CONVERGENCE OF WEIGHTED AVERAGES OF
RELAXED PROJECTIONS

RYSZARD SZWARC

ABSTRACT. The convergence of the algorithm for solving convex
feasibility problem is studied by the method of sequential averaged
and relaxed projections. Some results of H. H. Bauschke and J. M.
Borwein are generalized by introducing new methods. Examples
illustrating these generalizations are given.

1. INTRODUCTION AND PRELIMINARIES

Many problems in applied mathematics deal with finding a point in
the intersection of a family of convex sets in Euclidean or Hilbert space.
The solution can be achieved in algorithmic way as a limit of compo-
sition of projection onto these convex sets. Due to its importance the
problem has been studied heavily for many years. We refer to [1] where
the reader can find an extensive account of theorems and literature re-
lated to the problem, as well as a general approach which captures the
earlier methods and results. Other related results can be found in [2],
3], [4], [5], [6] and [7]. In the present work we will generalize, in case of
finite dimension, one of the main theorems of [1], concerning the con-
vergence of the algorithm. Firstly we will improve the estimate for the
average of relaxed projections, secondly we will admit repetitive con-
trol, and lastly we will make use of perturbation theorem, which allows
to ignore projections with small weight coefficients. The first general-
ization is valid also for infinite dimensional inner product spaces. All
these were possible by applying new techniques and new proofs as well.

For a closed convex set C' C R? let Py denote the projection onto C.
For x € R? the symbol d(z,C) will denote the distance from z to C.
Assume we are dealing with a fixed finite family of closed convex sets
Ci, Cy,...,Cy. For a sequence of relaxation parameters aq,...,ay
such that 0 < «; < 2 and numbers Ay, ..., Ay such that 0 < \; < 1,

2000 Mathematics Subject Classification. Primary 49M45.
Key words and phrases. convex set, weighted projections, relaxation.
1



2 RYSZARD SZWARC

Efil Ai = 1 we will consider the weighted averages

S M= a)I +a;Pe} =1-Y Noy(I - Pe).

j=1 j=1

It is well known that every operator P is firmly nonexpansive (see
[1, Facts 1.5]), thus these weighted averages are nonexpansive as well.
Since the expressions depend only on the products A\;a; we will intro-
duce the set

N
Bz{ﬁzwl,...,m) ‘@zo, Zﬁisz}
=1

and define for § € B
N

(1) Qs =1-> Bi(I—Pc).
j=1

Remark. Observe that for any g € B there exist relaxation param-
eters aq,...,ay and average parameters Ai,..., Ay such that g; =
Aoy, Indeed, if Zszl Br > 0 we may set o; = Zszl Br and \; =

-1
Bi (Z]kvzl 51:) . On the other hand if 5; = 0 for any i we take a; = 0

and A\; = 1/N for any i. Therefore every operator ()3 is nonexpansive.
Remark. All the results in this work remain valid if we replace Pp,
with a firmly nonexpansive mappings 7; such that T;(c) = ¢ for ¢ € C;
(see [1, p. 370]).

2. AUXILIARY RESULTS

Proposition 1. For any x € R? and any c € C,NCoN ... N Cx we

have
N 3,
1Qs(z) — ¢l < llz —cl* = > (2 - =)Bjlle = P, ()%,
j=1 J
where K1, Ko, . .., kN are any nonnegative numbers such that Z;VZI Kj =

Remark. We set 3;/k; = 0 whenever §; = 0. If 5; > 0 and x; = 0 we
set f;/k; = +00.

Proof. With no loss of generality we may assume that ¢ = 0. Then by
the convexity of each set C; and the fact that Pg; is firmly nonexpansive
we get

<ch($)’ ch(l‘» < <x>PCj($)>7
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which implies
(Pc,(z),x — Pg,(x)) > 0.

