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Abstract

Let Hxy = (Sptm),n,m < N denote the Hankel matrix of moments
of a positive measure with moments of any order. We study the large NV
behaviour of the smallest eigenvalue Ay of Hy. It is proved that Ay has
exponential decay to zero for any measure with compact support. For gen-
eral determinate moment problems the decay to 0 of Ay can be arbitrarily
slow or arbitrarily fast. In the indeterminate case, where Ay is known to
be bounded below, we prove that the limit of the n’th smallest eigenvalue
of Hy for N — oo tends rapidly to infinity with n. The special case of the
Stieltjes-Wigert polynomials is discussed.
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1 Introduction

Let (s,) be the moment sequence of a positive measure p on R with infinite
support,

Sp = /:1:” du(x), n>0. (1)

By Hamburger’s theorem this is equivalent to a real sequence (s,) such that all
the Hankel matrices

Hy = (Snsm)nmeos N =0,1,... (2)
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are positive definite. The smallest eigenvalue of H is the positive number
Ay = min{(Hya,a) | a € CV ||a|| = 1}, (3)

and clearly A\g > Ay > .... The large N behaviour of Ay has been studied in the
papers [4, 8, 9, 18, 22, 24]. See also results in [2, 14] about the behaviour of the
condition number k(Hy) = Ay/An, where Ay denotes the largest eigenvalue of
Hy.

Widom and Wilf [22] found the asymptotic behaviour

Av ~ ANY2BN, (4)

for certain constants A > 0,0 < B < 1 in the case of a measure pu of compact
support in the Szegé class, generalizing results by Szegé [18]. In the same paper
Szegd also obtained results about the Hermite and Laguerre case, namely

Ay ~ ANYVABNY? (5)

again with certain A, B as above. In all of this paper ay ~ by means that
an/by — 1 as N — co.

Chen and Lawrence [8] found the asymptotic behaviour of Ay for the case
of p having the density e with respect to Lebesgue measure on the interval
[0,00[. The result requires § > 1/2, and we refer to [8] for the quite involved
expression. For = % the asymptotic behaviour is only stated as a conjecture:

V1og N

/\N ~ A N2/m

for a certain constant A > 0.

Chen and Lubinsky [9] found the asymptotic behaviour of Ay, when p is a
generalized (symmetric) exponential weight including e~#I* with o > 1.

We recall that the density e on the half-line is determinate for 6> %, ie.
there are no other measures having the moments

_ Oone—tﬁ _ 7’L—|—1
sn—/o ] dt_F( : )/@. (6)

However, for 0 < (6 < % the density is Stieltjes indeterminate: There are infinitely
many measures on the half-line with the moments (6). The symmetric density
e~ 1?1 is determinate if and only if & > 1. For general information about the
moment problem see [1, 15, 16].

Berg, Chen and Ismail proved in [4] the general result that the moment se-
quence (1) (or the measure p) is determinate if and only if Ay — 0 for N — oo
and found the positive lower bound Ay > 1/pg in the indeterminate case, where
po is given in (15) below.




The purpose of the present paper is to prove some general results about the
behaviour of Ay.

In section 2 we prove that Ay tends to zero exponentially for any measure
of compact support. Theorem 2.3 is a slightly sharpened version, where only the
boundedness of the coefficients (b,) from the three term recurrence relation (7)
is assumed. We also show that Ay may tend to zero arbitrarily fast.

Section 3 is devoted to showing that there exist determinate measures for
which Ay tends to zero arbitrarily slowly, cf. Theorem 3.6.

In Section 4 we consider the indeterminate case, where Ay is bounded below
by a positive constant. We prove that the n’th smallest eigenvalue Ay, of (2)
(n < N) has a lower bound Ay, = limy_,c Ay n,Which tends rapidly to infinity
with n, cf. Theorem 4.4. To describe our results in detail we need some more
notation.

We let (P,) denote the sequence of orthonormal polynomials with respect to p,
uniquely determined by the requirements that P, is a polynomial of degree n with
positive leading coefficient and the orthonormality condition f P, P, di = 0pm-

The orthonormal polynomials satisfy the following three-term recurrence re-
lation

2Py (x) = bpPry1(x) + an Py(2) + b1 Poq (), (7)

where b, > 0 and a,, € R.
We need the coefficients of the orthonormal polynomials (P,) with respect to

23 .
Pn(x) = Z bk,nxka (8)
k=0
and consider the infinite upper triangular matrix
B = (bk,n)a bk,n =0, k> n. (9)

Let By denote the (N 4 1) x (N + 1)-matrix obtained from B by assuming
k,n < N and let AN) = ByBj. Defining the kernel polynomial

N N N
K =3 PR =3 [ 3 bt | St 10
n=0 J,k=0 \ n=max(j,k)

we see that AN = (a%)) is the (N + 1) x (N + 1)-matrix of coefficients to z7w*
in Ky(z,w). The following result going back to A.C. Aitken, cf. Collar [12], has
been rediscovered several times, see [3, 17].

