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Abstract. Let K be a commutative hypergroup with the Haar measure �. In the present paper we
investigate whether the maximal ideals in L1ðK; �Þ have bounded approximate identities. We will show
that the existence of a bounded approximate identity is equivalent to the existence of certain functionals
on the space L1ðK; �Þ. Finally we apply the results to polynomial hypergroups and obtain a rather
complete solution for this class.
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1. Introduction

Let G be a locally compact group. An important problem in spectral synthesis
is to analyze whether points of the character space ĜG are Wiener-Ditkin sets. It is
well-known, see e.g. [21], [12] or [3], that for G the answer is yes. In the far more
general case of commutative hypergroups K the problem is unsolved. There are
results by Chilana and Ross [6] and Chilana and Kumar [5] on spectral synthesis
on hypergroups with K̂K bearing a dual hypergroup structure. This additional
assumption is restrictive. Especially for polynomial hypergroups it means that
their results are available only for hypergroups generated by certain Jacobi poly-
nomials. This class of hypergroups has been studied by Wolfenstetter in some
detail, see [30]. For general hypergroups one can find related results in [27] and
some counterexamples in [14]. For hypergroups induced by the automorphism
group on a locally compact group one can find results on spectral synthesis in
[15], [16] and a general discussion in [2]. All these contributions are focusing
more or less on the Wiener-part of the problem, that means the question is studied
whether there is only one closed ideal with the cospectrum consisting of one point.

� The third author was partially supported by KBN (Poland) under grant 5 P03A 034 20 and by
Research Training Network ‘‘Harmonic Analysis and Related Problems’’ Contract HPRN-CT-2001-
00273.



In the present paper we deal with the Ditkin-part of the problem, i.e., we
investigate whether the maximal ideals in L1ðK; �Þ have bounded approximate
identities. This problem has been attacked by one of the authors with help of a
modified Reiter condition of type P1, see [9]. In [9] we have proved that a
bounded approximate identity in a maximal ideal exists if and only if the modified
Reiter condition holds for the character � which generates the maximal ideal. It is
well known that in the group case the Reiter condition is equivalent to the exis-
tence of an invariant mean. In this paper we present an extension of this results to
commutative hypergroups. We are going to prove that the modified Reiter condi-
tion is equivalent to the existence of a generalized mean.

We want to point out that the existence of generalized means for characters of
K could be the basic tool to carry on harmonic analysis for example on the bidual
of L1ðK; �Þ or to study the function spaces of almost periodic, weakly almost
periodic or uniformly continuous functions on K in more detail. On the other hand
the existence of approximate identities in maximal ideals allows to apply Cohen’s
factorization theorem, which is very useful in harmonic analysis.

In [9] we started the study the modified Reiter condition for polynomial
hypergroups. The second part of this paper is devoted to the continuation of this
work. With help of our new characterization we are able to study the problem in
case of polynomial hypergroups in much more detail as in [9]. So we arrive at a
rather complete solution for this class.

The contents of the paper are as follows. After recalling some basic facts on
commutative hypergroups in Section 2 we will present one of our main results in
Section 3. The remaining part of the paper is devoted to an exhaustive study of
polynomial hypergoups. A detailed study especially for polynomial hypergroups
generated by Jacobi polynomials will be presented in this part. The appendix
contains an alternative and simpler proof of a result of Mát�ee and Nevai on the
convergence of Turán determinats.

2. Preliminaries

Throughout this paper, K will denote a commutative hypergroup. For the con-
volution of two elements x; y2K we write �x � �y, where �x is the point measure at
the point x. The involution of an element x2K will be denoted by ~xx. For a given
y2K and a function f 2CcðKÞ the translation Ty f of f is given by

Ty f ðxÞ ¼ �y � �xðf Þ:
The commutativity of K ensures the existence of a Haar measure � on K. We
denote by XbðKÞ the set of all characters of K, i.e., the set

XbðKÞ ¼ f�2CbðKÞ : � 6¼ 0 and Ty�ðxÞ ¼ �ðxÞ�ðyÞ for all x; y2Kg :
By K̂K we denote the set of all hermitian characters, i.e.,

K̂K ¼ f�2XbðKÞ : �ðxÞ ¼ �ð~xxÞg:
The convolution of two functions f ; g2L1ðK; �Þ is defined by

f � g ðxÞ ¼
ð
K

f ðyÞ T~yygðxÞ d�ðyÞ:
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With this product and the �-operation f�ðxÞ ¼ f ð~xxÞ the Banach space L1ðK; �Þ
becomes a Banach �-algebra. The multiplicative functionals of this Banach �-
algebra are given by

