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ON HARMONICV MEASURE FOR LEVY PROCESSES
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Abstract. Let {X,} be a Lévy process in RY, d > 2, with infinite
Lévy measure. If {X,} has no Gaussian component, then the process
docs not hit the boundary of Lipschitz domain S = R? at the first exit
time of S under mild conditions on {X,}. The conditions are met, ¢.g,, if
{X.} is rotation invariant.
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1. Introduction. The paper is concerned with the properties of the har-
monic measure of Lévy process {X,};,>o in R%. Recall that for an open set
S<R? the harmonic measure w§ corresponding to {X,};»o is defined as
w3 (") = P*(X,4€"), where xe R? and t5 = inf{tr > 0: X,¢S}. For the Brownian
motion in R? the continuity of paths yields w%(8S) = 1 for every domain S and
all xe S. However, in general, {X,},>, has discontinuous paths and, depending
on the process and the domain, it may happen that with probability one the
process does not hit the boundary of S when first leaving it. For example, for
the rotation invariant stable Lévy process in R? we have w%(8S) = 0, provided
S is a bounded domain with the outer cone property (see [2], Lemma 6).
If w%(@S) =0 for xe§, then the harmonic measure may be completely de-
scribed by means of the Green function and Lévy measure via a formula of Ikeda
and Watanabe [3]. This motivates the search for general conditions on the
Lévy process and the domain guaranteeing the discontinuous exit property:
w3(08) =0, xeS. '

In the one-dimensional case this exit problem was completely solved in [5]
in the case where § is a half-line. The problem becomes much more difficult to
handle in R? for d > 2 because for some processes the discontinuous exit prop-
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erty depends on global geometric properties of dS (see [6] for the example).
P. W. Millar gave a general solution of the exit problem in [6], but geometric
conditions on S imposed there are complicated and rather restrictive.

The primary purpose of the present paper is to use the methods of [6] to
formulate simple conditions on the local geometry of dS which yield the
discontinuous exit property for a broad class of Lévy processes including rota-
tion invariant processes with infinite Lévy measure and no Gaussian com-
ponent. We have the following result (for the notation see the Preliminaries):

THEOREM 1. Let S = R? be a Lipschitz domain. Assume that {X,},», satis-
fies H and its resolvent is strong Feller. If

[ Etpouv(dy) =

VnB(0,1)
for every cone V with vertex 0, then
P*(X,;€08) =0 for every xeS§.

The hypotheses on {X,},>0 given in Theorem 1 are satisfied, e.g., by every
rotation invariant process with the infinite Lévy measure and no Gaussian
component. The same holds true for any transient stable process of type A
having the scaling property under mild conditions on v (see [6]).

For more general processes we relax the geometric condition on § im-
posed in [6] to cover such domains as tori; see Theorem 2 below. We also
point” out that conditions of Millar on S, if imposed at every point of 45,
characterize Lipschitz domains in R%.

2. Preliminaries. For the rest of the paper, let d > 2. We denote by {X,};5¢
the process with stationary independent increments in R? and the characteristic
function

Elexp{i(u, X,)} =exp{—t® ()}, ueR’, t>0,

where

— 1 _ gt 1))
& (u) =i(a, u)+2(0'u, uH_,‘L(l e +1+Iy|2)v(dy),
v denotes the Lévy measure, ac R?, and o is a positive semidefinite symmetric
matrix. As usual, E* denotes the expectation with respect to the distribution P*
of the process starting from xeR?. We always assume that sample paths of
X, are right-continuous and have left-hand limits a.s. The process is Markov
with transition probabilities given by P, (x, 4) = P*(X,c 4) = P°(X,e A—x). It
is well known that {X,},, is strong Markov with respect to the so-called
“standard filtration”, and quasi-left-continuous on [0, o] (see, e.g., [1]).
For xeR? and r > 0, we let B(x, r) = {yeR?: |x—y| < r} and dist(x, 4) =
inf{]x—yl; yeA}, dist(4, B)=inf{|x—yl|; xeA, yeB} for A, BcR’ As
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usual, 4° is the complement of A. For A = R? we define T(4)=inf{t > 0;
X, A}, the first hitting time of A, and 1, = T (A°), the first exit time of A. For
r>0 we put 1, = Tgo,.

