) - f(tv xz, u(tv .le), J(tv x)Vqﬁ(t, J})) < 0.
Since u(T,z) = g(x) and h(t,z) < u(t,x) < h/(t,x), u is a viscosity subsolu-
tion of (5.7). In the same way, with reverse inequalities, we show that u is also a
viscosity supersolution of (5.7).
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5.5. Uniqueness of the viscosity solution. Before addressing the question of
uniqueness of the viscosity solution of (3.7)), we recall the following proposition.

PROPOSITION 5.2. w is a viscosity solution of

min [w(t, z) — h(t, z), —%—f(t, x) — Lw(t, )
(5.10) —ft,z,w(t, z),0(t,z)Vw(t,z)] =0, (¢t z) € [0,T[xR%
w(T,z) = g(x), xcRY

iffw(t,z) := etw(t,x), fort € [0,T] and = € R, is a viscosity solution of
(5.11)
min[w(t, z) — e'h(t,z), — ( x) +w(t,z) — Lw(t,x)
—elf(t,x, e w(t, z), ( z)V(ew(t,z)))] =0, (t )€ [0, T[xR%
w(T,z) =eTg(x), =R

We now have the following theorem.

THEOREM 5.4. Under (H'.1) and (H'.2), equation (5.7) has at most one solu-
tion.

Proof. It is enough to show that if v and u are a viscosity supersolution and a
viscosity subsolution of (5.7) respectively, then

u(t,z) <v(t,z), VY(tz)el0,T] xR

First, note that v > hand u < h’, and set ¥ := v A ' and @ := w V h. Then @
(resp. ¥) is a viscosity subsolution (resp. supersolution) of (5.7). It follows that @
(resp. ) is a viscosity subsolution (resp. supersolution) of (5.3).

Now we show that ¥ and @ satisfy @ < v. Indeed, suppose for some R > 0
there exists (£,7) € [0,7] x Br (Bg := {z € R?: |z| < R}) such that

(5.12) max(u'(t,x) —v'(t,x)) = ' (£,7) — V' (£,7) =n > 0,

t,x
where v/ (t, x) := e'v(t,x) and v/ (¢, z) := e'u(t,z) fort € [0,T] and z € R,
Take 0, A and 3 € (0, 1] small enough. Then, for a small € > 0, define
(5.13)
1 _ _ _
q)e(tv T, y) = (1_/\)ul<t7 .’IJ)—’U’(t’ y)-i’.’E—y’4—9(’$—$’4+’y—$’4)—ﬁ(t—t)2

Since u' and v’ are bounded for R large enough, there exists a (t.,x,y.) €
[0,7] x Br x Bp such that

(I)e(tev Te, ye) = max (I)e(ta z, y)'
(t,2,y)



One-dimensional reflected BSDEs 279

On the other hand, from 2P (¢, z¢, ye) > Pe(te, T, xc) + Pe(te, Ye, Ye ), We have

%|x6 - y6|4 < (1 - )‘)(u/(tﬁ’xe) - u/(t67y€)) + (U/(te,xe) - 'U,(tea ye))a

and consequently 1|z, — y|* is bounded, and |z, —y| — 0 as e — 0. Since v’ and
v’ are uniformly continuous on [0, 7] x Bg, we have o |z — y|* — O as e — 0.
Since

(1 =N (%) — V' ({,7) < Pe(te, ve,ye) < (1 — M (te, xe) — V' (te, Ye),

it follows by letting A — 0 and using the continuity of «’ and v’ that, up to a
subsequence,

(5.14) (te, ze, ye) — (£,7,7).
Next let us show that ¢, < T'. Indeed, if t, = T then
O (t,7,7) < P(T, xc, Ye)
and
(1= N/ ({,7) = '(,7) < (1= Nelg(ze) — e g(ye) — B(T —te)*,

since v/ (T, z.) = el'g(x), v'(T,y.) = €T g(ye) and g is uniformly continuous
on Br. Then as A — 0 we have

n< =BT —1)* <0,

which is a contradiction and so ¢, € [0, 7).
Now we claim that

(5.15) U (te, ze) — e'h(te, ze) > 0.