��ðf Þ ¼
ð
K

f ðxÞ�ðxÞ d�ðxÞ ; f 2L1ðK; �Þ ; �2XbðKÞ:

The structure space, which is the space of all multiplicative functionals, will be
denoted by �ðL1ðK; �ÞÞ. The map XbðKÞ ! �ðL1ðK; �ÞÞ; � ! �� is a homeo-
morphism. The structure space �ðL1ðK; �ÞÞ can also be identified with MðL1ðK;
�ÞÞ, the set of all maximal ideals of the Banach algebra L1ðK; �Þ via the injective
map �ðL1ðK; �ÞÞ ! MðL1ðK; �ÞÞ; �� 7! kerð��Þ. We shall write Ið�Þ ¼ kerð��Þ.

The Fourier transform of a function f 2L1ðK; �Þ is given by Ff ð�Þ ¼ ��ðf Þ,
�2XbðKÞ. We denote the Fourier transform by f̂f ð�Þ in case �2 K̂K.

A net ðu�Þ� 2� in Ið�Þ is a bounded approximate identity in Ið�Þ if there is a
constant M> 0 such that ku�k1 4M for all �2� and lim� ku� � f � fk1 ¼ 0 for
all f 2 Ið�Þ.

For more details on hypergroups we refer to [13] and the monograph [4].

3. Existence of Bounded Approximate Identities

In [9] we gave a necessary and sufficient condition for the existence of a
bounded approximate identity in the maximal ideal Ið�Þ. For getting this result
we modified the so-called Reiter condition P1 which reads as follows.

The hypergroup K satisfies the condition P1 if for each "> 0 and every com-
pact subset C � K there exists a function g2L1ðK; �Þ with the properties
g5 0; kgk1 ¼ 1, and kTyg� gk1 <" for every y2C.

This condition was introduced by Reiter [21], [22] in the group case and later
studied by Skantharajah [23] in the context of hypergroups.

The modified condition P1 reads as follows:

Definition 3.1. Let �2XbðKÞ be fixed. We say that the P1-condition with
bound M> 0 is satisfied in �2XbðKÞ (P1ð�;MÞ for the sake of brevity) if for
each "> 0 and every compact subset C � K there exists g2L1ðK; �Þ with the
following properties:

(i) Fgð�Þ ¼ 1
(ii) kgk1 4M

(iii) kT~yyg� �ðyÞgk1 <" for all y2C.

Remark 3.2. (a) It is easy to see that for a locally compact abelian group G the
condition P1ð�;MÞ is fulfilled exactly when P1ð1;MÞ is satisfied. Indeed, assume
g2L1ðGÞ satisfies (i)–(iii) of P1ð1;MÞ for a given "> 0 and a compact set C � G
then f ¼ � g fulfills all requirements for P1ð�;MÞ. So in the case of a locally
compact abelian group we do not get new insights.

(b) In [10] we considered a Reiter condition of type P2. We showed how this
condition can be used for a characterisation of the support of the Plancherel
measure of a commutative hypergroup. In contrast to the group case the condition
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P2 can not be obtained from the condition P1. The reason for this lies in the
different behaviour of the translation operator in the hypergroup case.

In [9] we were able to prove the following result which gives a sufficient and
necessary condition for the existence of a bounded approximate identity in a
maximal ideal Ið�Þ.

Theorem 3.3. Let �2XbðKÞ. Then Ið�Þ has a bounded approximate identity
ðu�Þ� 2� with bound M if and only if P1ð�;M0Þ is satisfied, for some constant
M0> 0.

It is known that Reiter’s condition P1 is equivalent to the existence of an
invariant mean, i.e., a positive functional m on L1ðK; �Þ with mð1Þ ¼ 1 and
mðTy f Þ ¼ mðf Þ; f 2L1ðK; �Þ, see [23] and [29].

We now will give the relation between the modified Reiter condition P1ð�;MÞ
and the existence of certain linear functional m� on L1ðK; �Þ. This functional is
not an invariant mean in the sense above but it has similar properties. Therefore we
will call it a generalized mean.

Theorem 3.4. Let �2 K̂K. There is a bounded approximate identity with bound
M> 0 in the maximal ideal Ið�Þ if and only if there exists m�2ðL1ðK; �ÞÞ� with

(i) m�ð�Þ ¼ 1;
(ii) km� k4M;

(iii) m�ð Ty f Þ ¼ �ðyÞm�ðf Þ for all f 2L1ðK; �Þ ; y2K.

