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1. INTRODUCTION

In [10]], K. Bogdan et al. proposed a general method of constructing supermedian
functions for semigroups. This approach was applied in [[11} 25] to study singu-
lar Schrodinger perturbations of the fractional Laplacian. In this paper we apply
this methodology to the Dirichlet kernel of the half-line (0, co) for the fractional
Laplacian and we obtain a wide spectrum of ground state representations of the
corresponding quadratic form. In doing so we resolve major technical problems
related to compensation of kernels and divergent integrals.

We write a A b := min {a,b} and a V b := max {a, b}. We write f(z) ~ g(x)
if f,g > 0and ¢ lg(z) < f(x) < cg(x) for some positive number ¢ > 0 and all
the arguments x.

1.1. Fractional Laplacian and «a-stable Lévy process. Let o € (0, 2),

ol'(a) sin(ma/2)

- and v(y) = Auly| 77

Ao =

For (smooth and compactly supported) ¢ € C°(R), the fractional Laplacian is

AP ¢(z) = lim Bz +y) — ¢p(@))v(y)dy, z€R.
10 B0e)e
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Let p; be the smooth real-valued function on R with Fourier transform

(1.1) [pe(z)e™de =7t >0, ¢ eR.
R

According to the Lévy—Khinchin formula, p; is the density of the probabilistic
convolution semigroup with Lévy measure v(y)dy; see e.g. [7]]. Let

p(t7 xz, y) = pt(y - ':U)
We consider the time-homogeneous transition probability
(t,z,A) — fp(t,x,y)dy, t>0,reR, ACR.
A
By the Kolmogorov and Dynkin—Kinney theorems there is a stochastic process
(X¢, P?) with cadlag paths and initial distribution P* (X (0) = z) = 1. We denote
by P* and E* the distribution and expectation for the process starting at x. We call
X the isotropic a-stable process with index of stability « € (0, 2). In fact, X; is a

Lévy process with zero Gaussian part and drift, and with Lévy measure v(y)dy.
From (1.1)), we have the scaling property

pila) = t=opy (7Y ),

It is well known (see e.g. [7]]) that

pi(a) ~ %A

e’ t>0,zeR.

Additionally, the function p(t, x, y) satisfies the Chapman—Kolmogorov equation

p(t+s,z,y) = fp(t, x,2)p(s, z,y)dz, s,t>0,z,y€R.
R

1.2. Killed process. Throughout the paper we let D = (0, 00) C R. We define the
time of the first exit of the process X; from D by

mp =inf {t > 0: X; € D°}.

The random variable 7p is an almost surely finite Markov moment (see (3.2))). We
denote by PP the semigroup generated by the process X; killed on exiting D. The
semigroup is determined by the transition densities pp(t, z,y) given by the Hunt
formula (see e.g. [16])

(12)
pD(tax’y) :p(t,$,y) - ]Ez[p(t - TD>XTDay):H-{TD<t}]7 > 0’ T,y € D.
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It well known that the density pp(t,z,y) is symmetric, i.e. pp(t,z,y) =
pp(t,y,x), continuous in (t,z,y) for t > 0, x,y € D, satisfies the Chapman—
Kolmogorov equation

pD(t + S,T, y) = pr<t7 x, Z)pD(S7 Z, y) dZ,
D
and for any non-negative Borel function, we have

(1.3) Pth(l') = pr(t7xay)f(y) dy = EI(H{t<TD}f(Xt))7 t>0,z€eD.
D

We note that pp admits the same scaling as p,
(1.4) po(t,z,y) =t pp (1t oy, 7).
It is known (see e.g. [[12]) that

7%/2 ya/Q
(1.5) pp(t,z,y) mp(t,x,y)(l A t1/2> <1 A tl/?>’ t>0,xz,y€ D,

while for x ¢ D ory ¢ D, we have pp(t,z,y) = 0 for t > 0. By (I.3) and
integrating the Hunt formula (1.2)), we get

(1.6) P*(tp > t) = [ pp(t, z,y) dy.
D

1.3. Main results. Recall that D = (0,00) and o € (0,2). Consider 8 € (0, 1),
v € (B+ /2,14 «/2) and define

(1.7) C= [ [pp(t. Lyte200/0y = dy dt
0D
and

c1t(-e/2=Bt0/a for¢ > 0,
f(t) =
0 fort < 0.

According to [10] we define

hs(z) = [ [pp(t,z,y)f(t)y Y dydt, x€ D,
0 D

1 L
qp(x) = m{gpp(t,x,y)f (tyy Vdydt, =x€D.

By the scaling property (T.4), hs(z) = 2/>75 (see Lemma . It turns out that
gs does not depend on «y either. In the previous papers [11, 23] this construction
was applied to the convolution semigroups with the Dirac measure Jg in place of
wu(dy) = y~7 dy. In our case such a choice is impossible because pp(t, z,y) = 0
for y < 0. Our approach shows how the construction introduced in [10] may be
used for more general semigroups than convolution ones, provided one can find the
proper measure . Our main results are stated in the following theorems.
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THEOREM 1.1. Ler 3 € (0,1). Then
qs(x) = kg™ *, x €D,

where
FB+a/2)T(1—F+a/2)
@I - p)

The main difficulty here is to obtain the exact value of the constant xg. In
contrast to the case of the free process considered in [10], generally we cannot
calculate the constant C in for arbitrary y. One may try here the approach
involving the Mellin transform of the supremum process and calculate C for v = 0
(see Remark [3.1)). However, it leads to very complicated formulas, so we choose
another method to prove Theorem |1.1|by finding the value of C for v = 8 + «a/2.
This result is stated in the following theorem.