Theorem 1.1.
AN = H



For completeness we give the simple proof of Theorem 1.1:
For 0 < k < N we have by the reproducing property

/ P K(a,y) du(z) =

On the other hand we have
N N
/x Kn(z,y)du(z ZZSHNM ;
7=0 ¢=0

and therefore N
Z skHag) =0, U
=0

The following Lemma is also very simple. The identity matrix is denoted

I'=(djk)
Lemma 1.2. As infinite matrices we have

B(B*H) = (B*H)B = B*(HB) = I,
and B*H 1is an upper triangular matrix.

Proof. The matrix products B*H and ‘HB are well-defined because B is upper
triangular, and we get

j
(B H)jh = D bagsnik = /Pj(fﬂ)xk dp(z),
n=0

which is clearly 0 for j > k, so B*H is also upper triangular. Therefore, B(B*H)
is well-defined and upper triangular. For [ < k we finally get

k
B(B*H))i. = Z bu,j Z by,jSn+k = Z (Z bl,jbn,j> Sntk = OLk

n=0 \j=0

by Theorem 1.1 with N = k.
The relation (B*H)B = B*(HB) = [ is an easy consequence of the orthogo-
nality of (P,) with respect to p. O

We also consider the infinite matrix

K= (kjr) HKjkx=

%/0 7rPj(e"t)l’:’k(e_it) dt. (11)



It is a classical fact that the indeterminate case occurs if and only if
D |Pu(2)]? < o0 (12)
n=0

for all z € C. It suffices that (12) holds for just one point zy € C\ R, and in this
case the convergence of (12) is uniform on compact subsets of the complex plane.

In the indeterminate case we can let N — oo in (10) leading to the entire
function of two complex variables

K(z,w) =Y Py(2)Pu(w) = Y ajpz'wf, (13)
n=0 7,k=0

and we collect the coefficients of the power series as the symmetric matrix
A= (a;). (14)

In Proposition 4.2 we prove that the matrices A, B, K are of trace class in the
indeterminate case and

tr (A) = tr (K) = po,
where pq is given by
Po = i 27r K(eit e_it) dt = i i i‘Pk (eit> |2 dt < 00 (15)
27T 0 ’ 27T 0 =0 .

In the indeterminate case the infinite Hankel matrix H = (s,,1,,) does not cor-
respond to an operator on ¢? defined on span{d,|n > 0}. In fact, by Carleman’s

theorem we necessarily have ) s;,} /en) o 00, hence sy, > 1 for n sufficiently
large, and therefore
o0
Z 8% m = oo for all n.
m=0

It is likely that Theorem 1.1 extends to the indeterminate case in the sense
that AH = HA = I, where the infinite series ), aj;s;4; defining AH and HA
are absolutely convergent. We have not been able to prove this general statement,
but it holds for the Stieltjes-Wigert case which is treated in Section 5.

The Stieltjes-Wigert polynomials P, (z;¢q) are defined in (50). They are or-
thogonal with respect to a log-normal distribution, known to be indeterminate,
and the corresponding moment sequence is s, = ¢~ ™*)*/2_ It is known that the
modified moment sequence (§,,) given by 3, = s, for n > 1 and

So=150— (Y Pul059)*)""
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is determinate, and the corresponding measure ji is discrete given by

fi="> s, (16)

zeX

where X is the zero set of the reproducing kernel K (0, z) defined in (13) and

Cy = (Z Pk(:L';q)Q) , rveX. (17)

The Hankel matrices H = (s;14) and H = (3;,4) agree except for the upper
left corner. In Theorem 5.2 we prove that the smallest eigenvalue Ay of the
Hankel matrix Hy tends to zero exponentially (while Ay is bounded below). We

do it by determining the corresponding orthonormal polynomials ﬁn(x, q), see
Theorem 5.3.

2 Fast decay

We start by proving a lemma which is essentially contained in [4, §2].

Lemma 2.1. For each zy € C with |z| < 1 we have

An < ((1 - !Zo|2)Z|Pn(20)\2> : (18)

Proof. For any a € CN*! a # 0 we have by (3)

Ay < (Hya, a)
= lalf?

This means that for any non-zero polynomial

p(z) = Z apx® = Z cn P ()
k=0

n=0
we have f] |2d
p|Imap
N="1 por it\|2 gt (19)
5= Jo Ip(e)>dt

Moreover, by Cauchy’s integral formula

1 27 eit eit
plz0) = / p(e’) n
0

2T et — 2y



hence by Cauchy-Schwarz’s inequality

1 2w ) 1 2 dt
ol < o [ etPag [t (20)
T Jo 0

27 et — zp|?

and the last integral equals (1 — |z0|*)™! by a well-known property of the Poisson
kernel. Combining (19) and (20) for the polynomial

p(x) =Y Pulz0)Pal)

leads to

Ay < e a0l :<<1—|ZO\2>Z|Pn<ZO>|2) .

(1 = 20/*)Ip(20) 2 e
O

Remark 2.2. It follows immediately from Lemma 2.1 that if Ay > ¢ > 0 for all
N, then

D Pu(z0)? < o0
n=0

for all zp with |z9| < 1, hence (s,,) is indeterminate.