Proof. Assume there is a bounded approximate identity with bound M> 0 in
Ið�Þ. Then by Theorem 3.3 the condition P1ð�;MÞ is fulfilled. For "> 0 and a
compact set C � K let g2L1ðK; �Þ according to P1ð�;MÞ. We define the func-
tional m";C on L1ðK; �Þ by the rule

m";Cðf Þ ¼
ð
K

f ð~xxÞgðxÞ d�ðxÞ:

We have m";Cð�Þ ¼ 1 and

km";Ck4 kgk1 4M:

Hence the functionals m";C are uniformly bounded. Moreover, for y2C we have

m";CðTy f Þ ¼
ð
K

Ty f ð~xxÞgðxÞ d�ðxÞ ¼
ð
K

f ð~xxÞTygðxÞ d�ðxÞ:

Thus

jm";CðTy f Þ � �ðyÞm";Cðf Þj4
ð
K

jf ðxÞj � jTygðxÞ � �ðyÞgðxÞj d�ðxÞ

4 kfk1kTyg� �ðyÞgk1 4 "kfk1 ð1Þ
The family of functionals m";C form a net, where the indices ð";CÞ are partially

ordered by

ð";CÞ � ð"0;C0Þ if "04 "; C � C0:
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Let m� be an accumulation point of this net. Then km�k4M and m�ð�Þ ¼ 1.
Moreover, from (1) we obtain

m�ðTy f Þ ¼ �ðyÞm�ðf Þ:
Conversely assume that a generalized mean m� exists. Since m� belongs to the
second dual of L1ðK; �Þ by the Goldstine theorem [8, p. 424] there is a net ðfiÞi 2 I

�-weakly convergent to m� such that kfik1 4M. In particular, we have
f̂ifið�Þ ! m�ð�Þ. Since m�ð�Þ ¼ 1 we can assume f̂fið�Þ ¼ 1. For any y2K and
f 2L1ðK; �Þ we haveð

K

T~yy fiðxÞ f ðxÞ d�ðxÞ ¼
ð
K

fiðxÞ Ty f ðxÞÞ d�ðxÞ ! m�ðTy f Þ ¼ �ðyÞm�ðf Þ:

Therefore ð
K

T~yy fiðxÞ � �ðyÞfiðxÞ
� �

f ðxÞ d�ðxÞ ! 0:

Fix y1; y2; . . . ; ym2K and write Fk;i ¼ Teykyk fi � �ðykÞfi. The m-tuple

Fi ¼ ðF1;i;F2;i; . . . ;Fm;iÞ
forms a net weakly convergent to 0 in the product space L1ðK; �Þ� � � � �
L1ðK; �Þ. By [8, Corollary 14, p. 422] there is a sequence of convex combinations
of Fi convergent to 0 in norm. Hence for every "> 0 there is a function
g2L1ðK; �Þ, a convex linear combination of fi ’s, such that ĝgð�Þ ¼ 1; kgk1 4M
and

kT~yyig� �ðyiÞgk1 <" for i ¼ 1; . . . ;m:

Now our assertion follows from [9, Proposition 3.2]. &

From the characterization above we immediately get the next statement.

Corollary 3.5. Let K be compact. Then there is a bounded approximate identity
in Ið�Þ for every �2 K̂K.

Proof. We observe that

m�ðf Þ ¼
1

k�k2
2

ð
K

f ðxÞ�ðxÞ d�ðxÞ

is a functional on L1ðK; �Þ which fulfills all conditions of Theorem 3.4. &

4. Application to Polynomial Hypergroups

Polynomial hypergroups are a very interesting class since one can find
hypergroups in this class which are quite different from groups, see for example
[18]. In [9] we already studied polynomial hypergroups in view of the P1ð�;MÞ
condition. This work will be continued in this section. We will present here a much
more detailed study of the problem. For this investigations we use Theorem 3.4. To
have a good reference and for the sake of completeness we recall the basic facts for
polynomial hypergroups. For more details and the proofs we refer to [17] and [18].
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Let ðRnÞn 2N0
be a polynomial sequence defined by a recurrence relation of the

type

R1ðxÞRnðxÞ ¼ anRnþ1ðxÞ þ bnRnðxÞ þ cnRn�1ðxÞ ð2Þ
for n2N with starting polynomials R0ðxÞ ¼ 1; R1ðxÞ ¼ 1

a0
ðx� b0Þ and an > 0;

bn 5 0 for all n2N0 and cn 5 0 for all n2N. We assume that an þ bnþ cn ¼ 1
for n2N and a0 þ b0 ¼ 1. It follows from this assumptions that