Hence
N 2
(2) 1Qpzl* = ||z =D _ Bj(z — Po,(x))
j=1
2 N
= ||z|* + Po,())|| —2) B,z — Pe,(x))
j=1
N 2 N
= ||zl +{|D_ Bj(z = Poy ()| =2 Bjllz = Po, ()|
=1 j=1
N
~2) B (Pe,(x).2 — Po,(2))
j=1
2
Slle2+ (z — P, (x —225J [ — P, (@)%
Let k1, Ko, ..., kN satlsfy the assumptlons. Then by the convexity of

the function x — ||z||* we obtain

2

N
(3) |2 bl 155 Bi(w = Fe (1))

j=1

< Z i HIE — P, ()%
Combining (1) and (2) concludes the proof. O
Remark. Setting
Kj = b
;=
Z]kvzl B;

implies
N

(1) 1Qs(a) — el < o — P = (2= S0, ) 3 Bille — Py ()P
j=1

the inequality obtained in [1, Lemma 3.2(ii)].
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Theorem 1. Given a family of convex sets C1,...,Cy with nonempty
intersection C. Let 3 € B and I C {1,2,...,N}. Then for any v € R?
and any ¢ € C'" we have

1Qs(z) — ¢||* < ||z — ¢||* — miny; max d*(z, Cy),
iel ' el
where

2Bz (2 - Zivzl /Bk)
V; = .
Bi+2— Zivzl B

In particular the inequality holds when I is the set of active indices,
1.€.

(5) I={i|1<i<N, g >0}
Proof. Fix i € I and set

- i=i

2 Y= '

On substituting theses values into the inequality of Proposition 1 we
obtain

1@s() — el < Il = el* — vid?(, Co) < [z — el]* — min s (a, C).
€
Now maximizing with respect to ¢« € I gives the conclusion. U

3. MAIN RESULT

Theorem 2. Fix a family of convexr sets Cy,...,Cyn with nonempty
intersection C. Given a sequence ™ € B. Let 1™ denote the set
of active indices for B™. Assume that every index i € {1,2,...,N}
occurs in I™ for infinitely many n. Let ny, be positive integers such
that ny_1 < ny and

{1,2,..., N} c 1m0 g ety g gD,

i.e. every index occurs at least once for n such that np_1 < n < ng.

For
w287 (2-2L ")
R VAR
let
) = min{l/i(n) |np_1 < n <ngiel™}.

Assume that

(6) Z VB = 4o

00
k=1
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Then for any © € R? the sequence ™ defined as
is convergent to a point in C.

Remark. This result generalizes [1, Thm 3.20(ii)] (see also [1, Cor.
3.25]) in two essential aspects. First of all it allows repetitve control
while [1, Thm 3.20] could afford only intermittent control, i.e. when

the sequence ny is of the form ny, = kp. Secondly the coefficients l/i(n)
(n)

are smaller than p, ’, introduces in [1] as

N
" =25 (2 -2 5,2"’) -
k=1

For example let N = 2 and

m_ 1 oam_oy_ 2
ﬁl na ﬁ2 n‘

The algorithm is then 1-intermittent, hence we can take np = k and
I, = {1,2}. Thus

S minful® ) < 400, Sominf, 49 = 400,

k=1 k=1
Therefore Theorem 3.20 of [1] does not apply while our Theorem 2
does.

Proof. With no loss of generality we may assume that 0 € C. For
u® e R and n > 1 let u™ = Qﬁ(n)(u(”*l)). By Theorem 1 we get

(7) ™% < a1 = min v max d*(u*Y, C)

el " ier(n ’

Iterating (7) leads to

n

8) Ju™ ) < @2 =3 min v max (™Y, C;)
— ie]('m) ,L‘EI(WL)

< |[u@||? = min VZ-(m) max d*(u™"V, )
0<m<n 1<m<n
iel(m) iel(m)
In order to complete the proof of Theorem 2 we will make use of the

following lemma.