The following theorem proves that Ay tends to zero exponentially in the sense
that there is an estimate of the form

Av <ABY, A>00<B<1, (21)
whenever the measure p in (1) has compact support.

Theorem 2.3. Assume that the sequence (b,) from (7) is bounded with b =

limsupb,,. Then
lim sup AN < 207
PAN =1 o
Remark 2.4. Notice that the condition limsup b, < oo implies that > 1/b, =
00, so by Carleman’s theorem the moment problem is determinate, cf. [1, p.24].
We also recall the fact that p has compact support if and only if (ay,), (b,) from

(7) are bounded sequences.

Proof. Taking zy = ai, where 0 < o < 1, we obtain from Lemma 2.1

N

Av < ((1 —a?) ) IPn(ai)\2> < (1= )| Py-1(ai)? + | Py(ad) )

n=0
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Since the distance from the point ai to the support of the orthogonality measure
is at least o, we obtain by [20, Remark 2, p. 148]

. 1/N 2
limsup Ay < 1+a_2_a2+2b2’
262

As « is an arbitrary number less than 1 we get

. 1/N 2b*
limsup Ay < TR

]

Theorem 2.5. For any decreasing sequence (1,,) of positive numbers with 7o = 1
and lim 1, = 0, there exist determinate probability measures p for which Ay < 7

for all N.

Proof. We will construct symmetric probability measures p with the desired prop-
erty. Let
2P, (z) = b, Pyy1(x) + b1 Pp_1(x) (22)

be the three-term recurrence relation for the orthonormal polynomials associated
with a symmetric u. We shall choose b, > 0,n > 0 such that \y < 7 for all
N > 0. We always have \g = 79 = 1 because p is a probability measure. Since
s; = 0 we know that A\; = min(1, ss), sy = b3, so we can choose 0 < by < 1 such
that A\; = 7.

By Lemma 2.1 with 2y = 0 we get

Ay < (ZIPn<0)|2> :

and in particular

1
Aany1 < Aoy < P2(0) (23)
By (22) we have
Py (0) = (_Unbobg . bgn_z’ N>,
bibs ... bop 1
and defining
. b2k:—1’ > 1
bak—2

we get
)\2N+1§)\2N§T%T§...T]2V, NZL

and we will choose r, k£ > 1, such that

2,2 2
™Mry... Ty STQNJrl, Nz 1.
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First choose 0 < r; < /73, and when 7, ...,7ry_1 have been chosen, we choose
. V T2N+1
O<rN§m1n(1,— )
TM...TN=1

It is clear that the sequence (1) can be chosen such that r, — 0. We next define
by = r1by and we finally have an infinity of choices of boy_1,bor_o > 0 to satisfy
T = bok_1/bog—2, k > 2.

If (ry) converges to zero, the decay of A, is faster than exponential. Clearly
the corresponding moment problem is determinate since

| Py, (0)] = (r172 . . )t > 1

In particular, the unique measure p solving the moment problem carries no mass
at 0. [

After having chosen the numbers r, we have several possibilities for selecting
the coefficients b,,. We will discuss three such choices.

Example 1. For £ > 2 let boy_o = 1 and by = 1, and assume that r, — 0.
Then the corresponding Jacobi matrix J is bounded and it acts on £? by

(Jx)n - bn$n+l + bnflxnfb T = (-In)
Let us compute the square of J. We have
(J2Q3)n = bnbn+1xn+2 + (bifl + bi)l’n + bnfgbnfl‘fn,Q.

By the choice of (b,) we get byb,+1 — 0 and b2_; +b> — 1. Therefore the operator
J? is of the form J? = I+ K, where K is a compact operator. Hence its spectrum
consists of a sequence of positive numbers converging to 1. Thus the spectrum
of J is of the form o(J) = {*t,}, where ¢, is a sequence of positive numbers
converging to 1, so the measure y is discrete with bounded support.

Example 2. Let by o = r,;l and by,_1 = 1 and assume r, — 0. Then the
corresponding Jacobi matrix J is unbounded. By the recurrence relation we have

2% Pay () = bapbani1 Pony2 () + (b5, _1 + 03,) Pon(2) + bap—2boy 1 Pon—a(z). (24)
Then Q,(y) = Pon(\/y) is a polynomial of degree n satisfying
YQn(y) = 11 Quia () + (L +123)Qu(y) + 77 Qua (v).
Letting B, =r,' and A, = (1 + r;fl) we get

B 7"3L+1 n
— — 0’
A1 A, (1+72)(1+ 7"121+1>

9



so by Chihara’s Theorem (see [10, Th. 8] and [21, Theorem 2.6]) we see that the
orthogonality measure v for Q,(y) is discrete. However, v is the image measure
of the symmetric measure p under the mapping x — 22, so also p is discrete with
unbounded support.

Example 3. Let by,_o = 7",;1/2 and by = 7“,?2. With Q,(y) = Pan(\/y) as in
Example 2 we get from (24

YQn(Y) = Qni1(y) + anQn(y) + Qn-1(y)

where a,, = r, +1/rp41. If rp — 0 we see again that p is discrete with unbounded
support.