Rnð1Þ ¼ 1

for all n2N0. In particular the Rn’s are not orthonormal. By the Theorem of
Favard there is a probability measure � with bounded support with respect to
which ðRnÞn 2N0

is orthogonal, i.e.,ð
R

RnðxÞRmðxÞ d�ðxÞ ¼
1

hðnÞ �n;m: ð3Þ

The relationship between the Rn’s and the orthonormal polynomials which we will
always denote by pn is given by pnðxÞ ¼

ffiffiffiffiffiffiffiffiffi
hðnÞ

p
RnðxÞ.

The recurrence relation (2) is a special case of the linearization formula

RnðxÞRmðxÞ ¼
Xnþm

k¼jn�mj
gðn;m; kÞRkðxÞ;

where we assume that the coefficients gðn;m; kÞ are non-negative for all
n;m; k2N0. There are many orthogonal polynomial systems which have this
property (cf. [1], [11], [17], [18], [25], [26]).

An easy calculation shows that for every orthogonal polynomial system we
have hðnÞ ¼ gðn; n; 0Þ�1

. In particular we obtain hð0Þ ¼ 1. It is also possible to
express the h’s in terms of the coefficients of the recurrence relation (2), namely

hð1Þ ¼ 1

c1

; hðnÞ ¼ a1a2 � � � � � an�1

c1c2 � � � � � cn
: ð4Þ

Since the non-negative coefficients gðn;m; kÞ satisfy
Pnþm

k¼jn�mj gðn;m; kÞ ¼ 1 we
can define a convolution on N0 by:

�n � �m ¼
Xnþm

k¼jn�mj
gðn;m; kÞ �k:

With this convolution, the involution ~nn ¼ n and the discrete topology, the set of
natural numbers N0 is a commutative hypergroup generated by the orthogonal
polynomial system ðRnÞn 2N0

. Such a hypergroup is called polynomial hypergroup,
see [17]. The Haar measure is the counting measure with weights hðnÞ at the points
n2N0.

In this case the translation reads as

Tn�ðmÞ ¼
Xnþm

k¼jn�mj
gðn;m; kÞ�ðkÞ:
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The dual XbðN0Þ (resp. cN0N0) can be identified with the set

D ¼ fx2C : jRnðxÞj4 1g ðresp: Ds ¼ D \ RÞ

via the map x 7!�x, where �xðnÞ :¼ RnðxÞ.
The remaining part of the paper is concerned with a detailed investigation of

conditions under which the condition P1ðx;MÞ holds. We start with a result which
has been proved in [9].

Theorem 4.1. Let ðRnÞn 2N0
define a polynomial hypergroup on N0 and let

x2Ds. Then the P1ðx;MÞ-condition is satisfied if and only if for every "> 0 there
exists �2 ‘1ðN0; hÞ with

(i)
P1

n¼0 �ðnÞRnðxÞ hðnÞ ¼ 1,
(ii) k�k1 4M,

(iii) kT1� � R1ðxÞ�k1 <".

The crucial point here is that we can restricted ourselves to the translation T1

instead of the translation Tn in the definition of the P1ð�;MÞ condition, see
Definition 3.1.

Let

�nðkÞ :¼
�nðxÞRkðxÞ 04 k4 n;

0 otherwise;

�

where �nðxÞ ¼
�Pn

j¼0 R2
j ðxÞhðjÞ

��1

. Using the recurrence relation we obtain

kT1�n � R1ðxÞ�nk1 ¼ �nðxÞ
�
jRnþ1ðxÞj cnþ1hðnþ 1Þ þ jRnðxÞjanhðnÞ

�
: ð5Þ

For a proof of this statement, see [9]. In view of Theorem 4.1 and Eq. (5) we have
the following Proposition.

Proposition 4.2. Let ðRnÞn 2N0
define a polynomial hypergroup and let x2Ds.

Then the P1ðx;MÞ-condition is fulfilled if the following two conditions hold

(i) there is a constant M> 0 such thatPn
k¼0 jRkðxÞj hðkÞPn
k¼0 R2

kðxÞ hðkÞ
4M

for all n2N0.
(ii)

lim inf
n!1

jRnðxÞj anhðnÞ þ jRnþ1ðxÞj cnþ1hðnþ 1ÞPn
k¼0 R2

kðxÞ hðkÞ
¼ 0

The next Proposition provides a positive result for the condition P1ðx;MÞ to
hold.
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Proposition 4.3. Let x2Ds. If
P1

n¼0 jRnðxÞj hðnÞ is convergent then the con-
dition P1ðx;MÞ is fulfilled.