If not, there exists a subsequence such that u'(t, ze) — e'“h(te,z¢) < 0. Then
as A — 0 we have u/(¢,Z) — e'h(t,Z) < 0, but from the assumption v'(¢,7) —
v'(t,T) > 0 we deduce that 0 > v/ (£, %) — e'h(¢,T) > v'({,Z) — h(f, T). Therefore
we have v/(£,T) — e'h(Z,T) < 0, which leads to a contradiction with (5.11). Next
set )

Vet z,y) = o le =yl +0(lx = 3"+ |y — 71 + B - B
Then we have

Dytpe(t,z,y) = 28(t — t),
Dape(t, z,y) = 2(x — y)lo — y[* +40(z — T)|o — 77,
Dyipelt,z,y) = =2(x = y)le —yl* + 46(y — 7)|y — 7,

_ _ a1(z,y) —a1(z,y) az(z) 0
B(taxvy) - D:%,yw€(t7$7 ) - %(—;1(331/) a11(x7y3; ) + ( 2() ag(y))’

(5.16)
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with a1 (z,y) = 2|z — y|*I +4(x — y)(x — y)* and az(z) = 40|z — T|*I + Szx*.
Taking into account (5.13)) and then applying the result by Crandall et al. [5, The-
orem 8.3]) to the function

(1 - )\)u'(t,x) - ’Ul(tay) - wE(tvxa y)

at the point (%, z¢, y.), for any €; > 0 we can find ¢,c; € Rand X,Y € S(d)
such that

5.17

( (c,)f(avE —y)|Te — ye|? +40(xe — )|z — 7|7, X) € J2T((1 = M (te, z0)),
(_Cla %(136 —Ye)|Te — yﬁ|2 —40(ye — )|y — T|27 Y) € J27_(U/(t6a Ye))
c+c1 = Ditpe(te, ve, ye) = 2B(te — 1),
—(& 4+ 1Bt ze, y) NI < (§ %) < Blte, 7e, ye) + 1 Blte, e, ye) .

Taking now into account (5.13)) and the definition of viscosity solution, we get

—c— = Tr[ “(te,xe) Xo(te, xc)]
- < —Ye)|Te — y€\2 +40(xe — T)|xe — E|2, b(tE,x€)> + (1= M)/ (te, ze)
- (1- )\)etff(tg, Te, e_tu/(te,xe),a(te,:cE)V(e_tfu/(Q, z:))) <0

and

c1— 3 TI'[ *( € ye)YU(t67 ye)]
— (3(@e — yo)lwe — ye|? —49(y5 — D) |ye — T2 b(te, ye)) + V' (e, ye)
- te (t67y676 v (teaye) (tﬁvyﬁ)v(eitevl(tﬁyﬁ))) > 0’

which implies that

(5.18) (1 — Nt/ (te,we) — V' (te,ye) —c—c1
< %Tr[a*(te, T )Xo (te,xe) — 0 (te,ye) Yo (te, ye)]
+ <%(x€ — Ye)|we — ye|2a b(te, e) — blte, ye))
+ (40(ze = T)|ze — T, b(te, w6)) + (40(ye — T)|ye — T, b(te, ye))
+(1—Xe tef(te,xe,e*tu/(te,afe),J(te,xe)V(e*tﬁu’(te,xe))
- etef( e Ye, € fv ( e Ye),0(te,ye) V(e e ( &> Ye))-

But from (5.16) there exist constants C' and C such that

a1 (ze, yo) | < Clze —yel* and  Jaz(zo)|| V [laz(ye)ll < C1.
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As

B Bltomu = ¢ (L) ey (a0 0 )

C of I -1 I 0
< — — .
It follows that

1 € I I I 0
2 Lo 2 €L 4
B+eB°< C(G\xe Yel” + 62\1'6 Yel > < I > + C10 (O I)

where C' and C'j may change from line to line. Choosing now €; = ¢ yields the
relation

we have

C I I I 0
2 Y 2 4 ‘
(519) B+eaB? < —(lre — el + e ye|>< ! 1)*01‘)(0 1)

Now, from the Lipschitz continuity of o, (5.17) and (5.19) we get

1
B Tr[o* (te, xe) X o (te, xe) — 0™ (te, ye)Y o (te, ye)]
C
< ?(|xe - ye|4 + |xe - ye|6) + C10.

Next by plugging into (5.18) we obtain

(1 — N (te,me) — V' (te, ye) — 28(te — 1)
< (1= Nele f(te, we, e M (te, ), 0(te, w) V(e (te, z.))
— el (te; Ye, €™ v ( eaye)aa(tevye)v( e ( E7y€>)

C
+ ?(|l‘e - ye|4 + |$e - ye|6) + C10.

By letting e — 0, A — 0, § — 0 and taking into account the continuity of f, we
obtain 7 < 0, which is a contradiction.

Now we have u < ©uV h < v A K/ < v, which means that if v and @ are two
solutions of (5.7 - ) then u < % and % < u. Hence, obviously, u = 1.
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