3 Slow decay

The goal of this section is to prove that there exist moment sequences (s,,) such
that the corresponding sequence (Ay) from (3) tends to 0 arbitrarily slowly. This
is proved in Theorem 3.6.

Consider a symmetric probability measure p on the real line with moments
of any order and infinite support. The corresponding orthonormal polynomials
(P,) satisfy a symmetric recurrence relation (22), where b, > 0 for n > 0. For
simplicity we assume that the second moment of y is 1, i.e. so = b3 = 1 and
hence \g = A\; = 1. This can always be achieved by replacing du(z) by du(ax)
for suitable a > 0. Note that Py = 1, P;(z) = x in this case.

Lemma 3.1. Let (P,) denote the orthonormal polynomials satisfying (22) with
bo = 1. The sequence

up = |Pa(i)[, n=0 (25)
satisfies
1 bn—l
Un4+1 = b_ Uy + b_ Up—1, N > ]-7 (26)

with ug = uy = 1. Moreover, forn >0
Pu()] <ty 4 < 1,

Proof. Let k, = by, denote the (positive) leading coefficient of P, and let
x1,%y...,T, denote the positive zeros of P,,. Then

P2n(:c> = k2n<x2 - x%)(xQ - l‘%) s (332 - mi)a

hence

Similarly, let y1, v ..., y, denote the positive zeros of P,,.1. Then
Ponia(z) = kangaz(2? — ) (2% —93) ... (2% — 3),

10



hence
Uop+1 = (_1)n+12 P2n+1(i) > 0. (28)

Combining (22), (27) and (28) gives (26).
By (22) we get for |2| <1

1 b
Paa(2)] < o [Pal2)] + 22 Paa2)]

n

Therefore, (26) can be used to show by induction that |P,(z)| < w,. O

Proposition 3.2. Assume that the coefficients (b,) from (22) satisfy bp =1 and
b1+ 1<b,, forn>1 and let u,, = |P,(i)|. Then

“ 1+ bop_o 1+ by
max(Ugy,, Ugpt1) < Hmax ( + O 2, + D2k 1) ., n>0.
Pl bak—1 bar,

Proof. Since
Thbe 1,
by, -
we get from (26)
Up1 < max(up—1,ux), k> 1.

We have clearly
up < max(ug—_1, Ug),

thus
max(ug, Ugr1) < max(ug_1,ux), k> 1.

This implies by (26)

146, 14+ b,_
Ups1 < ;maX(un_l,un) <1 F 0

by — by

maX(un—Qa un—l)a

and replacing n by n — 1 in the first inequality

< 1 + bn72

< Max(Uy—g, Up_1)-
bnfl

Unp

Combining the last two inequalities gives

1 + bn—2 1 + bn—l
bn—l ’ bn

max (U, Up11) < max < > max(Up_o,Up_1), N > 2,

which implies the conclusion because uy = u; = 1. O

11



Lemma 3.3. Let (b,) and (u,) be as in Proposition 3.2. Then the sequence of
eigenvalues (Ay) from (3) satisfies

N -1
vz (z ) |
k=0
Proof. By [4, (1.12)] we have

1 or N
_<2W/0 > IR )

The conclusion follows now by Lemma 3.1, which shows that |Py(e®)| < up. O

-1

Using the assumption of Proposition 3.2, we adopt the notation

(29)

Y

14 bog—o 14 boy_
1—nk:max< O 1 Do 1>, k> 1.

b2k—l b2k

Proposition 3.4. Let (b,) and (u,) be as in Proposition 3.2. Then the sequence
of eigenvalues (Ay) from (3) satisfies

N & -1
Aona1 > (2+2ZH(1 —m)2> .
k=1 1=1
Proof. By Lemma 3.3 and the fact that ug = u; = 1 we have
N -1
A2N41 > (2 + Z(U%k + u%k+1)> :
k=1

Proposition 3.2 states that

k
max (Uog, Uok+1) H 1L —m).
=1

These two inequalities give the conlusion. O]
Lemma 3.5. Let (b,) be as in Proposition 3.2 and define &, by

b, 1
1—+ — &, n> 1.

Then

n—1 k
2+ZH1—&], n>1. (30)



Proof. We have
bn=(1—=&) (1 4bp) =(1=&) 7 (1+ (1 =&) ' (I+bus)) =,
and after n steps the formula ends using by + 1 = 2. n

Theorem 3.6. Let (1,,) be a decreasing sequence of positive numbers satisfying
Tn — 0 and 79 < 1. Then there exists a determinate symmetric probability
measure p on R for which Ay > %TN for all N.

In other words, the eigenvalues \y can decay arbitrarily slowly.

The proof depends on the following

Lemma 3.7. Let (e,) be an increasing sequence of positive numbers such that
ep > 1 and lime,, = oco. There exists a strictly increasing concave sequence (d,,)
such that dy =1, d,, < e, for all n and limd,, = co.