Proof. Since jRnðxÞj4 1 the series
P1

n¼0 jRnðxÞj2 hðnÞ is convergent. Thus the
orthogonalization measure � has positive mass at x

�ðfxgÞ ¼ 1P1
n¼0 R2

nðxÞ hðnÞ
:

Let �ðnÞ :¼ �ðfxgÞ RnðxÞ. It can be easily checked that � :¼ ð�ðnÞÞn2N0
satisfies

all conditions in Theorem 4.1. &

In contrast to the result of the preceding Proposition we can establish a nega-
tive result by using the Theorem 3.4.

Theorem 4.4. Let x2Ds with �ðfxgÞ ¼ 0 and RnðxÞ ! 0. Then the generalized
mean mx at the point x does not exist.

Proof. Assume a generalized mean mx associated with x2Ds exists. Since
Tnð�0Þ ¼ �n

hðnÞ we have from Theorem 3.4 (iii)

mxð�nÞ ¼ hðnÞRnðxÞmxð�0Þ: ð6Þ
Let "n :¼ signðRnðxÞÞ. Then, since jRnðxÞj4 1,

M5
����mx

�XN
n¼0

"n�n

����� ¼ jmxð�0Þj
XN
n¼0

hðnÞ jRnðxÞj5 jmxð�0Þj
XN
n¼0

hðnÞ jRnðxÞj2:

If mxð�0Þ 6¼ 0 we obtain the estimateX1
n¼0

hðnÞ jRnðxÞj2 4
M

jmxð�0Þj
: ð7Þ

By assumption we have

0 ¼ �ðfxgÞ ¼
�X1

n¼0

hðnÞ jRnðxÞj2
��1

which contradicts (7). Therefore mxð�0Þ ¼ 0 and by (6) we get mxð�nÞ ¼ 0.
For �x ¼ ðRnðxÞÞn 2N0

let �N
x be the truncated sequence defined by

�N
x ðnÞ ¼

0 n4N;
RnðxÞ n>N:

�
Then

mxð�xÞ ¼
XN
n¼0

RnðxÞmxð�nÞ þ mxð�N
x Þ ¼ mxð�N

x Þ:

Hence

jmxð�xÞj ¼ jmxð�N
x Þj4M sup

n>N

jRnðxÞj:
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Since RnðxÞ tends to zero we get mxð�xÞ ¼ 0 in contradiction to
mxð�xÞ ¼ 1. &

In the proof of the above Proposition we have shown that �ðfxgÞ ¼ 0 implies
mxð�nÞ ¼ 0 for each n2N0. This fact implies the following statement.

Proposition 4.5. Let x2Ds with �ðfxgÞ ¼ 0. If there exists a generalized mean
mx at the point x, then mxjc0

� 0, where c0 is the subspace of ‘1ðN0Þ consisting of
sequences tending to zero.

Note that in view of Theorem 3.4 the Theorem 4.4 shows that the condition
P1ðx;MÞ does not hold for any point x2Ds with RnðxÞ ! 0 and �ðfxgÞ ¼ 0.

Example 4.6. We consider the Jacobi polynomials Rð�;�Þ
n with parameters

�5� > � 1 and gð2; 2; 2Þ5 2. By [11] these polynomials form a discrete
hypergroup. By [24, (4.1.1) and (8.21.18)] we have

jRð�;�Þ
n ðxÞj ¼ Oðn���1=2Þ

for x2ð�1; 1Þ. Thus Rð�;�Þ
n ðxÞ ! 0 for x2ð�1; 1Þ provided �> � 1=2. This and

Theorem 4.4 imply that a generalized invariant mean does not exist for any
x2ð�1; 1Þ. Also when we additionally assume that �>� we have by
[24, (4.1.1) and (4.1.4)]

Rð�;�Þ
n ð�1Þ ¼ ð�1Þn

�
nþ �

n

���
nþ �

n

�
:

Hence Rð�;�Þ
n ð�1Þ tends to zero which implies that the generalized mean at x ¼ �1

does not exist for �>�. In case of � ¼ �> � 1=2 we see that conditions (i) and
(ii) are fulfilled for x ¼ �1, since hðnÞ is of polynomial growth. Finally for the
case � ¼ � ¼ �1=2 (the Chebyshev polynomials of the first kind) we apply
Theorem 4.11 to obtain that P1ðx;MÞ holds for all x2ð�1; 1Þ. Since the Reiter
condition at x ¼ 1 is always fulfilled (see Corollary 3.5 (i)) we have for the Jacobi
polynomials Rð�;�Þ

n a complete description for those x2 ½�1; 1	 enjoying or not
enjoying Reiter’s condition P1ðx;MÞ.