A cone in R? with vertex at 0 is any set V that can be constructed as
follows: take a closed ball B of radius r > 0 whose center is at the distance
ro > r from 0; then V consists of all the points that liec on the rays passing from
0 through B. The axis of V is the ray from 0O through the center of the ball, the
vertex angle is 2sin™ ' (r/ro). A cone with vertex at xeR? is a set of the form
x+V, where V is a cone with vertex at 0. An open cone is the interior of
a closed- cong as just defined.

We say that a domain (a nonempty, connected and open set)-S has the
outer cone property if there exist a constant H > 0 and a cone V such that for
every Qe dS there is a cone V, with vertex Q, isometric with ¥ and satisfying
VonB(Q, Hy 5°.

A domain S = R? is called a Lipschitz domain if it is bounded and for each
Q in its boundary 0S there are: a Lipschitz function I'p: R*"! — R, an or-
thonormal coordinate system CS,, and a number Ry >0 such that if
z=(zy, ..., 2g) in CSy coordinates, then

SAB(Q, Ry) = {z: 24 > I'p(zs, ..., za—1)} " B(Q, Ry).

We note that by compactness of 05, the radii Ry are not less than a constant
Ry > 0 (the localization radius of S), and the Lipschitz constants of the func-
tions I'g are not greater than a constant A < co (the Lipschitz constant of S).

From the Lipschitz condition it easily follows that a Lipschitz domain has
the outer cone property.

DermNITION 1. The process is said to satisfy hypothesis H if for each -
ae(0, w) there are h(x) > 0 and ry(x) > O such that for all cones V of vertex
angle « and vertex at 0 i

) EOTIV(XS) ds>h@)E°z, -
0 -‘ ,

for all re(0, ro(x).
Note that (1) is to hold for all cones with the same vertex angle, regardless
of the direction of the cone. Any isotropic (rotation invariant) process has this

property as well as processes with genuinely d-dimensional Gaussian compo-
nent, stable processes of type A, and many others (see [6]).

3. Main results. Throughout this section, S denotes a domain in R?. We
record some auxiliary results due to Millar. The proofs can be found in [6]. In
what follows we assume that if {X,},5, has no Gaussian component, then
v(RY) = o0.
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If ae(0, 1), then there is a constant K = K(a) > 0 such that
V) E%7, > K(a)E®~,

for all r > 0.
Furthermore, if the resolvent of the process {X,},5o is strong Feller, then
the function f (x) = P*(X, € A) is continuous on S for every Borel set A = R
We call-a point yeS possible if

3)  P(T(B(p,d)<15)>0

for- all €S and all 5 > 0. If {X,},50 satisfy hypothesis H, then every pomt in
S is possible.

We also introduce a translation property, which is a weakening of the
translation property defined in [6]. The modification enables us to handle
a more general class of domains.

DerFmNITION 2. Let V be a cone with vertex at 0 and R > ¢ > 0. We say
that S has the translation property relative to V, R, ¢ if
(a) OeS,
(b) SNV B0, R)c B(0, R—¢),
(c) for every cone V' <V, V' £V, with the same axis,
[6SAV'AB@O,R)]—yc<=S

for all sufficiently ‘small yeV,
(d) there is a constant ¢ > 0 such that for all sufficiently small ye V' the
distance between [6SNVNB(0, R)]—y and dSnV is at least c|y|.

The following result is a generalization of Theorem 3.1 in [6].

