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Abstract. In this paper we obtain convergence rates for sieved
maximum-likelihood eStimators of the log-hazard function in a cen-
soring model. We also establish convergence results for an adaptive
version of the estimator based on the method of structural risk-mini-
mization. Applications are discussed to tensor product spline estima-
tors as well as to neural net and radial basis function sieves. We obtain
simplified bounds in comparison to the known literature, This allows
us to derive several new classes of estimators and to obtain improved
estimation rates. Our results extend to a more general class of
estimation problems and estimation methods (minimum contrast es-
timators).
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1. INTRODUCTION

In this paper we establish convergence rates for sieved maximum-likeli-
hood estimators (sieved ML-estimators) for the log-hazard function in a cen-
soring model. We also establish an adaptive version of the estimator based on
the method of structural risk minimization (complexity regularization) as intro-
duced in Vapnik [24]. Our results are obtained for general sieves and then are
applied to some special types of sieves like tensor product splines or neural
nets. We also state extensions of these results to more general estimation proce-
dures (minimum contrast estimators) and to other types of estimation problems
like regression problems comparable to those considered in Birgé and Massart
[5] or in Barron et al. [4]. For related results see also Krzyzak and Linder
[16], Lugosi and Zeger [18], Wong and Shen [25], Yang and Barron [26], and
Kohler [12], [13].

Sieved ML-estimators are defined in the general framework of empirical
risk-minimization. The main tools for their analysis are from empirical process
theory. The main part of the proof of convergence properties is to establish an
exponential maximal inequality for the log-likelihood functional and to obtain
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estimates for the covering numbers and Vapnik-Cervonenkis dimension of
the involved function classes. In comparison to a similar maximal inequality in
Birgé and Massart [5] we avoid the somewhat complicated condition M2 on
control of fluctuations in the L -metric and replace it by some more handy
growth condition on I!-covering numbers. Our I}-covering condition is related
to the condition M, ; (L'-metric with bracketing) in Barron et al. [4], which is
used in that paper to deal with model selection in a general framework and
applied to several examples (see Sections 4.1.5 and 4.1.6). In comparison our
covering condition seems to be particularly simple and well suited for the
examples considered in this paper. Our proof is based on an exponential maxi-
mal inequality in Lee et al. [17]. In several examples we obtain improved
convergence rates in comparison to the literature and some of them are estab-
lished for the first time in this paper.

In the case of tensor product splines we obtain up to a logarithmic factor
the optimal convergence rate in the minimax sense in smoothness classes as
derived in Kooperberg et al. [15], the only paper on convergence rates in this
context so far. For general background on censoring models and reference to
martingale based estimation methods we refer to Andersen et al. [1]. Related
consistency results for kernel type estimators and further references on non-
-parametric functional estimation of hazard functions can be found in van
Keilegom and Veraverbeke [23]. In comparison to Kooperberg et al. [15] we
consider the stronger MISE (mean integrated square error). The convergence
rate obtained in this paper depends on the smoothness parameter p of the
underlying class of hazard functions as well as on the dimension of the covaria-
bles. Some empirical study of an adaptive estimator (HARE’) has been given in
Kooperberg et al. [14]. The related complexity regularized estimator intro-
duced in Section 4 of this paper is proved to be adaptive up to a logarithmic order
and, therefore, approximatively minimax adaptive. We also discuss applica-
tions to general net sieves assuming that the log-hazard function allows an
integral representation. In particular, we consider neural nets, radial basis-func-
tion nets and wavelet nets. For further details related to this paper we refer to
the thesis by Dohler [7]. Some related consistency results (without rates) have
been given in Dohler [6].

The paper is organized as follows: In Section 2 we establish an exponential
inequality for the log-likelihood functional in the case of right censored data
and indicate how similar exponential inequalities can be derived in a general
framework. We use this result to obtain general error bounds for sieved ML-
-estimators (Section 3) and their complexity regularized versions (Section 4). In
Section 5 we apply these results to tensor product splines and neural net type
sieves. We conclude the paper with a short outlook.