Lemma 1. Given a family of convex sets C4,...,Cxn with nonempty
intersection C' and a sequence ™ € B. Let I™ denote the set of active
indices for B™. Assume that every index i € {1,2,...,N} occurs in
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I™ for at least one n. Then for any positive number R there exists a
nondecreasing and positive function ng : (0,400) — (0, +00) such that

max d*(u"V, C;) > nr(d(u?, C))
i€l

for any u® with ||[u®| < R and u'® ¢ C. The function ng is indepen-
dent of the choice of the sequence 5™

Proof. Fix r > 0 and consider the set
Bor={u® cR?: [|u9 <R, du®,C) >r}.

The proof will be completed if we show that for any u(*) € B, p there
exists a positive number ng(r) such that

max d*(u™V, C;) > ng(r).
n>1
il

Suppose, by contradiction, that for any m € N there exist vectors

uE?r)L) € Bpg, and a sequence ﬁ((fn)) € B, satisfying the assumptions of
Lemma 1, such that
n—1 1
(9) max & (up ), C) < .
1615:1))
where

m) - QB(") ( n 1))7 n 2 ]-

By compactness of Br r We may assume that :L‘(()m) X yand y € B, k.

Consider the sets [, (W - Some indices of {1,2,..., N} occur for infinitely
many m. Let A; denote those indices. Clearly we may assume, even-
tually by restricting to large values of m, that only indices of A; may
occur in I((Tln)), and each index does so infinitely many m. Therefore,
fixing n = 1 and taking the limit in (9) when m — oo yield y € C; for
any i € A;. If Ay ={1,2,..., N}, then y € C, which is a contradiction
with y € B, g. Otherwise we have A; C {1,2,..., N}. Since for any

fixed m every index of {1,2,..., N} occurs in I ((n)) at least for one n,

there exists the least number [,,, such that I \A1 # (). Observe that

Qp(y) = y for any € B such that the Set of active indices I of (3 is
contained in A;. Therefore

(10) Y= Qﬁm—nQﬁm—m Q) @ Qﬁm (y).

(m)
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Define

(11) 17872) = ugf;")_l) Qgltm-1Q gm-2) - .. Qg @ @ <1>( )
Bom) Bm) Bmy

Since the operators @) gk are nonexpansive we obtain
(m)

~(1 0
(12) d(a) ) < d(ul)y).
Hence ug )) — .

Consider now the sets [ ((71;3) Each of these sets contains elements

which do not belong to A;. Let Ay denote those indices outside A;
which occur for infinitely many values of m.. By restricting to large
values of m we may assume that only indices of A; and A5 may occur

in ((553) and all indices of Ay occur for infinitely many values of m. Set

n=1(m)+1in (9). Then since ﬂgl)) = uglm) Y we get

1
(13) max d?(@,), C;) < —.
e[éj:;’ m

Therefore for any i € Ay we have

~ 1
d(&) Oz‘)SE

for infinitely many m. As EE:Y)L) tends to y, when m — oo, we obtain
that y € C; for any i € A,. Therefore y € C; for i € A; U As,.

By repeating this argument at most N times we get that y € C;
for any ¢ = 1,2,..., N. Hence y € C which contradicts the fact that
Y € Zgﬁ}{ O

Let’s return to the proof of Theorem 2. With no loss of generality
we may assume that 0 € C. Fix R > 0 and assume that ||z(?| < R.
Then since every operator (5 is nonexpansive we obtain ||| < R
for any n. Assume that

nE—1

{1.2,....,N}c |J 1V

Jj=ng—1

Then combining Lemma 1 with u(*) = 2("-1) and formula (8) yields

Hx("‘“)H2 < ||x("’“‘1)||2 —  min Vi(n) max d2(x(”_1),0i)
"k_1<"§’ﬂk nk._1<n§nk
iel(n) icI(m)

< H{E(nk—l)HQ — k) nR(d(x(nk71)7C)).
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This implies that the series