THEOREM 1.2. Letr 3 € (0,1). Then

(1.9) [ [pottzy)y™ P dydt = x5 e*/>7F, we D,
0 D

(1.8) Kp =

where kg is given by (L8).
According to (I.3)), in probabilistic terms, the statement of Theorem [I.2]reads

TD
IE‘T(f X;Bfa/th) = ﬁglxa/%'g, reD.
0

As an application of Theorem [I.T|we prove the Hardy identity for the Dirichlet
form

1
Ep(u,u) = tl—i}& E(u — PPu,u), wueL*D).

The subject of Hardy identities and inequalities was initiated in 1920, when Hardy
[22]] discovered that

(1.10) Ofo[u’(x)]? dz > lofo u(x)’
0 4 0

for absolutely continuous functions « such that u(0) = O and v’ € L?(0, c0). Later,
many generalizations of (I.I0) were proven, where the left-hand side of (1.10)
was replaced by various symmetric Dirichlet forms £ in the sense of Fukushima,
Oshima, and Takeda [20]. In particular, foralld > 1,0 < a < dA 2,0 < 8 <
d — a, and u € L?(R%), the following Hardy-type identity holds (see [17, 10]):

2
(11 E(uyu) = rE" [ w@)” g,

R4 |x‘a

_l’_

2
JJ Lﬁx,)a - u(y)] =Pyl P v, y) dy de,

1
2 RAR4 ‘y|7ﬁ
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where &(u, u) = limy_o4 +(u — Pyu, u), P, is the stable semigroup on R? and
re _ 2°T((B+a)/2)L((d - 5)/2)
I (TN (R VA

The identity (1.11) is also called a ground state representation. It yields the Hardy-
type inequality for £ (see also [23] 14, [30])

0<B<d—a.

2
u(xi dx.
||

(1.13) E(u,u) > kg [
Rd

We get the analogous result to (I.11)) for the form Ep.
THEOREM 1.3. Ifu € L?(D), then

(1.14)
2
Ep(u,u) = kK fu(a;) dx
hoT
1 u(z) u(®) \* a2, a2
+2‘£‘£<xa/2—5 _ya/2—5 z/? 5y /2 *Bu(x—y)dxdy.

As a corollary, in Proposition 4.1 we give a new proof of the Hardy inequality
for £p obtained in [9] (see also [26]] for its generalization to Sobolev—Bregman
forms). For 5 = 1/2, the identity is a special case of [19, Theorem 1.2]
with p = 2 and N = 1. We note that formula (I.14) may be derived from (I.TT)
with d = 1 by taking u with support in D; see Remark 4.1} However, the range of
parameters in this case is limited to o € (0,1) and 5 € (a/2,1 — a/2). Note that
in our approach this case is the easiest one (see e.g. Fact[2.T)) and the generalization
to the whole range of parameters o € (0,2) and 8 € (0, 1) is non-trivial.

REMARK 1.1. By using the relationship between the fractional Laplacian with
the Dirichlet condition and the regional fractional Laplacian (see [8}9]) the ground
state representation for the latter operator is an immediate corollary of Theo-
rem [1.3] Namely, for u € C.(D) we have

Ao pula)?

En(u,u) = (m _ ) [

«
(07 D T

dzx

1 u() u(y) \? a/2-B, a/2-B
+2}£qu<$&/25—@/&/2§ x Yy v(z —vy)dzdy,

where £, is the Dirichlet form related to the regional fractional Laplacian.

It is also worth mentioning the recent paper [[14] by Bogdan and Merz, where
the authors considered the fractional Laplacian with Hardy potential in angular
momentum channels. They obtained a ground state representation for this operator
with an explicit constant .
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1.4. Further discussion. If we compare our result for &« € (0,2) with the case
a = 2and d = 1, we may observe several similarities. First, note that for 8 € (0, 1)
and sufficiently regular « we have the following Hardy identity (see e.g. [29, The-
orem 3] for the special case § = 1/2):

e’} © ulx 2 e’}
Lof[u’(a:)]Q dx = B(1 - p) { (362) dx + {[ml_ﬁ(mﬁ_lu(:v))']z dz.

Hence, (I.14) may be considered as a fractional counterpart of the formula above.
Additionally, if we put o = 2 in (I.8)), we get kg = (1 — ). For both o € (0, 2)
and a = 2, kg attains its maximum for 3 = 1/2 (see Figure |I)) and K2 =
I'((c +1)/2)? /7 is the best constant in the Hardy inequality.

The subject of this paper is also strictly connected with Schrodinger perturba-
tions of semigroups by Hardy potentials; see e.g. [, 2 [11} 25} |5, 17} (15} [18]]. In
particular, in [[11] the authors studied the Schroédinger perturbations of the frac-
tional Laplacian in R? by x|z|~ and obtained sharp estimates of the perturbed
semigroup. It turns out that the critical value of « for which the perturbed density
is finite coincides with the best constant in the Hardy inequality (I.13).