Proof. Define a function f(z) on [0,00) by f(0) = ¢eo and f(z) =€, forn —1 <
x < n, for n > 1. This function is left continuous. The discontinuity points
in ]0, 00| are denoted by e, for a strictly increasing subsequence ny of natural
numbers. Consider the sequence A of points in the plane given by Ag=(0, 1)
and Ay, = (ng, ey, ) for k£ > 1. If we connect every two consecutive points A and
Agi1 by the line segment we will obtain a graph of a strictly increasing piecewise
linear function g(x) such that g(x) < f(z). Moreover g(x) tends to infinity at
infinity. We are going to construct the graph of a concave function h(z) such that
h(z) < g(z), h(0) = 1 and h(z) — oo as x — oo. Once it is done the sequence
d,, = h(n) satisfies the conclusion of the lemma. We will construct the graph of
h(x) by tracing the graph I" of g(x). The points of I" where the slope changes will
be called nodes.

We start at the point (0,1) and draw a graph of the function h(z). We go
along the first line segment of I" until we reach the first node. Then we inspect the
slope of the next line segment of I". If it is smaller than the slope of the previous
segment we continue along I" until we reach the next node. Otherwise we do
not change slope and continue drawing the straight line (below I'). In this case
two possibilities may occur. The line does not hit I'. Then the graph of h(z) is
constructed. Otherwise the line hits I'. Then two cases are considered. If the line
hits a node of I', then we follow the procedure described above for the first node.
If the line hits an interior point of a segment ~ of I', then we continue along the
segment v until we reach the next node, where we follow the procedure described
for the first node. We point out that the slope of the segment 7 is necessarily
strictly smaller than the slope of the straight line followed before hitting ~.

In this way a graph of h(z) with the required properties is constructed. Ob-
serve that if the graph of h(x) has infinitely many points in common with T,
then clearly h(z) — oo as x — oo. But if there are only finitely many points

13



in common with I", then h(z) is eventually linear with a positive slope, hence
h(x) — oo as x — oc.

]

Proof of Theorem 3.6. Defining e,, = 1/7,, there exists by Lemma 3.7 a concave,
strictly increasing sequence (d,,) with dy = 1 and lim d,, = 0o and such that d,, <
en. Moreover, we may assume that d, < n + 1 by replacing d,, by min(d,,n +1).
In this way we may also assume that dy < 3. This implies that there exists a
decreasing sequence of positive numbers ¢, k > 1 such that ¢; <1 and

dgn =1 -+ Zch
k=1

In fact, we define
c1=(d2—1)/2, ¢, = (don —don-2)/2, n>2,

so (¢,) is decreasing because dy, is concave.
Let the sequence 7, be defined by

l—-m=ya, l—-—mp=,— k>2. (31)

Then n, > 0 and

3

k
dyn =1+2) T —m)* (32)

k=1 1=1

Define the sequence & by

Sokm1 =S =1k, k=>1.

Inspired by formula (30) we finally define a positive sequence (b,) by by = 1 and

n n—1 k
Hl‘fk 2+ZH(1‘51)]7 n>1.
k=1 k=1 =1

Then we get for n > 1

n

n—1 k
bgn S H(l—nk 3+22H 1—7’]1 ]
k=1 k=1 =1
2+ dyy,— 2+ day,
9 + dop—2 <9 + do

dZn - d2n72 d2n - d2n72’

14



where we used formula (32). This gives

1 d2n - d2n72
_ > =
ban 2(2 + day)

and since dy, tends to infinity we get

> i = 0. (33)

so there exists NV € N such that for all p € N
N+ N+
1 > z:p M - i doy, — dop—2 _ dan42p — don
2= N1 2+ d2n ne=N+1 2+ d2N+2p 2+ d2N+2p )

but the right-hand side converges to 1 for p — oo, which is a contradiction.

The positive sequence (b,,) defines a system of orthonormal polynomials via
(22). The corresponding symmetric probability measure is determinate by Car-
leman’s theorem because of (33). Moreover, by Proposition 3.4 and formula (32)

we get
1 1 1 1

> = - > — . g
2d2N - 262]\[ 27—2N - 2T2N+1

AonN > Aoy >

4 The indeterminate case

Let (s,) be the moment sequence (1). The inequality

N N
g 3n+m@n@ >c E ‘ak|27 ac CNJrl
k=0

n,m=0

can be rewritten )

N N
/ Z arx®| dp(z) > CZ |ax|?. (34)
k=0 k=0
If we write
N N
Z aprt = Z cn P ()
k=0 n=0

15



and use (8), then (34) takes the form

N N N
E |Cn|2 2 C § bk,ncn
n=0 k=0 [n=k

This immediately gives the following result:

Lemma 4.1. The eigenvalues Ay are bounded below by a constant ¢ > 0 if and
only if the upper triangular matriv B = (by,) given by (9) corresponds to a
bounded operator on (% of norm < 1/4/c.

Recalling that the indeterminate case was characterized in [4] by Ay being
bounded below by a positive constant, we see that the indeterminate case is
characterized by the boundedness of the operator B. For a characterization of
the lower boundedness of Ay in a more general setting see [7]. As noticed in [4,
Remark, p. 72|, the indeterminacy is also equivalent to the boundedness of the
matrix K, cf. (11), which is automatically in trace class if it is bounded.