The framework of hazard function estimation is as in Kooperberg et al.
[15] where however also additive models are considered. Let (2, .o/, P) be the
underlying probability space, T: Q@ — R, a survival (failure) time, C: Q -
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a bounded censoring time, X: 2 - & = [0, 1]* a vector of covariates, and
Y = T A C the observable time. By normalization we assume without loss of
generality that = [0, 1]. With the censoring indicator 6 = 17, (right cen-
soring) the observation vector is Z = (X, Y, 8). We assunie the existence of
a conditional density f, (t| x) and denote by F,(¢|x) the conditional distribu-
tion function of T given X = x. Further, we define the conditional hazard
function

Jo(t]x)

AO(tlx)=F_0(t|x) .

with conditional survival function F,(t|x) = 1—Fq(t|x), and finally the con-
ditional log-hazard function o, (¢]|x)=1logAe(t|x). Based on iid. data
(T, Cy, X4), ..., (T, C,, X,), respectively, the corresponding observed data
Z,=(X;, Y, d;), 1 <i< n, our aim is to estimate the underlying conditional
log-hazard function a,.

According to Kooperberg et al. [15] the conditional log-likelihood of
a sample zq, ..., z, iS given by

(L.1) L@="Y I(z ),
i=1

where 1((x, y, 8), a) = da(y, X)— [} expa(u, x)du.

The underlying log-hazard function is assumed to be in a class & of
functions on 7 x& to be specified later. Generally, we assume that « is
bounded on I x % and that T and C are conditionally independent given X.

Let

1.2) A(2) = EL, (%)

denote the expected conditional log-likelihood function. Then A is maximized
at the underlying conditional log-hazard functional «,. The sieved maximum-

. -likelihood estimator &, will be defined by

a3 - - &, = argmax L, («)
e
over some net (sieve) &, < # depending on the number n of observations.
For the ‘A-distance’ between an arbitrary element a € % and the under-
lying true oo the following representation is useful (see Dohler [6]):

14 A@-A@) = A@)—4@ = [ FoxGa—u)dP™™,

TxE
where Fgx is the conditional survival-function of the censoring time C and
G(y) = exp(y)—(1 + ). A standard argument leads to the decomposition of the
estimation error of the ML-estimator d, (in A-distance) in an approximation
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error and a stochastic error:

(15) 1A ()~ A(xo)l < inf |A(2)—A(o)| +25up [n ™" Ly (o)~ A ().

The main tool for proving convergence rates for the stochastic error of &, will
be an exponential maximal inequality derived in Section 2. As in Kooperberg
et al. [15] we introduce the I’-distance on & modified by the conditional
survival function: :

(16) le—BlE= | Foxla—ppdP™o. -

TxE

From the representation in (1.4) we obtain (see Ddhler [6]):

1.7) A-convergence of «, — o, implies ||a,—0op]l; — 0.
Also, for a, pe Z, || < M, |fl < M we have
(1.8) klle—aoll < [4()—AB) < K lle—BlI3,

where k = k(M)=1/4M, k' = k' (M) = [exp (2M)]/4M?2.
For the proof of (1.8) define

ey ify#0,
F(y)_{% if y=0,

where G is as in (1.4). Then it is easy to establish that F is strictly increasing on
R and F(2M) <k (M), F(—2M) > k(M) for M > 1. Therefore, k(M)y> <
G(y) < k' (M)y? which implies k(M)(a—p)* < G(a—p) < k' (M)(x—p)? and
the result follows.

Finally, we note that for 8, ac %, ||, |0 < M

(1.9) E(Z, 9)—1(Z, P < (Boexp(M)+1)*|la—BlI3,

where B, = exp(M)exp(exp(M)). For the proof see Déhler [7], Proposi-
tion 2.9. So the L,-norm allows us to control the expected squared loss in
the likelihood.