We point out that Theorem [I.T|may be the starting point for a further study of
the Schrodinger perturbation of pp by the potential kx~%. Here, we may expect
that just as in 3, [11], the best constant %1/ in the Hardy inequality is also
critical in the sense that for £ > k1,3 we will have instantaneous blow-up of the
perturbed heat kernel p. To get this result, probably one has to get appropriate
estimates of p (see e.g. [[11]), which we postpone to a forthcoming paper.

The last remark concerns the range of parameters « and 3. We note that as
in (L.TI), the authors of [[11]] assumed that « < d, which for d = 1 gives the
restriction o < 1. This condition was imposed to get the integrability of the po-
tential |x|~ at 0. However, in our case by considering the process killed on ex-
iting the half-line, the additional decay at O of the kernel pp permits studying
the perturbations by kx~ for the whole range of € (0,2). Moreover, since
pp(t,z,y) < p(t,x,y), potentially the bigger perturbation may also be consid-
ered for a < 1. In Remark we show that for 8 € (0,(1 — «)/2), kg > nﬂé,
where /ﬁ% is given by (I.12)) (see Figure.

The paper is organized as follows. In Section 2] we calculate some auxiliary in-
tegrals involving gamma functions and give some definitions from potential theory.
In Section[3|we prove Theorems|[I.T]and[I.2] In Section[d] we apply Theorem|I.1|to
study Hardy identities for the quadratic form connected with the semigroup P/ .

2. PRELIMINARIES

2.1. Gamma and Beta functions. For x > 0, we define the gamma function

I'(z) = ftx_le_t dt.
0
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By using the property zI'(z) = I'(x + 1) we extend the definition of I'(x) to
negative non-integer values of z. The beta function is defined by

I'()I'(y)

2.1 B(z,y) = Tz 1y)

forz,y € R\ {0,—1,—2,...}. Recall that

1 0 tx—l
2.2 B = [ ta-t)Wltdt=[———dt )
22) (z,9) { (1—1) {(1+t)$+y , z,y>0

LEMMA 2.1. Leta € (—1,0) and b > 0. We have

sTH(1 =)t —1)ds = —% + B(a,b).

Ot—

Proof. Note that lim,_ .o s~ '((1—s)*"!1 —1) = 1 —b. Hence, using integration

by parts, (2.2) and (2.1), we get

a}sa_l((l — )"t —1)ds
0

51— 5) 4+ sY)((1—s)t—1)ds

H
O%»—\

as® (1 —s)"— (1 —s))ds+ a}s“((l —5)t —1)ds
0

O —r O—

s*(b(1 — )™t —1)ds + ajsa((l —s)" 1 —1)ds
0

1 a
a+1 a+1

For 8 € (0,1) and a € (0,2) such that 8 + /2 # 1 and 8 — /2 # 0 we
define

= (a+b)B(a+1,b) —

=aB(a,b)—1. =

(2.3) Cop=B(1—p—a/2,0)+ Ba, - a)2),
(2.4) Cop=B(1—8—a/2,8—a)2).

FACT 2.1. Fora € (0,1) and § € (/2,1 — «/2), we have

(2.5) [ = w]|* w2 qw = C s,

)

)

)

(2.6) @+ w) w2 g = O, .
D
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Proof. By (2.1)) and (2.2), we have
Jh- w|* B2 qu
D

ot—

(1 —w)* tw ™A=/ gy + i w* N w + 1) qu
0

=B(l1-p8—-«a/2,a)+ B(a,f — a/2).
The second equality follows directly from (2.2). m

We will also need similar equalities for a wider range of parameters « and 5.
To secure convergence of integrals we compensate the expressions |1 —w|*~! and
(14 w)®~1, which improves the decay near 0 and 1.

FACT 2.2. In the cases of « € (0,1), 8 € (0,a/2) and o« € (1,2), B €
(0,1 — «/2), we have

2.7) (1 —w|*™t —w* w2 dw = C, 4,
D

(2.8) [(A+w)*™t —w* w2 qu = C, 4.
D

Proof. We have

f(|1 _ w‘a—l _ wa—l)w—,@—a/Q dw
D

1
= f((l —w)* - wo‘_l)w_ﬂ_aﬂ dw
0
+ [(w = (w+ 1) N (w + 1) P2 qu.,
0

By (2.2)), the first integral is equal to

1
1
1—w)* ' —w* NP2 qw=B1-8-a/2,a) — ——.
[ ) ( [2.0) = 5
Let w + 1 = s~ 1. By the Fubini theorem and Lemma we get
[ = (w+ 1) (w + 1) P72 dw
0
1 s 11—«
(1) et
0 1-s
i B—1—-a/2 1 1
= |87 ((1—-8)*"=1)ds= —— + B(a, 8 — a/2),
/ (1=)"" = D)ds = s + Bl f = /2)
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which proves (2.7). Next, by Fubini’s theorem and again by (2.2)

o8

((1 +w)a—1 o wa—l)w—ﬁ—a/2 dw = f
0

1
=(a—1) [to/27175 f(l +2)2 202 gy
0 0

1 (w+ )2 dt —B=a/2 gy
(/¢ Ju

=(a—1)B(1-8—-a/2,1+—a/2) jta/2—1—/8 di
0

=B(1-8-0a/2,f—-a/2),
which proves (2.8). =

FACT 2.3. Leta € (1,2) and B € (1 — a/2,1). We have

(11— w]*™t = D)w™P=2 qw = C,, g,

D b
(@ +w) ™ = w2 dw = Gl
D

Proof. By Lemma[2.1]