Concerning the matrices A, K, B, given by (14), (11),(9) respectively, we have:

Proposition 4.2. Assume that i is indeterminate. Then the following matrix
equations hold

(i) K =B*B,
(i1) A= BB*.
A, B,K are of trace class and
tr(A) = tr(K) = po,

where py is defined in (15).
Furthermore, the sequence

50 1/2
Ck = \/Okk = (Z ’bk,n’2> g (35)
n=k

satisfies
khm k{/c, =0, (36)
and the matriz A = (a;x) has the following property
Z lajk|® < oo (37)
5,k=0

for any € > 0.
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Proof. From (8) we have

1 1 [ L
ben = 5— Po(2)z® ) dy = 7k — P, (re™)e * qt. (38)
0

270 2=y 2m

Consider 7 = 1. Then, by Parseval’s identity we have

N n 1 or N
2 __ it\|2
S5l =g [ L IR (39)

n=0 k=0

Therefore, in the mdeterminate case the matrix B is Hilbert-Schmidt with Hilbert-
Schmidt norm p/?, ¢f. (15). Hence both B*B and BB* are of trace class with
trace po. Formula (i) of Proposition 4.2 is an immediate consequence of Parseval’s
identity.

We know that Ky(z,w) defined in (10) converges to K (z, w), locally uniformly

in C2, hence
N

(lgf\’? = Z bj,nbk,n — A5k (40)
n=max(j,k)
for each pair (7, k). The series
oo oo
5 b= St
n=max(j,k) n=0

is absolutely convergent for each pair (7, k) because B is Hilbert-Schmidt, so (40)
implies (ii).
Defining

o 1/2
cr = ||B k| = (Z \bk,n\2> , (41)
n=~k

where d;, k = 0,1,... denotes the standard orthonormal basis in ¢?, we have the
following estimate for » > 1 using the Cauchy-Schwarz inequality

<i0k> < Zr—%zr% 2 2ki|bk,n|2'
k=0 =0 n=k

However, by (38) and by Parseval’s identity we have

ZT2k2|bkn|2 ZZ 2k|b n|2 Z / |2dt (42)

k=0 n=~k n=0 k=0

Let now 1o
2) = <Z|Pn(z)|2> . zeC. (43)
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We finally get

1/2

o r 1 2m )
< — | — P(re™)|* dt
ch = m (27T /0' ‘ (Te )| ) < 00,

(1B[0k, 0r) < |[1B"[0k || = [1B*0k]|

this shows that |B*| and hence B is of trace class.
For a given ¢ > 0 we have P(z) < C.e?l by a theorem of M. Riesz, cf. [1,
Th. 2.4.3], hence by (41) and (42)

but since

o0
Z'r%ci < CZe*.
k=0

For r = k/e we get in particular

1\ 2
(g> Ci < Cfe%,

limsup k¥/c, < ee,

k—o00

hence

which shows (36).
Using |a; k| < ¢jck, it is enough to prove that > ;- ¢ < oo for 0 < e < 1,
which is weaker than (36). O

For a sequence o = (a,) € £ we consider the function

Fu(2) =) anPu(z) = ) Bu2", (44)

which is an entire function of minimal exponential type because
|Fa(2)] < [lal|P(2),

where P(z) is given by (43). The following result is a straightforward consequence

of (44).

Proposition 4.3. The sequence of coefficients § = (B,) of the power series of
E, belongs to /% and is given by 3 = Ba. The operator B : (*> — (2 is one-to-one
with dense range B((?).

For a compact operator T on ¢* we denote by o,,(T),n = 0,1, ... the singular
values of T" in decreasing order, i.e.

on(T) = [Tl (45)

min max
Vce2dimV=n |v||=1, vlV

18



Theorem 4.4. Assume that i is indeterminate. Let
AN =Ano < Anvg < < A
denote the N + 1 eigenvalues of Hy and let

Aoon = M An .
; N AN,

For 0 <n < N we have

1 1
on(A) = UH(B*)Z 2 > (46)
)\oo n >\Nn
and
\ )\OO n
lim n*{/0,(A) =0, lim = 00 (47)

n—oo n—oo n

Proof. By (45) we get

on(B*) < max |B*v||.

— llvll=1, 018081
Let II,, denote the projection onto {dy, ..., d, 1}+. Thus by (41)

. 1/2
on(B7) < [|B'1L,[| < (ZC%) :

k=n

On the other hand, for » > 1 we have

> L, (kD2r® S(r
2 ch ;27’” = (nlg%)m’

k=n k=n

where
oo
Z (Klcy,)? r* < oo
k=0

because of (36) and V/k! ~ k/e, which holds by Stirling’s formula. Therefore

on.(B*)? <

and since 0, (B*) = \/0,(BB*) we get

on(A) = on(BB") <

(48)
which proves the first assertion of (47).
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Let Pry denote the projection in £2 onto span{dy,...,dx}. We then have
(BPry)(BPry)* = BPryB* < BB,
and therefore for n < N
0(BB*) > 0,((BPry)(BPry)*) = 0,(ByBy) = 0u(Hy'),

where the last equality follows by Theorem 1.1. The matrix Hj' is positive
definite, so its singular values are the eigenvalues which are the reciprocals of
the eigenvalues of Hy, i.e. 0,(Hy") = 1/Ann. This gives (46) and the second
assertion in (47) follows. O

Theorem 4.5. The trace class operator A : (> — (% is positive with spectrum
o(A) = {O}U{)\oon]n:(),l,...}.