Proposition 4.7. Assume � is continuous, i.e. �ðfxgÞ ¼ 0 for every x2Ds. IfP1
n¼0

1
hðnÞ is convergent then a generalized mean does not exist for �-almost every

x2Ds.

Proof. We have from (3)

ð
Ds

X1
n¼0

R2
nðxÞ d�ðxÞ ¼

X1
n¼0

1

hðnÞ < þ1:

Hence,
P1

n¼0 R2
nðxÞ is convergent �-almost everywhere. In particular RnðxÞ ! 0

�-almost everywhere and we get the conclusion by Theorem 4.4. &

Let us make some remarks concerning the last result.

Remark 4.8. (a) We conjecture that Proposition 4.7 holds if hðnÞ ! þ1.
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(b) The statement of Proposition 4.7 is in general not valid for all x2Ds. For
example, considering the Jacobi polynomials Rð�;�Þ

n of example Example 4.6 we
have hðnÞ ¼ Oðn2�þ1Þ. Therefore the series

P1
n¼0

1
hðnÞ is convergent for �> 0. But

we know that P1ð1;MÞ holds in any case. To have an example for which the
assumptions of Proposition 4.7 hold and P1ðx;MÞ is fulfilled for an interior point
of Ds we put

x R2nðxÞ ¼ ð1 � cnÞR2nþ1ðxÞ þ cn R2n�1ðxÞ;

x R2n�1ðxÞ ¼
1

2
R2nðxÞ þ

1

2
R2n�2ðxÞ;

where c0 ¼ 0. If cn % 1
2

then by [26] the polynomials give rise to a hypergroup. By
[28, Theorem 8.2] (see also [18, Theorem 2]) we have supp� ¼ Ds ¼ ½�1; 1	. The
recurrence relation gives

R2nð0Þ ¼ ð�1Þn and R2nþ1ð0Þ ¼ 0:

In this case the condition (i) of Proposition 4.2 is fulfilled with no assumptions on
hðnÞ. The condition (ii) of Proposition 4.2 reduces to

hð2nÞPn
k¼0 hð2kÞ ! 0: ð8Þ

By (4) we have

hð2nÞ ¼ ð1 � c1Þ � � � � � ð1 � cn�1Þ
c1 � � � � � cn

and hence
hð2n�2Þ
hð2nÞ ! 1. Now it is straightforward to prove condition (8). In order to

have an example with
P1

n¼0
1

hðnÞ convergent choose cn ¼ n
2nþ2

.

Our next investigations are concerned with a special class of polynomial
hypergoups which contain Jacobi polynomial hypergroups and their q-analogues.
We will see that for this broad class the Haar weights hðnÞ being bounded or not
decides whether P1ðx;MÞ holds for every x of the interior of Ds. For the following
considerations it is more convenient to use the orthonormal polynomials
pnðxÞ ¼

ffiffiffiffiffiffiffiffiffi
hðnÞ

p
RnðxÞ, which satisfy the recurrence relation

x pnðxÞ ¼ �nþ1 pnþ1ðxÞ þ �n pnðxÞ þ �n pn�1ðxÞ for n2N0 ð9Þ

with p0ðxÞ ¼ 1 and �n ¼ a0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
cnan�1

p
for n5 2; �1 ¼ a0

ffiffiffiffiffi
c1

p
; �0 ¼ 0 and �n ¼

a0bn þ b0 for n5 1; �0 ¼ b0.

Definition 4.9. The polynomial system ðpnÞn 2N0
is of bounded variation type

((BV) for the sake of brevity) if the sequences ð�nÞ and ð�nÞ have bounded varia-
tion, i.e., X1

n¼1

ðj�nþ1 � �nj þ j�nþ1 � �njÞ< þ1: ð10Þ

The polynomial system ðpnÞn 2N0
is an element of the Nevai class Mð0; 1Þ if

limn!1 �n ¼ 1
2

and limn!1 �n ¼ 0.
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The condition (10) implies in particular that �n and �n are convergent.