1
1
el —B-a/2 g, — _4_ -
{(\1 w Dw dw=DB(1-p a/2,a)+ﬁ+a/2_1.
Next, by (2.2),

[(w =127 = Dw P2 qw = [(w* = 1)(w+ 1) 772 dw
0

w w4+ 1) 72 du — J(w+ 1)=0=/2 qu
0

[
o3

1
=B —af2) - —«—.
Hence we get the first equality in the assertion. We also get the second equality
by 2.2):
1+w
[ wpe ™ = w2 dw = [(1=a) [y dy)w="" du
D D 1
oo oo
(1-« f f w2y =2 gy dy
1 y—1
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2 1

_ - _ 1\1-B-a/2, a—2
= (1 a){il_ﬁ_aﬂ(y 1) y* 2 dy

= 1_15__0;/2 {yl‘ﬁ‘“/2(y+ 1)*" 2 dy
_ 1—15_—2/23(2 —B—a/2,8—a/2). u

The last fact concerns the case v = 1.
FACT 2.4. Let B € (0,1/2). We have
7 sin(7f3)
(1/2 = B) cos(mp)’
7
(1/2 = B) cos(mpB)
Proof. Substituting = 1/y and applying [21, Equation 4.293.7], we obtain

[y 272 (|1 - y|/y) dy =
0

[y (1 + y|/y) dy =
0

Jy PP (L =yl dy = [ 2727 (1~ al) da
0 0

msin(7 )
(1/2 = B) cos(mpB)
By making the same substitution and by [21, Equation 4.293.10], we get

Sy (14 yl/y) dy = [ 2TV (1 a) de
0 0

s
.

(1/2 = B) cos(mp)

2.2. Green function and Poisson kernel. We recall some facts from potential theory

of stable processes; see e.g. [6]. For « < 1 the process X; is transient and its
potential kernel is given by

Ky(z) = z}pt(:c) dt.

For a > 1, X is recurrent and we consider the compensated kernels

(e o]

Ko(z) = {(p(tw) — p(t, z0)) dt,

where (g = 0 for « > 1 and xo = 1 for a = 1. It turns out that K, is radial and

Colzl®t fora # 1,
K —
(@) {—}rln(]x) fora =1,
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where

1
2T (o) cos(mar/2)”

We note that C_, = A,. Recall that D = (0, c0).
DEFINITION 2.1. We define the Green function of the set D by

2.9 Co =

(2.10) Gp(x,y) = [po(t,z,y)dt, x,y€D.
0

Gp(z,y) is symmetric, continuous on D x D with values in [0, oo]. If 2 € D¢ or
y € D¢, then Gp(x,y) = 0. Moreover for z # y € D, Gp(zx,y) < oo (see [12]).
By integrating the Hunt formula we obtain

(2.11) Gp(z,y) = Ka(r —y) —E"Ko(Xrp —y)
=Kqo(z —y) —E'Ky\(X;, — ),

where the last equality follows from the symmetry of Gp.

Recall that v(z) = Aq|z| "'~ is the density of the Lévy measure. If A is any
Borel subset of (D)¢and 0 < a < b < oo, then we have the following Tkeda—
Watanabe formula (see [24]]):

b
P*(mp € (a,b), X-, EA):ffpr (t,z,y)v(z —y)dtdydz,
ADa

for the joint distribution of the random vector (7p, X, ). Takinga = 0 and b = oo
we get

(2.12) P’ (X, € A) = [ [Gplz,y)v(z —y)dyd-.

AD
Hence, the distribution of X, is absolutely continuous with respect to the
Lebesgue measure. Equation (2.12)) is also called the Ikeda—Watanabe formula.
The density of the measure p(A) = P*(X,, € A) with respect to the Lebesgue
measure is called the Poisson kernel and we denote it by Pp(x,y). Fory € D,
Pp(z,y) = 0. Hence,

Pp(z,z) = [ Gp(z,y)v(z—y)dy, wx€D,ze (D)
D

LEMMA 2.2. Fora € (0,2) and B € (0,1),

[v(1+ 2)z A2 gy = Cops
D

where

Cop=AaB(l—B+a/2,a/2+ ).
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Proof. We have

[v(L+2)27 P24z = Ay [(142) 7170 Prol2 gy
D 0

= A,B(1—B+0/2,0/2+B). =
3. PROOFS OF THEOREMS [1.11 AND [1.2]

As mentioned in the Introduction, we cannot directly follow the ideas from [10]
to calculate the constant ~z. Therefore, we first prove the auxiliary result stated in
Theorem

3.1. Proof of Theorem First, we will present the general idea of the proof. By
the definition of the Green function (2.10), we need to prove

3.1 gGD(m,y)y*ﬁ*D‘/2 dy = mglxa/zfﬁ.