Z ) nR(d(x(nk—l)’ 0))
k=1

is convergent. Since the operators ()3 are nonexpansive, the sequence
d(x™, C) is nonincreasing. Therefore, by assumptions made on the co-
efficients VZ-("), we obtain that ng(d(z™, C)) = 0. Hence d(z™,C) > 0.
Since ™ is bounded, it contains a convergent subsequence z("). De-
note its limit by c. Then ¢ € C. By Proposition 1 the sequence ||z(™ —c||
is nonincreasing. Therefore, it tends to zero, i.e. ™ 5 ¢. 0

4. PERTURBATION

Proposition 2. Given a family of convez sets Cy, ..., Cy with nonempty

intersection C' and a sequence E(”) € B. Assume that for any m € N
and x € R? the sequence

Qa0 Qn-1) - - - Qgom) (x)

is convergent to an element of C' as n — oo. Let a sequence 3™ € B
satisfy

oo N
YD1 = B < oo

n=1 i=1

Then for any x € R? the sequence

Qpm Qa1 - .- Qg (T)

s convergent to an element of C' as n — oo.

Proof. By (1) we have

N
(14)  d(Qa0 (), Q30 (1) < D18 = B[ || Peyy — v
j=1

N
<> 1B = B d(y, ).
j=1

Denote for simplicity

Qn = Q,@(n); Qn = Qg(m
and

2™ = QuQm-1-.. Qi ().
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Then

d(z™, C) = d(QuQn-1- .. Qus1(z™), C)

n

< Y d@n QraQue ™), Qu Qrr Qula )

k=m+1

d(@n@nq e @mﬂ(l’(m)), O)
S Z d(@k(x(k_l))a Qk(x(k_l))) + d(@nén—l cee @m—l—l(aj(m))? C)

N
3 3180 < B dEED,C) + d(Qu@ur - Quan (E™), O)

n N
ST - B (@, ) + d(@u@ur - Qi (2), C)

k=m+1 j=1

Now the conclusion follows from the assumptions. Indeed, we may
assume that d(xz,C') > 0 as otherwise 2" = x € C for any n. Let m
be large so that

Z ZW -5 < d(;O)‘

k=m+1 j=1

Next let n be large so that

d(@n@n—l e ©m+1(x(m))7 C) <e/2.

Thus d(x™,C) < ¢ for n large. Hence d(z™,C) — 0 as n — oo. This
implies that z(™ tends to a point in C (see the end of the proof of
Theorem 2). O

Corollary 1. Fiz a family of convem sets C1, .. C’N with nonempty
intersection C. Given a sequence ) € B. Let ] ) denote the set of
active indices for 3™ and let J™ be a sequence of subsets of I™ such

that
Z Z 8™ < 4o,

n=1 jerm\J(m

Assume that every index i € {1,2,..., N} occurs in J™ for infinitely
many n. Let ny be positive integers such that ni_1 < ny and

{1, 2,..., N} c Jme—1) [y Jrw—t+l) oy J(?’Lk—l)’
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i.e. every index occurs at least once for n such that ny_1 < n < ny.

For
28 (2= 2 B)
B 2 - g

I/Z.(")

let
,/5’“) = min{yl-(n) |nk—1 <n < ng,i€ J(")}.

Sl = +oc.
k=1

Then for any £ € R? the sequence x™ defined as
(M — Qﬁ(n)(a:(n_l)), n>1

Assume that

s convergent to a point in C.

Proof. Define
B ifie Jm,

3o _
' 0 ifiel™\Jm.