2. EXPONENTIAL MAXIMAL INEQUALITY
FOR THE LOG-LIKELIHOOD FUNCTIONAL

In this section we derive an exponential maximal inequality for the log-likeli-
hood functional L, (). The proof is based on the following exponential inequality
of Lee et al. [17] which was used in their paper and also in Kohler [11] and
Krzyzak and Linder [16] for regression estimation by minimum I?-empirical risk
estimators. Using the error decomposition in (1.5) and relations (1.6)(1.8) we
will apply this result to obtain convergence rates of ML-estimators for right
censored data.
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Let N (¢, #, d) denote the e-covering number of % with respect to a metric d.
In the following we will use I?-metrics denoted by dy»(, on certain I?-spaces.
The notion of permissibility of &% means a weak measurability condition on
# allowing to measure sets involving suprema over f € #. For a formal defini-
tion see Pollard [20], p. 196. For this and related notions and some basic results
on VC-classes we refer to van der Vaart and Wellner [22] and Pollard [21].

THEOREM 2.1 (Lee, Bartlett, and Williamson [17]). Let &% be a permissible
class of functions on % with |f| < Ky, Ef > 0 and Ef* < K, Ef forall fe #. Let
v, v >0, 0 <a<4% Then for

m > max {4 (K, + K,)/a? (v+v,), K}/a* (v+v.)}
the following holds:

Ef-m 'Y f(z)
- P(juf V+vot Ef 2“)

v, —302vm
< 1w _——
jSup 2N ( 47 =’) °XP (41(1 + 162K2)

—o2vm
4N dy:
+z::'£)m (4K1 / L(v:))cxp< ZK% )a

where v; = (2m)~1 212:1 8

Let now & =¥ x7 x {0, 1} and for z; = (x;, y;, 0;)e %, 1 <i < n, and
Z=(21,..., 2y let v; = n"lz:.'=1 Ozpy Vz = n"iz:'=1 J,, and let U[O, 1] be the
uniform distribution on [0, 1].

THEOREM 2.2 (maximal inequality for the log-likelihood). There exists
By = By (|lotoll) > O such that for all M > M, := ||eolle, for all admissible
Fclo ITxI->[—-M, M]}, for any v,v.>0, 0<y<3% and
_, 24M (Boexp(M)+1)? '
P+

the following holds:

4 (‘xo) -4 (CZ) —n ! (Ln (“o) - Ln (d))
@2 P(ﬁf VF Vet A (oo)— 4 () Zy)

y%vn
< o> F - ’
rc(ve, F)exp ( Ko B3 M exp (2M))

where

YVe PV,
K(Ve, F)=6sup | N| ————, &, dy. S A
b J[< “JQWW)L”WM

and yo = 2608/3.
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Proof Without loss of generality assume that M,, B, = 1. Define
F={f,=1(, 00)—I(, a); ae F}.

Then, by (1.4), |f.] < 2(M +exp(M)). Also by (1.4) we have Ef, > 0 and by the
application of (1.9) and (1.8) we obtain

Ef? = E[I(, a0)~1(, )] < (Boexp(M)+ 1) la—a0ll3 < 4M(Boexp(M)+ 12 .
This implies that the conditions of Theorem 2.1 are fulfilled with
K; =2(M+exp(M)), K,=4M(Byexp(M)+1)>.

Therefore, for

K,+K, K3 K, +K,
n=m 2 L) =93
PEV ) (v ) v+,

the following holds:

A(og)—A(@)—n~ (L, (o) — L ()
e p(spCo=t0r (b L), )

Pve —3y*wn
< 2N F,dp, —_——
e <4 a =’) ""p( 4K1+162Kz)

+ sup 4N F, dy,. Jex _Pn
ze.@’rz)" 4K1 Lioa) | SXP T2K3)

By easy calculations,

K,+1
max {ZK%, %} < ko By M exp(2M)
and
Kl +K2 < neie— 24M(Boexp(M)+l)2
Po+v) P2W+v) '

Therefore, usmg 4exp(M) > K, > 1 we infer that for n > ny the right-hand
side of (2.3) is bounded above by