One may try to use here the explicit formula for Gp(x,y) (see e.g. [28]), but the
resulting double integral seems difficult to calculate. Our method below can also
be used when the formula for the Green function is unknown. In equation (3.1) for
Gp(z,y) we substitute to obtain

[ Gp(z,y)y=/* " dy
D
= [ Kale —y)y™** P dy + [E*[Ka(Xr, — )y P dy
D D

= C12**7P — Cy [ Gp(z,y)y P~ dy,
D

where the constants C, Cy can be computed explicitly. Then kg = (1 + C3)/C}.

However, following this approach we encounter several problems with the con-
vergence of the relevant integrals. Therefore, depending on the range of « and S,
we use appropriate compensation of the potential K. Consequently, in the proof
of Theorem we will consider separately the cases « < 1, & > 1, @« = 1 and
different ranges for 3.

Note that to prove Theorem [I.2] by the scaling property of pp it suffices to
show (1.9) only for z = 1. However, before we pass to the proof of Theorem[1.2]
we prove a few auxiliary lemmas.

LEMMA 3.1. Letaw € (0,2) and —av < v < 1+ «/2. Then
[t 1,y)y Tdy~1 fort <279
D

[pp(t,1,y)y Y dy =t 270 fort > 2.
D
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Proof. By (L.3),

_ 1 ya/2 —1/a t -y

For ¢t < 27% we have

3/2
[po(t,1,9)y 7dy<0f Y2 dyte [ op(t,z,y dy+6f ty 1T dy
p 1/2 3/2
< C1,
1+t1/a
pr(t7 1,y)y7’y dy > ¢ f til/a dy = 2cs.
D 1—tl/a

For t > 2 we have

/e [e'e)
_ 1 _ _ t
oot Lyy Ydy~ [ty P dy o [ Py T dy
D 0 tl/a y

e e e
a/2—v+1 7+«

COROLLARY 3.1. Fora € (0,2) and 8 € (0,1),

[ [ oot 1,y)y P dydt < .
0D

Proof. By Lemma[3.1]we have

99—

pr(t,l,y)y’a/Q*dedt c1 f dt + f pr t,z,y)y —28 gy dt
D 2-a 0

S

+ o ft—l—ﬁ/“ dt
2

2 00 yfoz/Z B8
<c+cf dy—i—04f|
0

‘1+ady<oo. ]

We also note that by (T.6) and Lemma 3.1 with v = 0 we get

(3.2) lim P*(rp > ) =0, x>0

The integral in Corollary 3.1]is symmetric with respect to (3, as shown by the
following lemma.
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LEMMA 3.2. Forxz >0, a € (0,2) and 8 € (0,1) we have
(3.3)

[ [po(t,z,y)y P2 dydt = 2°*7P [ [pp(t,1,y)y~ =2 dydt.
0D 0D

Proof. Since 1 — 3 € (0,1), by Corollary [3.1| the integrals in (3.3) are con-
vergent. Using the scaling property of pp(t, x,y) and letting s = ty~ %, and then
putting z = x/y, we have

[ [pp(tz,y)y P~ dydt = [ [y ooty x/y, Dy P~ dydt
0D 0D
= [ [pp(s,x/y, 1)y P> dy ds
0D

:a:o‘/Q_ﬁfpr(s,1,2)2_(1_5)_0‘/2dzds. n
0D

First, we consider the case 5 = a/2.

LEMMA 3.3. Fora € (0,2),
= ™
{ng(t,x,y)y_a dy dt = T(a)sin(ra/2)’

Proof. From the Ikeda—Watanabe formula, we have

P*(tp <t) = As ffppt:c Yy — 2| dzdy ds
DD

Aa

Q

O — = St

pr t,r,y)y “dyds.
D

By (32), lim¢ o, P*(7p < t) = 1. Hence, letting t — oo, we get
o2 s
{lj;pp(t,z,y)y_a dyds = W. "

Now, we will prove

PROPOSITION 3.1. Fora € (0,1) U (1,2) and 3 € (0,1/2], we have

Caaa,@ —
(3.4) Gpl(z,y)y P2 dy = ol ge2-B e D,
£ p(z,y)y y It CoCo 5O

where C,, is the constant from . C’a B C’i are given by 1’ 1) respec-
2

tively, and C, 3 1S the constant from Lemma |2
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Proof. Let 8 € (0,1 —a/2)\ {a/2}.Forz € Randy € D, we let

Caly — 2|*7! ifa<1,8¢(a/2,1—a/2),
U(z,y) = Caly — 2|* =y 1) ifa<1,8€(0,a/2)or
a>1,6€(0,1—a/2).

We will use Facts [2.1] and [2.2] depending on the range of v and 5. By (2.11) and
(2.3) or (2.7), we have

[ Gola,y)yy =2 dy = Cq (aaﬁfva/ 20 f E*[U(Xrp, y)ly P~/ dy).
D
Next, by the Ikeda—Watanabe formula, (2.2)) and 2.6) or (2.8),

f EI TD’ y ]y—ﬂ—a/2 dy

- f fGD(fan)V(w—z) U U(z,y)y_ﬁ_o‘/2 dy} dwdz
DeD

= Gwa (w+ 2) U )y P dy| dwdz
B—a/2

= O‘vﬁ ffGD x? w)V(w + Z)Z ﬁ+a/2 dw dz’
D D

where in the last equality we substituted y = z£. By Lemma[2.2]

f v(w+ Z)meaﬂ dz = w P72/ f v(l+ y)y75+a/2 dy = éa,ﬁw*ﬁ’a/z.
D D

Hence, we obtain

[ Gp(a,y)y Py
D

= Caaaﬁxaﬂ_ﬁ - Caé'aﬂaaﬁfGD(z,w)w_B_a/2 dw,
D

which gives (3.4).