Clearly we have

N N

PBEAEDIL

k=1 k=1
Hence 7. > ™ for i € J® which implies 7*) > %) Therefore, the
sequence (™ satisfies the assumptions of Theorem 2. Consequently
the sequence

Qe Q-1 - - - Qgom) ()
is convergent to an element of C' as n — oo. The sequences B and
B satisfy

© N _
YD IE" = B < oo,
n=1 i=1
Thus applying Proposition 1 concludes the proof. O
Example. Consider N = 3 and
e I A BT B
B L g e gy

The scheme is 1-intermittent, i.e. 1™ = {1,2,3} for any n. Observe
that the assumptions of Theorem 2 are not satisfied. Indeed, with
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ng = k the series in (6) is convergent. Now, consider this scheme as
2-intermittent and let

JeM =23}y Jeh = 1 31

Then we can apply Corollary 1 to obtain that this scheme leads to the
convergence of the algorithm.

5. INTERMITTENT CONTROL

The assumptions of Theorem 2 depend on the behaviour of the co-
efficients ,81-(”) where i € 1™ i.e. those coefficients which are positive.
Roughly the conclusion holds if these coefficients are not too small and

the sums s = Zf\il ﬁi(") do not approach the value 2 too fast. By

Corollary 1 we can allow some small coefficients BZ-(") by using pertur-
bation technique. However in special case of intermittent control and
when the sums s stay away from 2 we can entirely liberate ourselves
from assumptions on all positive coefficients Bi(n).

Theorem 3. Fiz a family of convex sets C1,...,Cn with nonempty
intersection C. Given a sequence B € B such that

N
s = Zﬂi(”) <2—g¢,
i=1

for some constant € > 0. Let I™ denote the set of active indices for
8™ and let J™ be a sequence of subsets of I™. Assume that there is
a positive integer p such that for any k we have

{1,2,... N} c J&=0p) g gl=Dptl) g gD,

Let
v = min{™ | (k—1)p <n <kp,ieJM}.

Assume that
Sl = oo,
k=1

Then for any © € R? the sequence ™ defined as
2 — Qﬂ(n)(x(nfl)% n>1

is convergent to a point in C.

Proof. First observe that since s < 2 — ¢ we have

2 g o _ 28" (2 — s")
240 T B 42— st

<28
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Therefore we can replace the coefficients VZ-(n) with Bi(n) when applying
Theorem 2 and Corollary 1.

Let n; = kp. If for

v = min{B™ | (k= )p <n < kp,i € I™}

we have

(15) Zy(k) = 400

[ee]
k=1
we can apply Theorem 2 to get the conclusion. Thus it suffices to
consider the case when

(16) Zi/(k) < +o00.
k=1

Let
A={keN|@n)@i) (k—1)p<n < kp, i € W\ JO, ¥ = g0}
For every k € A choose ny and i such that

(k—1p<ny <kp, ipel™\JO & =g

By (16) we have

iﬁi(:’“) < +o00.

keA

Define the new coefficients Ei(") by nullifying the coefficients Bi(n) for
1 =1 and n = ny, i.e. let

n) 0 if n= ng, 1 =1 for some k
N B; otherwise
By construction the sums 5% stay away from 2 since 5% < s(k); More-
over JM ¢ [ ) where 1™ denote the set of active indices for ™. By
Corollary 1 the convergence of the algorithm for the new coefficients
implies its convergence for the original ones. Thus we can restrict our-
selves to the coefficients ™. Clearly for i € J™ we have ™ = g™,
If the new coefficients satisfy (15) we are done by Theorem 2. If not,
we can perform the same transformation as before. After at most p/N
iterations we will obtain a sequence to which we can apply Theorem 2

and which differs from original sequence as in Corollary 1. U
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Example Let N = 3 and

Y =L = LAY =
gty = 10 Pt = gttt = L
6£3n+2) - #7 553"7’4‘2) - %7 6§3n+2) = L

We have I™ = {1,2,3}. Let

J(3n) — {1}7 J(3n+1) — {2}’ J(3n+2) _ {1}

and p = 3. We have z/f,’“> = 1 for any k. Hence all the assumptions of

Theorem 3 are satisfied.
Acknowledgment. I am very grateful to Andrzej Cegielski for his
help, and in particular for turning my attention to the paper [1].
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