2
92 vn
6 N F, d;:
,i;ﬁ’n <4K1 L (‘,z)>exp < Ko B M exp (2M)>

PV, 72 vn
<6sup N[—2 _ F d,., .
e 4 <16 p(M)y | =’> exp( o B2 Mexp (2M)>

Now Theorem 2.2 will be a consequence of the following estimate for & > 0:

& €
(24) N(ﬁ, ﬁ} dLi(vg)) < N<Za 'grﬂ dL‘(v;))N(Wa 'g;s dLl(\7§®U[O,1])>'
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For the proof of (2.4) let us introduce F = {f,(*) =I(-, a); e F}. Then

£ ~ g g ~
N('E: F: dLl(v;)) < N(Ea Fa dLl(vi)) N(Es {l (O‘o)}, dLl(v,-)> = N(Ea F’ dL‘(vz)>'
Let us define
H = {g.(x, y, ) = du(y, x); ae F}
and
y -
A = {ky(x, y, 6) = [expa(u, x)du; acF}.
0
Then, obviously, N (¢, 5, dyiy,) < N(e, F, dp1(vy). Further,
15
dL‘(vs) (kap kaz) = ; Z j‘ |exP“1 (ua xi)—exp L] (u, xi)l du
i=10
17 1 7
< n Z jlexp oy (u, x;)—exp ay (u, x;)| du
i=10

=dpg:e U[0,1]) (expoay, expoay),
which implies

s
N, A, dLl(v,—)) < N(e, expo &, dLl(\75®U[0.1])) < N(m, Z, dL‘(v",—@U[O,l]))

by using the fact that for & with |f] < K for fe# and Lipschitz functions
¢:[-K,K]->R

&
(2.5) N, 9o #Z, de(,;)) < N(Lip(p’ 7, de(,u))-

Consequently, using a well-known upper bound for the covering number of the

sum of two function classes we obtain

N(S, F, dLl(vz)) = N(S, %e%, dLl(v,-))

s &
<N (5, Z, dL‘(v:-)>N (m, Z, dL‘(\75®U[0-1])>'

Thus, combining the above estimates we get the statement of Theorem 2.2. =

Remark 2.3 (more general loss functions and estimation problems).
From the proof of Theorem 2.2 one obtains a similar maximal inequality for
more general loss functions / (i.e. for more general estimation problems and

11 — PAMS 22.2
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(minimum contrast) estimation methods) satisfying the following three con-
ditions:
(o) — 1)l < Ky,  El(o) 2 El(w),

2.6) E (o) —1 (@) < K, E (I (o) — 1))

For (2.6) the following two conditions corresponding to (1.8) and (1.9) are
sufficient:

@n - E (o) —1(@) = Kl —atoI3, -

2.8) E (I (o0) —1(@))* < kllec—ato 13-

Therefore, under condition (2.6) we obtain exponential inequalities with
YVe

2.9) N (m, F, dL'(vz))

replacing the capacity term

e e

in (2.2), where F = {f, = l(ap)—(®); € F} is defined as in the proof of Theo-
rem 2.2. This exponential inequality can be applied to prove convergence rates
for the corresponding empirical minimum risk estimators. Condition (2.8) cor-
responds roughly to condition M1 in Birgé and Massart [5]. Condition (2.7)
together with an upper bound as in (1.8) corresponds to condition C in Birgé
and Massart [5]. Their growth condition M2 involving also the L -metric is
replaced in our approach by corresponding growth conditions on the I'-cov-
ering numbers N (-, F, dy1(,,) which then is closer related to the I!-metric
condition with bracketing M, ; in Barron et al. [4].

3. ERROR BOUNDS FOR MAXIMUM-LIKELIHOOD ESTIMATORS
FOR CONDITIONAL LOG-HAZARD FUNCTIONS

As a measure of complexity of a model # we define

(3.1) Cn(F)=6 Sulz’ N(l/n, F, dpiwy) N(U/n, F, drrg.0ui0.10)5

. ZeZ2n
which arises from the first part of the estimate in (2.2). The following theorem
estimates the mean A-error and the MISE of the ML-estimator in a model &.
The admissibility of & is a weak measurability condition (cf. Lee et al. [17])
which is satisfied for the examples considered in this paper.

