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Abstract. Let (X, )nen and (Y5)nen be two sequences of i.i.d. random
variables which are independent of each other and all have the distribution
of a positive random variable £ with density f¢. We study weighted strong

laws of large numbers for the ratios of the form bi ey ak%’: in the

cases when E{ = oo or lim,_ g+ fe(xz) = 0 or f¢ is unbounded. This
research complements some results known so far.
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1. INTRODUCTION

Let X and Y be independent random variables with the distribution of a positive
random variable £ with density f¢. Observe that the survival function of the random
variable R = X /Y has the following form:

FR(’F) =1— Fr(z) = ff fe(z y) dz dy

z/y>r

= Zfo(xffg( dy)fg f(f f&( >d8>f5(x) dx

If we assume that E{ < oo, f¢ is bounded and lim, o+ fe(x) = f¢(0), then by
the Lebesgue dominated convergence theorem, we get

(1.1) rEFgr(r f(f fe(0 ds)fg( Jdx = fe(0)EE  asr — oo.

Therefore ER = oo and we cannot obtain the strong law of large numbers for
a sequence of i.i.d. random variables distributed like . The only way to obtain
nontrivial limits (finite and not 0) is to study weighted convergence. Results of
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this kind are called exact laws of large numbers (strong or weak, depending on the
mode of convergence considered — almost sure or in probability).

A direct application of (I.T) and [6l Theorem 1] yields the following exact
strong law of large numbers, also appearing in [4]].

THEOREM 1.1. Let (X,)nen and (Yy)nen be two sequences of i.i.d. random
variables which are independent of each other and all have the distribution of
a positive, integrable random variable & with density f¢. Assume that f¢ is bounded
and lim, o+ fe(x) = fe(0). Then, for all o > =2,

1 gk X fe(0)EE
lim — = almost surely.
n—oo g2 = kY, a+2

The first result of this type was proved in [2] for uniformly distributed r.v.’s and
generalized in [5] to r.v.’s satisfying a technical condition called “sub-exponentia-
lity”. In the above theorem we got rid of this condition. The weak exact law under
the above conditions was proved in [3]. Also ratios of order statistics attracted
interest of many researchers; we refer the reader to [5, |6] for further references.
General results concerning exact strong laws may be found in [[1]].

The goal of this paper is to present some convergence results in the case when
the assumptions of Theorem I.1]are violated. We shall consider the case E{ = oo,
unbounded f¢ and lim, g+ fe(x) = 0.

We use the standard notation lg(z) = log(max(e, x)) where log is the loga-
rithm to the natural base.

2. THE CASE OF INFINITE MEAN

In this section we focus on the case [E{ = oo but restricting our attention to Pareto-
type random variables &, i.e. satisfying

(2.1 lim z®fe(z) =M  for some M > 0.

T—00

We shall examine the tail behavior of R under condition (2.1]) because our main
result of this section will be based on the following lemma.

LEMMA 2.1. Let (Ry)nen be a sequence of independent r.v.’s with the distri-
bution of a r.v. R with survival function F'r and density function fr. Suppose that

(2.2) lim (zFr(z) — 22 fr(z)) = A for some A > 0.
Then, for all o > —2,

1 o lgv g A
~ 2(a+2)

(2.3) lim

almost surely.
n—o0 ]ga+2 n =1 k >
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Proof. By using de L’Hospital’s rule we get

lim PR > z) = lim (zFg(z) — 2°fr(z)) = A

r—00 gx T—00
and the conclusion follows from [1, Example 2]. =
The main result of this section is the following.

THEOREM 2.1. Let (X,)nen and (Yn)nen be two sequences of i.i.d. random

variables which are independent of each other and all have the distribution of
a positive random variable § with density fe. Assume that f¢ satisfies (2.1)), is
nonincreasing and lim,_.g+ fe(x) = f¢(0). Then, for all o« > —2,

) 1 no g kX, Mfe(0)
2.4 1 kel A
GO 2 T Y T 2y

Proof. Observing that

almost surely.

o0 o0

fr(r) = fxfg(:n)fg(rx) dv, Fg(r)= f’ng(x)fg(mc) dz,

0 0
we get

25) 1 Falr)— falr) = | LD~ Tle@)

0 X

(r*2?) fe(rz) dz.
From (2.1) and the monotonicity of f; it follows that 2 f¢ () is uniformly bounded
on [0, +00). From the monotonicity of f¢ it also follows that

Fe(x) —afe(x) >0 forz € [0,+00).

Moreover,

Fe(x) ;21'f5($) _ (Z[_Fix)]

is integrable on [0, +-00) and by the right-continuity of f¢ at 0 we get

Ost(ﬂf)—xfs(ﬂf) dw:[ F&(ﬂ?)r

5 s 7
0 X

. = [e(0).
0

In consequence, by the Lebesgue dominated convergence theorem applied to (2.5)),
we get B

Tim (rFp(r) — 1 fa(r) = M fe(0)
and so the proof is complete according to Lemma[2.1] m

Now, let us present two examples in which the above theorem is applied. In the
first example we shall consider the folded Cauchy distribution, and in the second
one, the Pareto distribution. In both cases neither Theorem 1. 1| nor the results of [3]
can be applied.
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EXAMPLE 2.1. Assume that £ has the folded Cauchy distribution with density
fe(x) = Tﬂ) and distribution function F¢(z) = 2 arctan(z) for z € [0, +00).