Next, consider &« > 1 and 3 € (1 — «/2,1/2]. Here, due to the lack of conver-
gence of certain integrals we need to be more subtle. By scaling and symmetry of
the Green function, we have

GD(337y) — xa—lca(u o y/x|a—1 _ EZJ/Z|XTD _ Ha—l)
=21 (11 — y/a*7t = 1) — (BY*| X, — 11*71 = 1)).
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Hence, by Fact[2.3]

[ Gpla,y)yy "~/ dy
D
= Cox® ' [((1—y/a* " = 1) - (EY/®| X, — 1|7 — 1))y*5*a/2 dy
= Caa®™ [((1=wl*™ = 1) = (BY[Xe, — 1177 = D) P2 du
D

= Caxoé/2—,3 (aa,ﬂ _ f(Ew‘XTD _ 1‘04—1 _ 1)w—,3—a/2 dw) _ Sxa/2_57
D

where

8 = Ca(Cap = [ (B Xr, =117 = w7/ qu).
D

Our aim is to calculate S. By the Ikeda—Watanabe formula, Fubini’s theorem, sym-
metry of the Green function, Fact[2.3]and Lemma[2.2] we get

JEY X, — 1 = Dw P72 dw
D

= f f[f GD(w,y)w*ﬁ*O‘/2 dw}u(y—z)Hl —Z|O“1 —1]dydz
DeD'D

=/ fSya/Q_ﬁu(y —2)[|1 = 2>t —1]dy dz
De D

=SAa [ [y Ply + w1+ w)* T — 1] dy dw
DD

=SA, f fyo‘/Q_ﬁ(l + y)_l_o‘[(l + w)o‘_1 — 1]w_ﬁ_o‘/2 dy dw
DD

= SAuCopB(1 —B+a/2,0/2+ ) =8C, 3Ca..

Hence, § = Caéa,g -S C’aéa, 3C a8, which ends the proof. =
We are ready to prove Theorem|[I.2]

Proof of Theorem |1.2| First note that for 3 = «a/2 the assertion follows by
Lemma[3.3] Below we will use the identities

(3.5) I(1— 2)(z) = Sinzrm)
(3.6) I(1—2)0(1+2) = Sin?ix).

We will separately consider the cases o # 1 and oo = 1.



Ground-state representation for fractional Laplacian 99

Case oo # 1. By Proposition[3.1and Lemma[3.2] we only need to prove that for
B € (0,1/2]\ {a/2},

Caé\'aﬁ T

14 CoCapCap L(B+a/2)D(1— 5+ a/2)sin(nf)

Note that
- 1 F(@)l(1—-p-a/2) T()l(B-a/2)
CoCop = 9T (ar) cos(mar/2) < I'(l1-p3+a/2) * s+ a/2) )

Now, applying (3.5) for x = 8 + /2 we get

o  D(B-a/2)  sin(ap)
CaCap = ['(B+ «a/2) sin(n(+«a/2))

By (3.5) and (3.6), we have

~ = 1
CaCasCos = or(aycostmaya) DL~ /2B —a/2)

" ol (a) sr(wa/Q)B

(1-8+4+a/2,8+a/2)

_ tan(ra/2) T(1 — 8 — a/2)T(B + «/2)
2 T
" I'l1-p+4+a/2)T(B—a/2) am
™ 'l —a)l'(1+«)
tan(mwa/2) sin(ra) 1 — cos(mav)

~ 2sin(m(B8+ a/2))sin(7(8 — a/2))  cos(ra) — cos(273)

Therefore,

~ = _ l—cos(2mB) sin®(m3)
1+CaCoapCap = cos(ma) — cos(273) - sin(7(8 + «/2)) sin(w (8 — a/2))

Hence, from the above transformations

Caé'a,g T

1+ CaCopCos  T(B+a/2T(L =B+ a/2)sin(rh)

Case o = 1. We only need to consider 5 € (0,1/2). By (2.11)), we get

G(e,y) = B In(|Xry — /)]~ In(fz ~ y1/y).
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We integrate both sides with respect to 3~ —1/2 gy, By Fact 2.4} we obtain

/2

1 s
— (= yl/y)y™ "2 dy =

-8
— [In(j1 - yl/y)y P2 dy
D D

sin(7f3) L1/2-8
(1/2 = B) cos(w3) '

By the Ikeda—Watanabe formula and Fact[2.4]

[E" | X, —yl/yly P2 dy
D

= [ [ Golw,wyv(w—=2)| [n(ly = 2I/y)y~ "~/ dy| dz dw
D D¢ D

= Gp(z,w)v(w + z 2 P2 M n(1 + w)uP~YD1 qu | dz dw
J [ Gp(z,w)v( ) (14 wu)
D D D

= @2 Byeos(e) § § Oote v+ 27 ded
)

s

(1/2 = B3) cos(w3)