THEOREM 3.1. Let F c{o: TxI - [—M, M]} be admissible where
M = My = ||oll and By, ko are as in Theorem 2.2. Assume that €,(F) < .
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Then for the ML-estimator &, = arg maX,.s L, (x) the following error estimates
hold:

(32)  E|A(Gn)—A (%)

)41
< 2inf |4 (o) — A ()] + 8 BﬁMexP(zM)l_og_(gn(:i
acF

and
(33) Elld,—aoll3
log%,(#)+1
< 2exp (M) inf |lo—aol|3 + 32x0 B M? exp(ZM)_—_Ogv -i )+__
xeF

Proof. In our proof we use a similar technique to that in the context of
the regression estimation in Kohler [11]-[13]. We decompose the A-error into
two parts:

(34) |4 (@n)—A @) = Ty nt+ T,
with '
L2 . 2 )
Tl,u =4 (“o) -4 ((X,,) - ; (Ln (“0) - Ln (d,,)) and T2.n = ; (Ln (aO) - Ln (GC,,)) .
From the definition of &, we obtain, by ‘a standard argument,

ET,, < 2inf |4 (0)— A (o)l
aeF

It remains to establish the inequality
log#,(#)+1
(3.5) ET,, < 8%o B3 Mexp (2M)3§—51—)~t—.

For t >ty = [96M (B, exp (M) + 1)*]/n we obtain from Theorem 2.2 with y = }
and v = v, =t/2 the relation

A(eo)—A(@)—n"" (La(eto) —La(®) _ 1
P(Tl"’?t)gp(fﬁ 2t i/2+ Alag)—A@) | 25)

1(to/2) 3(t0/2) '
< 200 g 20 F, dpag,
62_‘851;12)’. I:N <64exp(1\l)’ s GL (Vz))N(64exp (2M) L1(v:®U[0,1])

tn
XCXP(_SKOB%Mexp(ZZM))' -

For M > 1 we have

3(to/2) S 1
64exp (2M) “n
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and, therefore,

tn
? S n - .
P(Tin> 0 < 0(#) CXP( 810 BgMexp(zM))
This implies for u > ¢,
(3.6) ETy,<|[ldt+[P(T,,=>0tdt
0 u
8o B3 Mexp (2M) un--
< —_ .
Sut€. () n cXp 8% B3 M exp (2M)

The right-hand side of (3.6) is minimized by

1
Up = ;SKO B% Mexp (2M)log%,(F).
It is easy to see that uy > ty. With this u, inserted in (3.6) we obtain the
inequality (3.5), and so the statement (3.2).
From (1.8) we then conclude

E||&,—aoll3 < 4M E|A (dn)— A (2o)|

M 1 Fr+1
< 8M inf |A (o) — A (o)l + 320 B M? exp (2M)£§?%)+_
acF
M log®%,(#)+1
< 3M¥ Z\(Iz)inf”a—‘“o”%+32KOBgMzexp(2ﬂl)_0g"—;)+__. a
aeF

Remark 3.2 (general estimation problem). The error estimates in Theo-
rem 3.1 decompose the error as usual into an approximation error and a sto-
chastic error of order [log#,(#)+ 1]/n. As in Remark 2.3 (see (2.9)) we obtain
a similar estimate for general loss functions / by replacing the model complexity
term %,(%) by

3.7) €.(F)=6sup N(1/n, F, dpi,)
Zeg2n

with F = {f, =1(-, ag)—I(-, @); aeF }. In comparison to a related result in
Birgé and Massart ([5], Corollary 11, Section 5) which uses in the condition
M2 assumptions on the I?- and L*-covering numbers of # our estimate uses
only I!-covering numbers in the model complexity term %, (%), respectively,
%,(F). Our condition is closer to the I'-condition with bracketing M, ; in
Barron et al. [4], Section 6.