Theorem 4.10. Let the polynomial hypergroup ðRnÞn 2N0
be of type (BV) and

belong to the class Mð0; 1Þ. If the Haar weights hðnÞ tend to infinity the general-
ized mean does not exist for any x2ð�1; 1Þ.

Proof. By [19] the Turán determinants

�n ¼ p2
n � �nþ1

�n

pn�1pnþ1 ð11Þ

are convergent for x2ð�1; 1Þ. By Theorem 5.1 (see appendix below) the sequence
pnðxÞ is bounded for any x2ð�1; 1Þ. Hence

lim
n!1

RnðxÞ ¼ lim
n!1

pnðxÞffiffiffiffiffiffiffiffiffi
hðnÞ

p ¼ 0

for x2ð�1; 1Þ. Also by [19] the orthogonalization measure is absolutely contin-
uous in ð�1; 1Þ. Now the conclusion follows from Theorem 4.4. &

In contrast to the above result we have the following.

Theorem 4.11. Let the polynomial hypergroup ðRnÞn 2N0
be of type (BV) and

belong to the class Mð0; 1Þ. If the Haar weights hðnÞ are bounded the condition
P1ðx;MÞ holds for every x2ð�1; 1Þ.

Proof. By [19] we have

lim
n!1

�
p2
nðxÞ �

�nþ1

�n

pnþ1ðxÞpn�1ðxÞ
�

¼ f ðxÞ> 0

for x2ð�1; 1Þ. Since limn!1
�nþ1

�n
¼ 1 there exists N such that for n>N

maxfjpn�1ðxÞj; jpnðxÞj; jpnþ1ðxÞjg>
f ðxÞ

2
¼: �: ð12Þ

We will show that P1ðx;MÞ holds by using Proposition 4.2. We have

Pn
k¼0 jRkðxÞj hðkÞPn
k¼0 R2

kðxÞ hðkÞ
¼

Pn
k¼0 jpkðxÞj

ffiffiffiffiffiffiffiffiffi
hðkÞ

pPn
k¼0 p2

kðxÞ
4C

Pn
k¼0 jpkðxÞjPn
k¼0 p2

kðxÞ
;

where C ¼ supk

ffiffiffiffiffiffiffiffiffi
hðkÞ

p
.

For n>N we obtain from (12)

jpn�1ðxÞj þ jpnðxÞj þ jpnþ1ðxÞj4 3� max

�
jpn�1ðxÞj

�
;
jpnðxÞj

�
;
jpnþ1ðxÞj

�

	

4 3� max

�
p2
n�1ðxÞ
�2

;
p2
nðxÞ
�2

;
p2
nþ1ðxÞ
�2

	

4
3

�



p2
n�1ðxÞ þ p2

nðxÞ þ p2
nþ1ðxÞ

�
:
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This implies that there exists some M> 0 such thatPn
k¼0 jpkðxÞjPn
k¼0 p2

kðxÞ
4M

for all n2N0. Hence assumption (i) of Proposition 4.2 follows.
We have for all n belong to N0

jRnðxÞjhðnÞPn
k¼0 R2

kðxÞ hðkÞ
¼

ffiffiffiffiffiffiffiffiffi
hðnÞ

p
jpnðxÞj

p2
nðxÞPn

k¼0 p2
kðxÞ

4
C

jpnðxÞj
p2
nðxÞPn

k¼0 p2
kðxÞ

:

Since there is an infinite subsequence ni such that

jpniðxÞj>�;

we obtain the estimate

jRniðxÞj hðniÞPni
k¼0 R2

kðxÞ hðkÞ
4

C

�

p2
ni
ðxÞPni

k¼0 p2
kðxÞ

:

By [20, Theorem 11 (ii), p. 32]

lim
n!1

p2
nðxÞPn

k¼0 p2
kðxÞ

¼ 0

for x2ð�1; 1Þ. This gives (ii) of Proposition 4.2. &

Example 4.12. We consider a subclass of the so-called Bernstein-Szeg€oo poly-
nomials, see [24]. The polynomials Qð	;
Þ

n under consideration are orthogonal with
respect to the measure

d�ðxÞ ¼
�½�1;1	ðxÞ

�ðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

p dx; x ¼ cos t;

where �ðxÞ ¼ j	e2it þ 
eit þ 1j2 is a polynomial with �ð cos tÞ> 0 for all t2 ½0; �	.
By [24] it is well known that these polynomials can be represented explicitly in the
form