Then (2.4) holds with M f¢(0) = (2/m)>.

EXAMPLE 2.2. Assume that £ has the Pareto distribution with density f¢(x) =
a +ax)2 and distribution function F¢(x) = 1 — = for x € [0, 400) and some

a > 0. Then (2.4) holds with M f¢(0) = a- 2 = 1.

3. THE CASE OF DENSITY VANISHING AT ZERO

In this section we discuss the case lim, o+ f¢(z) = 0. We will present two results.
In the first one we will show that if f¢(x) approaches 0 with a polynomial rate then
the standard strong law of large numbers holds. In the second result we show an
example of a rapidly growing density f¢(x) in a neighborhood of 0 and in this case
weighted convergence should be considered.

THEOREM 3.1. Let (Xy)nen and (Y )nen be two sequences of i.i.d. random
variables which are independent of each other and all have the distribution of
a positive random variable § with density f¢. Assume that E§ < oo and

(3.1) fe(t)log? t is bounded for t € (0,to],
for some ty > 0. Then
1 2 Xy

(3.2) nlggo EI;I v, = =E¢- EE almost surely.

Proof. 1t is sufficient to prove that E% < 00. Observe that 1/¢ has density
fije(@) = 2 fe(). Thus

(a0 a) o ele) = o ) fe ).

which is bounded for = > 1/t( and the proof is complete. =

REMARK 3.1. It is clear that if lim, o+ f¢(t)/t* = C' > 0 for some o > 0,
then lim,_o+ fe(t) log?t = 0 and the assumption (3.1) is satisfied. Moreover t* <
C1/log? t in a neighborhood of 0 for some Cy > 0.

EXAMPLE 3.1. Assume that { has density f¢(xz) = (p + 1)z for z € [0, 1]

and some p > 0. Then

1 1 1

Re=Pt " ad Er-2T1
p+2 3 p

If (X,,)nen and (Y}, )nen are as in Theorem (3.1} then

12 X 1
lim L S~ Xk _ (p+1)?

almost surely.
n—oon (2 Vi plp+2) Y
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In the next example we obtain an exact law of large numbers when £ has density
defined by the integral logarithm function.

EXAMPLE 3.2. Consider the density f¢(z) = logz
number zo ~ 0.7674 may be calculated numerically. Then

(T 5e(2) a5 fetor o

for € (0,z0]. The

and
rlogrFp(r f(ffg( >d8>f5( ) d
z logr
= ——d d
{ <{ logr —log s S) fe(z) dz
Since loglf%ﬂ)gs — 1 as r — oo uniformly on the interval s € (0, x|, we get

rlogrFr(r) — ?xfg(x) dx = E¢.
0

By numerical calculations E{ ~ 0.52551. According to [1, Example 3], for se-
quences (X, )nen and (Y;,),en described in Theorem [3.1] and distributed like &,
we get
i 1 no gtk X, EE
oo 15772 A klglgk Y, a2

for all & > —2. Observe that in this case condition (3.1) is not satisfied.

almost surely

4. THE CASE OF UNBOUNDED DENSITY

In this last section we discuss the case of unbounded density f¢(x) in a neighbor-
hood of 0. More precisely, we shall consider densities such that lim, g+ fe(z) =
+00. To find explicit weights in our main result we shall impose some regularity
conditions on f¢(x).

THEOREM 4.1. Let (X,)nen and (Yn)nen be two sequences of i.i.d. random
variables which are independent of each other and all have the distribution of
a positive random variable § with density f¢. Assume that E§ < oo and for some

€ (0,1),

4.1) 2P f¢(x) is bounded for x € (0, 00)
and
4.2) lim aPfe(x) =A  for some A > 0.

z—0t
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Then

4.3 li
@3 i e, 2T

almost surely

1z lgak:(Xk>1_p_ AR
Y (1 -p)(a+2)

forall o > —2.

Proof. We shall apply Theorem |1.1/to the r.v’s (X5 ?)nen and (Ya ?)nen,
which are distributed like £!~7. Observe that E¢' ™7 < oo since B¢ < oo and
0 < 1 —p < 1. Moreover the density of £ 77 is

1 1 1 1 1
2T = fe(aT)
—D

fea() = felaTP)5

Thus by (4.1), fe1-»(z) is bounded and by (4.2) we get

li o(z) = ——.
:z:i%h f£1 p(.l‘) 1- p .

The above theorem is applied in our last example.

EXAMPLE 4.1. Consider the density f¢(x) = (1 — p)z™? for z € (0,1) and
p € (0,1) corresponding to the distribution function F¢(z) = z'77 forz € [0,1].
Then 2P fe(z) = 1 — p and E¢'™P = 1/2. Thus, for sequences (X,,)nen and
(Y )nen as in Theorem 4.1 we have

1 2 lg%k [ X\ P 1
4.4 li 3 =k =_———  almost surel
G e, 2k <Yk> 2atz) ONNEY
forall o > —2.
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