élﬁfGD(:L',w)w_ﬁ_l/g dw.
D

Hence, we get

~—

_5_ sin(7wf
[ Gpla,y)y P2y = (

2278 B3/2-8,1/2+8)\
b (/23 (1 )

cos(mf) m(1/2 — () cos(mf3)

=

_ sin(np z1/2-8 . 1 -1
~ (1/2 — B) cos(n3) <_ + 0032(775)>
sin(rB)z/2=8  cos?(np)
(1/2 — B) cos(w3) sin?(mf3)
mat/2-B
TT(B+1/2T(1—B+1/2)sin(nB)
3.2. Proof of Theorem[1.1l Recall that

=

~—

f(t) =R ) (8),

ha(w) = [ [po(te,9)f(yy " dydt, x €D,
0D

1
()

qp(r) = h Zfolf)pD(t,x,y)f’(t)y_” dydt, x € D.

where the constant C is given by (1.7). First, we prove
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LEMMA 3.4. Fora € (0,2), € (0,1) we have
hg(x) = 2?78 gz eD.

Proof. We use a similar argument to that in Lemma [3.2] By Lemma [3.1] the
integral

[ [po(t,z,y)ft)y " dydt
0D
is finite. By (T.4) and (I.7)),

Zfopr(t’x’y) y T dydt = ffm pp(tz™®, 1,y /) f(t)y ™" dydt
D

[ 2 pp(s, 1,y/x)z™ 2P f(s)y™ dy ds
D

I
8 °o—8

f fxa/Q =B 5(s,1, 2) f(s)x 7T 2V dzds = 2P w
Proof of Theorem@ By Lemma [3.1]the integral
o
[ oot a,y) f (t)y™" dydt
0D
is finite. By (I.4) and using a similar argument to that in Lemma[3.4] we get
oo
(3.7) ha(@)qa(z) = 2~* 8 [ [pp(s,1,2)f (s)27" dzds
0D
— x*“/%ﬁqﬁ(l).

It remains to show that gg(1) = xg. By Lemma[3.4, (3.7) and the Fubini theorem,
we have

8

—
I
>
is
—~
ja—
~—
I

t
po(t, Ly f@)y Y dydt = [ [ [pp(t,1,y)f (s)y™7 dsdydt
0DO

po(t+s,1,y)f'(s)y~ 7" dtdyds

o8 o8 o8 o—3

po(t, Lw)pp(s,w,y)f'(s)y™ " dyds dw dt

o—8 o—3Y
O—

pp(t, 1, w)hs(w)gs(w) dw dt

U— U— U— U—

[ee}
=qs(1) [ [ pp(t, 1, w)w > dw dt.
0 D

Hence, by Theoremwe getgg(l) =K. =
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By Lemma kg = K1—g. Now, we will complete this section by showing
that rg is increasing for § € (0,1/2) and decreasing when 8 € (1/2,1) and
reaches its maximum at 5 = 1/2 (see Figure . We will follow the idea of the
proof from [[10]]. We have

=Sl )

where 7 is the Euler-Mascheroni constant. Taking the derivative of In(x3) we get

K e 1 1 1 1
l:_z _ _ + )
ks = \Bta/2+k 1-B+a/2+k B+k 1-B+k

28 — 1 28 —1
§<6+aﬁ+MO—B+aﬂ+k (6+Mu—ﬁ+m>
B Z (1-28)(a/2)(2k + 1+ «/2)
(B+a/2+k)(1-B+a/2+k)(B+k)(1—-B+k)
Hence rj; > 0 for 8 € (0,1/2), ki3 = 0 when 8 = 1/2, and rj; < 0 when
B e (1/2,1).

A4

e
-
™

FIGURE 1. The function 8 — kg

REMARK 3.1. One may try to prove Theorem [I.T| by following more directly
the idea from [[11] and calculate the integral

fftﬂpp(t,x,y) dy dt = ftﬁ}P’x(TD > t)dt = E* (Tg—H).

0 D 0 _B+1
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We may proceed as follows. We denote S; = supg¢s<; Xs. Then P*(17p > t) =
PO(S; < ). Following [27], we denote by M(z) = E°(S7~') the Mellin trans-
form of S1. By [27, Theorem 8], M may be expressed by a complicated formula
involving some special functions (double Gamma functions). Now, using the scal-

EL (-5,

ing properties and after some calculations we get M(z) = Hence,

fftﬁppt ) dydt = M(1—a(B +1)).

It seems that by using [27, Theorem 7] it is possible to obtain the assertion of
Theorem at least for some range of the parameters o and 5. However, just as
in our approach, one has to struggle with some integrability issues.

REMARK 3.2. Since pp(t,x,y) < p(t,x,y) and in particular
lim pp(t, 2,y)/p(t, z,y) = 0,

it seems natural that pp may be perturbed by a bigger potential than p. We verify
below that indeed kg > /{]5, where /{% is given by (L.12) with d = 1.

Let0 < < land 0 < 8 < -5%. The condition g < Iiﬁ is equivalent to

LA - Br () <F(/3+ H(=8+5)0(5° —5)
r(s) 2°T(5+ %)

9

hence it suffices to show that for fixed 3 € (0, 152),

D3+ 801 - B+ 1 (152 — 1)

ul) = 20T (5 1 1)

is increasing on the interval [0, 1 — 3). We consider

o 1 1 1 1
In(u(t))]’ = - - + + )
[nu(®))] k;( Brt+k 1-B+t+k L4k Oiitk

—21n(2).