By Pollard’s estimate for bounded VC-classes &, d = dimyc %, with ma-
jorant H stating that for ¢ >0

(38) N &l Lo F, drow) < xd (16e) (1/e)? 1
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(see van der Vaart and Wellner [22], Theorem 2.6.7), we obtain from our
estimate in (3.3) a direct connection of convergence rates to the VC-dimension
of the class #.

As a consequence of this remark we obtain
COROLLARY 3.3. Under the conditions of Theorem 3.1, where F is a bounded
VC-class, we obtain

lo n
(3.9) Elloc,.—aollz C1(M)1nflla %oll3+ C2 (M, Bo)dimyc (F)—— g

A similar convergence rate result holds for general estimation problems as
in Remarks 2.3 and 3.2. '

Remark 34 (sieve estimators). Let (Fg)x.n be a sieve of VC-classes
in the underlying model & with Dy = dimyc %k and approximation rate
by = mf,,eyxlloc tol|3. Assume that for some r,s >0

(3.10)  bk=0(K™), Dg=0(K.

There are two well-studied types of sieves, linear sieves, i.e. finite-dimensional
vector spaces which approximate typically smooth function classes and, sec-
ondly, nets (like neural nets, radial basis function nets, etc.). Under assumption
(3.10) we obtain from the estimate in (3.9), when choosing the optimal parame-
ter K, in the bias-variance decomposition (3.9), an estimate for the MISE of
&, of the form

(3.11) E||&,—oo|l2 = 0(((10g n)/n)r/(r+s))_

Here r determines the approximation rate of the sieve which is usually for
splines, wavelets, polynomials related to smoothness of the parameter, and
s determines the complexity of the net.

If # is a subset of a K-dimensional vector space, then s = 1, and if r = 2p/d
(where p is a degree of smoothness, and d a dimension of space), in some exam-
ples we will obtain optimal convergence rates up to logarithmic terms.

Polynomial rates (i.e. by are as in (3.10)) can also be obtained for function
classes which are derived from VC-classes by some operations like transfor-
mations, sums, etc.

4. STRUCTURAL RISK-MINIMIZATION

From the maximal inequality in Theorem 2.2, for ne&(0, 1) and any data
dependent estimator a,€% we infer that with probability 1—y

n(”’)

D) )4l <1 8o B Mexp@aios =2 1 ) L, o)
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The idea of structural risk minimization (complexity regularization) due to
Vapnik [24] is to construct an estimator minimizing approximatively the right-
-hand side of (4.1), i.e. minimizing
“2) 0 86 F) 2; ),

n n
where ¢, is a slowly increasing function independent of the unknown parame-
ters, which asymptotically majorizes the corresponding constant in (4.1). The
minimization is carried out not only over « in one fixed class # = &, but also
allows us to choose a within a finite set of model classes {%, ,; pe Z,}, p typi-
cally describing some smoothness or network complexity. The error term

c log(gn ('g’;hp)
" n.

can be interpreted as a penalization term for the complexity of the model.

A detailed and general description of this approach with several applica-
tions has been given in Barron et al. [4], based on the error estimates in Birge
and Massart [5] as well as on new tools. In that paper one also finds several
references to this method. In our paper we use some technical ideas from
Kohler ([11], the proof of Theorem 4.2), concerning regression estimates which
minimize the empirical penalized squared loss in that paper.

Let My = ||oolle > 0 and By = Bg([|%o]|) > 0 be as in Theorem 2.2, let
2P, be finite sets for ne N, and for peZ, let #, ,c{o: T x& - [—M, M]} be
admissible models, M > M, with €,(%#, ;) < « for all pe#,. Then the com-
plexity regularized estimator of is defined in two steps:

Step 1. Let
(4.3) p¥ = argmin(—n~! sup L,(x)+pen,(p)),
PEPn ZEF n,p

where pen, (p) is a penahzatlon term for complexity of the model &, , satlsfymg
asymptotically as n— o0

7 .
“4) pen, () > 41 B3 M exp (2M)1~‘3%‘”""’).
Step 2.
(4.5) oFf = argmax L, (a).
aefn'ﬂ