Proof. We will consider AN = (a%)) and By as finite rank operators on ¢ by
adding zero rows and columns. Clearly, By tends to B in the Hilbert-Schmidt
norm, and therefore AN) = ByB% tends to A = BB* in the trace norm.

The result now follows since the spectrum of A®) consists of the numbers
)\Nn, =0,1,..., N, by Theorem 1.1. ]

5 The Stieltjes-Wigert polynomials

For 0 < ¢ < 1 we consider the moment sequence s, = ¢~ "*V*/2 given by

B S Ooxn ex _—(log:c)2 x
\/ZWlog(l/q)/o p( 2log(1/q)) o 49)

We call it the Stieltjes-Wigert moment sequence because Stieltjes proved that it

is indeterminate (he considered the special value ¢ = 3) and Wigert [23] found

the corresponding orthonormal polynomials

P,(z;q) = \/%;;{ ] Yrgh ek, (50)

Here we have used the Gaussian ¢-binomial coefficients

[ﬂ o

involving the g-shifted factorials

n

(Z;Q)n:H(l—qu_l), 2eC,n=0,1,...,00.

k=1
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We refer to [13] for information about this notation and ¢-series. We have followed
the normalization used in Szeg6 [19], where sy = 1/,/g. The Stieltjes-Wigert
moment problem has been extensively studied in [11] using a slightly different
normalization.

Lemma 5.1. The double sum
Z Z bj,nbk:,nsk-‘rl
n=0 k=0

1s absolutely convergent for each 7,1 > 0 and

qj2+k2

ajk| < .
954 (4:9)i(¢; 0)x(q; 0%

Moreover, AH="HA = 1.
Proof. We find

ket
+7

)

(Q7 Q)n +52+4+k2
b ',nbk,n - qn J
s | (0;90)i( Q)i(a Q)n—j (@5 On—r

hence for j > k

. j+k+1
FTr T &

(6 On .
Qj k S q
954 (7 0);(q; Ok Z (@ Dn—i (G Dnr
n=j
) 2 ]+k+1
_ q R Z (4 9)j+p qj+p

(49)5(@ Dr =5 (4 Do D) j—ktp

R Ao 2= P .
_ qj R Z (qj-i-l;q)p qP
(: @)j—r(@: Ok = (¢ 0)p(¢7 5 0),
qj2+k2 o0 qp
< = ;
(0@ Ok = (G Dp(@ Do (60)5(¢s D@ D)

qj2+k.2

p

where we have used the ¢-binomial theorem

G G T
@D (ED)w 2l <1 (51)

n=0

with @ = 0,2z = ¢. By symmetry the estimate holds for all pairs j, k. Since
Skl = ¢~ FHHD%/2 it ig clear that the double sum is absolutely convergent.
By Lemma 1.2 we then have

I =B(B*H) = (BB*)H = AH,
and we clearly have HA = AH. O
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From (50) we get

Pu0iq) = (—1)— (52)
(@ @)n
hence by (51) 1
- 2/, N - Qn+§ . \/a
;P”(O’@ B z:% (@ Dn (G0 (53)

The matrix K = (k) defined in (11) is given by

e = (VD (‘J;‘]\)/_j(q;‘l)k m:fj) BL mqq2p2+p’ (54

hence
oo %) qk k k 2 )
POZZKk,kZ\/aZ.—Z[} ¢, (55)
k=0 k=0 (q, Q) p=0 p q

in accordance with [4], which also contains other expressions for py. From
(53),(18) with zo = 0 and [4, Theorem 1.2] we get

(% 9)oo

Vi

From the general theory we know that the Stieltjes-Wigert moment sequence has
an N-extremal solution 14, which has the mass ¢ = (¢; ¢)oo/+/q (=the reciprocal
of the value in (53)) at 0. It is a discrete measure concentrated at the zeros of
the entire function

1/po < lim Ay <
N—oo

D(z) = 2 Pu(0;q)Pu(2; 9)-

It is also known by a result of Stieltjes, that the measure fi = vy — cgg is de-
terminate, cf. e.g. [5, Theorem 7]. The moment sequence (§,) of fi equals the
Stieltjes-Wigert moment sequence except for the zero’th moment, i.e.