THEOREM 2. Let S < R be a domain with the outer cone property. Let V be
an open cone such that S has the translation property relative to V, R, & for some
R > ¢ > 0. Assume that {X,},» o satisfies hypothesis H and its resolvent is strong
" Feller. If [y ngo,1)E%,v(dy) = oo, then

) P°(X,,€0SnVAB(O, R)) = -

Proof. We generally follow the lines of the proof of Theorem 3.1 in [6],
so we only give a sketch of the proof
Assume that (4) does not hold, ie. there is 6 > 0 such that

P°(X,,€08AVNB(, R)) =

Let W= (int SYnVnB(0, R). For u, ve R? we define f (u, v) = 15(u) 1y (v). We
have

PO(X. € W) = E° [ [ (X, Xs+)v(dy)ds
) o R4

(see, e.g., [4] or [6]).
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Let V' be an open cone contained in V with the same axis and smaller
vertex angle and such that P°(X ;€SN V'nB(0, R)) = 6/2. For fixed ye V we
define .
Uy=[0SnV'nB(@O, R)]—y, D,=Sn(W-y).

If xeU, =[SV nB(0, R)]—y, then from the outer cone property and the
translation property relative to ¥, R, ¢ we have B(x, ¢|y|)nC, c D, for some
cone C, with vertex x and vertex angle (0, ) (f independent of x), provided

y is sufficiently small, say |y| < # for some #. Using this fact, the strong Markov
property and hypothesis-H we find that

©) E° j'f(Xs,X +y)ds = h(B) E° 1 P° (T (U,) < 15).

For n>=1 we let
= {xeS: dist(x, d8)>1/n} and S,=[SnV'nB(0, R—¢eju4,.

By quasi-left-continuity we have P°(X,; €dSNV'nB(0, R)) > 6/4 if n is suf-
ficiently large. For such fixed n we have S, — y < S provided n < 1/n, which we
may and do assume.

The function y— P’(X,, €dSnV'nB(0, R)) is continuous at 0, so, by
taking smaller # we infer that, for yeV and |y| <7,
(6) PO(T(Uy) < Ts) 2 PO (T(Uy) = T(s"_y), T(Uy) < W)

> P’ (X, €080 V'nB(O, R)) > 4/8

because the resolvent of {X,},5¢ is strong Feller. '

Let ¥, = VnB(0, n). From (5), (6) and (2) we have

_ s
1> PO(X,,eW)=E° [ | f(X;, X,+Yy)v(dy)ds
0 R4

' 0
> hP)g | Eorayvid) > hBGK Q] Bty vidy) = o

This- is the required contradiction. The proof of (4’)A is complete. & --

We now digress on the consequences of the translation property, if im-
posed at every point of 2S.

DEerFNITION 3. A domain S < R? is called a Millar domain if it is bounded,
has the outer cone property, and for each QedS there are: an open cone
V, with vertex xS and numbers R, ¢ such that R > ¢ > 0,QeV,nB(x, R) and
S—x has the translation property relative to V,—x, R, &.

LeMMA 1. A set is a Millar domain if and only if it is a Lipschitz domain.

Throughout the proof, for z = (z4, ..., 24~ 1, 25) We write Z = (zy, ..., Zg—1)
and [|2]|?> =z +...+23_,.
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Proof. Let S be a Lipschitz domain with localization radius R, and Lip-
schitz constant 1. Choose Q € 3S. We may.and do assume Q- = (0, ..., 0, —R/2).
Let I'y denote the Lipschitz function such that

SAB(Q, Ro) = {z: z;>T'(®)}nB(Q, Ry).

Set V={z: z; <0, ||Z]| < nlz4l}, where n = \/A2+1—A. The set V is an open

cone with vertex 0. Let R = Ry/</n*+1+Ry/2, e = Ry/2.
We have Qe VaB(0, R). We will check that S has the translatlon property
relative” to V,R, e

(a) 0es.
(b) Let wedSNVnB(0,R). Then w=1t0, where te(O R) and 0OeV,
8] = 1. We get
lw—Q|* = t2+R3/4+tRy 6, < t>+ R3/4—tRo/</n*+1 < R},
$0 ‘
) 8SAVAB(0, R) = B(Q, Ry),

and hence w, =1Ip(W). We have [w;+Ro/2| = [I'q(W)—T'o(0) < A|[W|| and
IW|| < —ywy. From this we conclude that

Ro/2

(/n)—4

and |w|® = |WI?+w2 < R3/(1+9n® =(R—¢), s
0SAVAB(, R) = B(0, R—).

il <

(c) Fix yeV, |yl < Ro/2 and we SN VN B(0, R). The same method as for (7)
shows that SNV B(0, R—s) = B(Q, Ry/2), and this yields w—yeB(Q, Ry).
-We  have [FogW)—ToW— <Alfl, so Io(W—J) < watanlyd <wi—ya.
Hence w—yeS.
N (d) Let yeV, |yl < ¢/2 and wedSnVB(0, R). We have w—'—yeB(O, R—¢/2),
s0" ‘
dist(w—y, SNV B°(0, R)) > 8/2 > |yl.