Qð	;
Þ
n ðxÞ ¼ 1

	 þ 
þ 1

�
TnðxÞ þ 
Tn�1ðxÞ þ 	Tn�2ðxÞ

�
; n5 2;

Q
ð	;
Þ
1 ðxÞ ¼ 1

	 þ 
þ 1

�
ð	 þ 1ÞT1ðxÞ þ 
T0ðxÞ

�
; Q

ð	;
Þ
0 ðxÞ ¼ 1;

where TnðxÞ are the Chebychev polynomials of the first kind. An easy calculation
shows

Q
ð	;
Þ
1 ðxÞQð	;
Þ

n ðxÞ ¼ 	 þ 1

2ð	 þ 
þ 1ÞQ
ð	;
Þ
nþ1 ðxÞ þ




	 þ 
þ 1
Qð	;
Þ

n ðxÞ

þ 	 þ 1

2ð	 þ 
þ 1ÞQ
ð	;
Þ
n�1 ðxÞ
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for n> 2. It can be easily checked that this polynomials induce a polynomial
hypergroup on N0 provided that ð
; 	Þ2fðx; yÞ2R2 : x; y5 0; y< 1, x� 1< yg.
The polynomial system Qð	;
Þ

n is of type (BV) and using (4) we obtain the bounded-
ness of hðnÞ.

5. Appendix

We will give an alternative and simpler proof of a result of Mat�ee and Nevai (see
[19]) on convergence of Turán determinants. Our proof is based on ideas of
Dombrowski and Nevai, see [7].

Theorem 5.1. (Mat�ee and Nevai, [19]) Let the polynomials pn satisfy

xpnðxÞ ¼ �nþ1pnþ1ðxÞ þ bnpnðxÞ þ �npn�1ðxÞ:
Assume that �n ! 1

2
; bn ! 0 andX1
n¼0

j�nþ1 � �nj þ jbnþ1 � bnj< þ1:

Then the sequence of Turán determinants

�nðxÞ ¼ p2
nðxÞ �

�nþ1

�n

pn�1ðxÞpnþ1ðxÞ

is convergent uniformily on closed subintervals of ð�1; 1Þ. Moreover the polyno-
mials pn are uniformly bounded on each closed subinterval of ð�1; 1Þ.

Proof. By using the recurrence relation we get

�nðxÞ ¼ p2
nðxÞ þ p2

n�1ðxÞ �
x� bn

�n

pn�1ðxÞpnðxÞ; ð13Þ

�nðxÞ ¼ p2
nðxÞ þ

�2
nþ1

�2
n

p2
nþ1ðxÞ �

x� bn

�2
n

�nþ1 pnðxÞpnþ1ðxÞ: ð14Þ

Applying (13) to �n and (14) to �n�1 gives

�n ��n�1 ¼ 1

�2
n�1

ð�2
n�1 � �2

nÞ p2
n

þ 1

�n�
2
n�1

�
ðx� bn�1Þð�2

n � �2
n�1Þ þ ðbn � bn�1Þ�2

n�1


pn�1pn

Hence

j�n ��n�1j4C1



j�n � �n�1j þ jbn � bn�1j

�
ðp2

n�1 þ p2
nÞ; ð15Þ

where C1 is a constant independent of n and x.
By (13) we have

�n ¼
�
pn �

x� bn

2�n

pn�1

�2

þ
�

1 � ðx� bnÞ2

4�2
n

�
p2
n�1;

�n ¼
�
pn�1 �

x� bn

2�n

pn

�2

þ
�

1 � ðx� bnÞ2

4�2
n

�
p2
n:
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Hence we obtain

�n 5
�

1 � ðx� bnÞ2

4�2
n

�
p2
n;

�n 5
�

1 � ðx� bnÞ2

4�2
n

�
p2
n�1:

Fix � > 0 and let jxj4 1 � �. Since �n ! 1
2

and bn ! 0 there is a constant C2 > 0
and a number N such that

�n 5C2ð p2
n�1 þ p2

nÞ ð16Þ

for all n>N. By (15) and (16) we obtain

j�n ��n�1j4 "n �n

for all n>N, where "n :¼ C1

C2



j�n � �n�1j þ jbn � bn�1j

�
: Thus

1

1 þ "n
�n�1 4�n 4

1

1 � "n
�n�1

for all n>N. We can assume "n < 1. Since the series
P

"n is convergent. �n is
convergent and the limit is positive. Moreover the convergence is uniform for
jxj4 1 � �. By (16) we get that pnðxÞ is bounded uniformly with respect to n
and jxj4 1 � �. &
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