§n:{ (1= (¢;9)0)//T fn=0

g~ (/2 if n>1,

and similarly the corresponding Hankel matrices H and H differ only at the entry
(0,0).
We shall prove

Theorem 5.2. The smallest eigenvalue AN corresponding to the measure i tends
exponentially to zero in the sense that there exists a constant A > 0 such that

S\N S AqN.
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The proof of Theorem 5.2 depends on the quite remarkable fact that it is pos-
sible to find an explicit formula for the corresponding orthonormal polynomials
which will be denoted f)n(x, q). Tt is a classical fact, cf. [1, p.3], that the or-
thonormal polynomials (P,) corresponding to a moment sequence (s,) are given
by the formula

So S1 Sn
1 : S :
P,(r) = ————=det : : ‘ ' , o6
( ) \% Dn—an Sp—1 Sn " S2p—1 ( )
1 :E ... x/n/

where D, = det(H,). In this way Wigert calculated the polynomials P,(z;q),
and we shall follow the same procedure for P, (z;¢q). Writing

n

Py(xiq) =Y bgna®, (57)

k=0
we have
Theorem 5.3. For0 < k<n
q
where )
. —1)rgata
C, = (=" — (59)
V(@ @)/ (1= (g% 0)oo) (1= (0" ¢)oo)
1.€. N .
~ 1—(1- " ) oo
bk,n = bkm, ( d )(q 7q>1 ) (60)
VI = (@ 0)e) (= (7715 9)o0)
where by, denote the coefficients of P,(x;q). Moreover,
Dy = Da(1 = (4" 9)e0), (61)
where D,, = det H,,, f)n = det 7:(n
Proof. We first recall the Vandermonde determinant
1 1 ... 1
Valer, o) =det | 07 T = I @) (62)
: : . : 1<i<i<n
L ! ’
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For an n x n-matrix (a;), j,k = 1...n with non-zero elements in the first row
and column we have

det( det(
o) = (o ) (w2,

and if a;;, = q—(j+1~c—1)2/27j =k=1,...,n+ 1, where 0 < ¢ < 1, we get in
particular

n+1
Dn:det( —(j+k-1)2 (H qu /2> det —(j—1)(k— 1)+1/2> (63)

hence using S, = >7_; j* = n(n +1)(2n +1)/6

Dy =q >t Ry (Lt g, (64)
By (62) we get
_ —n - . 1 j—1 a —(n—17)(n+e
Vo(Lg ™. g = ll ng(l —¢ ) = llq R ()
=0 j=1+ =

and after some reduction

n

Vari(Lg g™ = ¢ [[(@:9);- (65)

j=1

We denote by A, 41 respectively Ar+1,p+1 the cofactor of the entry (r+1,p+1)
of the Hankel matrix H,, = (¢~ UtF=1?/2) respectively H,,, wherer,p = 0,1,...,n
When r = 0 or p = 0 we clearly have A, 11 = Ar1p41. For 0 < p <n we get

k—1)2/2 j=1...,n
Apsipi = (=1)" pdet( TR/ | k:1,...,n+1;k¢p+1>

n n+1
; , i=1,...,
= (=1 H q—12/2 H q—k2/2 det (q—(y—l)(k—1)+1/2 | k= 1J s 1;£¢p+ 1)
= ktpt1

_ (_1)n—pq—sn+1+((n+1)2+(p+1)2+n)/2vn(17 q—1, o 7q—(p—1)7 q—(p+1)7 ™).
However,

Vn+1(17 q_17 s 7q_n)

= Vn<17 q717 R 7q7(p71)7 qi(p+1)7 A 7qin) (qip - q7j> H (qi.] - qip)
j=0 j=p+1

- —\pP— — —n *TLQ 2 n—
= Vo(Lg @ P Y (g ) (@ @)npg P2,



so we finally get
(—1)Pgret1/2)

(¢ O)p(& On—p
It can be verified that this formula also holds for p = 0 and p = n.

Using (56) it is now easy to verify formula (50) for the Stieltjes-Wigert poly-
nomials P,(x;q).

Expanding after the first column we get

Dn :Dn_CAl,la Cc= ((Lq)oo/\/aa
and a calculation as above leads to
Al 1= q—5n+2+5+9(n/2)vn(1’ q_17 s 7q_(n_1))a

which gives (61). Moreover, for 0 < p < n we find

1 _ (s 2 j=1,..., n—1
An+1,p+1 = An+1,p+1 - C(—l)n P det (q (e+1) ’ k=1,..., n;k7fp) )

and the last determinant can be calculated to be
anl

(¢ Q>n*p(QS Q)pfl

Api1ps1/Dn = (—1)"grTHOH/2) ., 0<p<n. (66)

—n?—(n—1)/2+p(p+1/2)

This leads to

An+1,p+1 An+17p+1 1-— (1 — ql’) (qn—l—l; q>

- = =, 67
It can be verified that this formula also holds for p = 0 because of (61), and it is
now easy to establish (60). O

Proof of Theorem 5.2 By Lemma 2.1 we get

:\N < (pN(O;q))_2 _ (;¢)n(1 — (QNJ;\;EI)/O;)O — (qN; q)oo)'

From the power series expansion of the entire function (z;¢). we have
z

hence
ol
1—(qN;q)oo~—1 , N — oo, (68)
—q
and therefore

: 2 (#9)
(Pn(059)7% ~ WQNH/Q, N — oo,

which proves the statement of the theorem.

Remark 5.4. The measure fi is determinate of index 0, cf. [6], so by Corollary
2.1 in [7] we know that the next smallest eigenvalue Ay ; of Hy is bounded below.
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