Let Z, ={z: |zg—w4 < A|IZ—W|}. We have 0SnVnB(0, R) cZ, and
w—y¢Z,. Hence ‘
dist(w—y, 3N VN B(0, R)) > dist(w—y, 0Z,).
An easy computation shows that |
1—An

dist(w—y, 8Z,) > 131,
A2+ (n*+1)
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S0 we may put

= 1
JEDETD

The first part of the proof is complete.

Now, let S denote a Millar domain.

Choose Q €08 and let a cone V, with vertex x and R, ¢, R > ¢ > 0, be such
that QeV,nB(x, R) and S—x has the translation property relative to
V.—x, R, &._We may and-do assume that x =0, Q =(0, ..., 0, g4); 9. <0 and
Ve=1{z: 24 <0, |2l <7<lzdl}, 7> 0.

Set V= {z: z, <0, ||Z]| <nlz4l}, where 0 < # < n,. Let r > 0 be such that
[08NVNB(0, R)]—y c S for each yeV,, |y| <r. Set

Ry =r/2 A dist(Q, V) A dist(Q, B°(0, R))
and for wedSnB(Q, R,) let
MW=(—V+W)ﬂB(Q, R1)3 Nw=(V+W)ﬁB(Q, Rl)
Using the outer cone property and (c) from the definition of the translation
property we get
(8) M,=S and N,cint§"
for each wedSnB(Q, Ry). Set Ry = Ryn/\/n*+1. For every zeB(Q, Ryp)
there exists z* € R such that (Z, z*¥)e SN B(Q, R,). Moreover, from (8) it follows
that there is only one such z* Therefore, we can define a function
I'g(?) = z*, ze B(Q, Ryp). Using (8) again we infer that I'p is the Lipschitz
function with Lipschitz constant 4 = 1/ and
SﬂB(Q, RQ) = {Z: Zg > FQ(Z)}('\B(Q, RQ) @

Lemma 1 is a motivation to consider Lipschitz domains in the context of
our exit problem. In a sense, Lipschitz domains are the most general domains
for which Millar’s methods may be used to prove the «discontinuous exit prop-
erty for typical Lévy processes.

LEMMA 2. Let A < R? be a Borel set. If {X,},5 ¢ satisfies hypothesis H, its

resolvent is strong Feller, and there exists xe S such that P*(X.,€A) =0, then
P*(X.,€eA)=0 for all zeS.

Proof. By the strong Markov property, for each ze S and é > 0 we have
0= P*(X, ;e A) > P*(X, ;e 4; T(B(z, 8)) <15)
= E*(P¥*®=a (X, e A); T(B(z, 0)) < 1s).

From (3) we get P*(T(B(z, 5)) < rs) > 0, so there exists we B(z, J) such that
P¥ (X, € A) = 0. This yields that the set {weS: P¥(X, € A) = 0} is dense in S.
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From continuity of the function z —» P*(X, € A) we infer that P*(X,,e 4) =0
for each zeS. m

Proof of Theorem 1. Let QedS5. By Lemma 1 there exists xe S, an
open cone ¥, with vertex x and numbers R, ¢ such that Q€ V,n B(x, R) and
S—x has the translation property relative to V,—x, R, &. We have

E° 7 v(dy) = w0

(Ve—x)nB(0,1)

By Theorem 2 we get

. P°(Xx €d(S—x)n(V;—x)nB(0,R) =0

TS -x)
or
P*(X.;€08SnV,nB(x, R)) = 0.
Lemma 2 yields
P*(X,,€08nV,nB(x,R))=0 for every zeS.
By the usual compactness argument, Theorem 1 holds true. m
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