Note that

d 1 1

da/_ 0

dt< B+t+k+§+t+k)< ’

d 1

&( 1—5+t+k¢+ t—l—k)>07
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so both functions above are strictly monotone. Hence, taking ¢ = % —fBandt =0
respectively, we get

L@ 2 1Ly
e > 5 (- o 1) )

Now we investigate monotonicity with respect to 3:

d( 2 11 > 1 B 1 -0
BN 4k 1=F+k 5+k)  (FPak)’ (=F+k)?2

so it attains its minimum at 3 = 0. Hence, (see [21, Equation 8.363.3])

e 1 1
In(u(t))]’ > —— ——— ] —2In(2) =0.
) > (1 - 1) ~20)
In Figurewe compare kg and RIE fora = %

4. HARDY IDENTITY

In this section we prove the Hardy identity for the transition density pp(t, z,y).
We will use the results from [10]. Recall that P;” denotes the semigroup generated

by the process X killed on exiting D. We first define the quadratic form &£ of AQD/ %

1
Ep(u,u) = tlir51+ E(u — PPu,u), wueL?*D).

0.4
0.3
0.2

---------

0.1

Y

[~
bl
[
o

FIGURE 2. Comparison of kg and /-cﬂé fora = %
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Here, as usual, ( fD ) dx for u,v € L*(D). We let
D(€p) ={u e LQ(D) :Ep(u,u) < oo}
Now, we will prove an auxiliary lemma:
LEMMA 4.1. Let x,y € D. We have

t
lim pD( ,x,y)

e i  (C

Proof. By Hunt’s formula,

po(t,z,y) _ p(t,wy)  E'pE—7p, X7y, y)Lirp<ny]
t ¢ t '

The limit of the first term is known (see e.g. [13]]):

_p(t, @, y)
1 = .
lim . v(z —y)
Hence it suffices to show that the second term converges to zero. We have

E*[p(t — 7D, Xrp, ¥) Lirp<ty] t—7p
r < cB” Wﬂ{mq}

yHaP%D <)

By the Ikeda—Watanabe formula and the scaling property,

“(tp < t) = fffppsa:y —y)dsdydz
DDe 0

tr— @

p(s,z,y)y C“deych f pp(s,1,y)y” *dsdy.
D 0

e

For t such that tz~® < 1 and by Lemma 3.1 we get

OH%

2

f f pp(s,1,y)y"*dsdy < ct =90, u

D 0

Proof of Theorem Since the assumptions of [10, Theorem 2] are satisfied,

we have

2
Ep(u,u) = kg [ u(i) dz
hoT

: U(l‘) U(y) 2 o/2—p a/276pD(t7$7y)
ﬂi%{;{; <xa/w Toep) T o v
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By Lemmal.T| we get

t
lim pD( ,x,y)

150 t :I/(.fU—y),

so we have only to justify that we can change the order of the limit and the integral.
Note that w < cv(z — y). Hence if

u() u(y) ? a/2-8, a/2-8
g£<xa/2r3_ya/2ﬁ x y v(z—y)drdy < oo,
then we apply the dominated convergence theorem. If

u(x) u(y) ? a/2—-8, a/2-0
- —y)dzdy =
%g(wa/g_ﬁ ya/g_ﬁ) a2 Py 2Py (2 — y) da dy = oo,

then we apply Fatou’s lemma. =

Since 4 is increasing for 5 € (0,1/2) and decreasing when 3 € (1/2,1), it
attains its maximum at 1/2. Hence, we obtain the following result first obtained in
[9, (1.5)].

PROPOSITION 4.1 (Hardy inequality). For u € L?(D) we have

I((a+1)/2)? f u(r)? .

le'
™ D T

@.1) En(u,u) >

It turns out that x1 /2 = I'((ov 4 1)/2)%/7 is the best possible constant in the
inequality above; see [9] for details.

REMARK 4.1. We note that ford = 1, < 1 and 5 < 1 — o, (I.14) may be
obtained directly from (1.11). For u with support in D we put 8 — «/2 for [ in

(I.T1)) and we get

E(u,u) = (HE_Q/Q —|—6a75) f dx
D

u(z)?
||

1 U(CL‘) U(y) ? a/2-B, |a/2—8
+ §££ /B /27 || ly| v(z,y)dydx.

Since £p coincides with & for functions supported in D, we get (1.14)) provided
R _
g_aje T Cap = kg

Indeed, the equality above holds for « € (0,2) and 5 € (0,1). By (3.5) and the

formula
L(z)  217* cos(mz)l'(22)

r(/2—-=z) ml/2 ’
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we get

W32 = ~T(L= B+ /2T (5 +a/2)2cos(r(B/2+a/4)) sin(x(3/2 — 0/4)).

Now, applying the identity cos(b + a) sin(b — a) = 3 (sin(2b) — sin(2a)), we get

sin(7f3)

K%_a/2 +6a76 = F(]' - 5 + OL/Z)F(ﬂ + 05/2)7 = I{B.
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