It is important to note that the right-hand side of (4.4) is not supposed to
be the actual penalty term used in application since it depends on the unknown
M, and B,. This expression represents a lower bound for the penalty, sufficient
for Theorem 4.1 to hold (cf. also (4.2)). For asymptotic results the actual penal-
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ty term should be chosen independently of M, and B,, majorizing the right-
-hand side of (4.4) for large sample sizes. An example of how this can be done is
given in Theorem 5.3. The following theorem gives an error bound for com-
plexity regularized sieve estimators based on the maximal inequality in Theo-
rem 2.2. A general related error bound is given in Barron et al. ([4], The-
orem 8) under some alternative conditions on the L,—L-covering, respectively,
the L,-covering, with bracketing.

THEOREM 4.1. For the complexity regularized M L-estimator oy the follow-
ing error estimates hold:

(4.6) E|A(@f)—A(x)l <2 1nf (pen (p)+ inf ]A(a) A(xo))

aEFn,p

41c0 B} Mexp(2M )
n

(1+log|4))

and

@47)  Ello —aoll3 < 21nf (4Mpenn(P)+eKP(2M) inf [lot—aol3)

aeFn, p

16K B3 M? 2M
10 B M XR@M) 1 1 10g )

Proof. As in the proof of Theorem 3.1 we consider the decomposition of
the error into two terms:

@y Tni= A= A()=2n"" (Lo(o) — Ly (o) —~2pens (o),
Ty = 207 (L (00) — Ly (a3)) + 2pen, (o3,

Our first aim is to prove

4.9) ETi, <

4o B2 M exp (2
*oJ0 ne"p( M) 1 +10g12.).

For the proof we obtain, as in Kohler ([11], p. 895),
A(0)— A @) =1~ (Ly(oto)— Ly @) _ 1
P(Ti,>1) < P =—)
(Tin>1 pén (:;,, t+ 2pen, (p) + 4 (2t) — 4 (%) 2
Then for

24M (Boexp (M) + 1)
1y

we obtain from Theorem 2.2 with y = %, v = t+pen, (p) and v, = pen, (p), ob-
serving that the condition

24M (B, exp (M) + 1)*
1 (t+2pen, (p))
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is fulfilled for any pe#,,

P(Tl,n > t)
1 1
pen, (p) 2 pen, (p)
< Y |6sup N[22, 4 IN(Z2PEP) o
p;nli z’z:‘l‘zﬂ (64CXP(M) ,P L(z)) <64CXP(2M) y.p dL(z@U[O,l])

-

=:5n(P)

xexp| — pen, (p)n exp| — fn -
P 4xo B§ Mexp (2M) P 41y BX Mexp(2M))’
Since log¥,(#,,) = 1, and hence

1 _ Zpen.(p)
n  64exp(M)

for any pe4,, we obtain s,(p) < €,(%,,). Further,

pen, (p)
s»(p)exp <_ 41, B2 Mexp (2M) n)

pen, (p)
ko B3 Mexp (2M)

< exp (log € (Fnp) =7 n) <exp(0)=1

by the definition of pen,(p), and, therefore, for

. 96M (Boexp (M)+1)?
Z .=
n

we have

t
4.10 P(T, S & - '
(4.10) (Tin>1) I?'CKP( 4xoB%MeXP(2M)n>

This implies for u = t,

(4.11) ET,,<(ldt+ [ P(T,,=t)dt
0

u

Su+|Z,

4xy B3 M exp (2M) : u
exp| — 3 n).
n 4xy By M exp (2M)

The right-hand side of this inequality is minimized by
_ 4xo Bi Mexp (2M)
n

u=1uy: log|Z,,
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and without loss of generality for -

1 2
. > -
Ko log|Z,| = 24(1 +B0 oxp (M))
it follows that ug > ty. This choice of u leads to (4.9).
From the definition of p¥ and «f we obtain

(4.12) Ty =2[n"" Ly(eo)—n"" sup L,(x)+pen,(p¥)]
ueﬁ.,pn

=2[n"! L,(000) + ir;f (—n~*sup L,(o)+pen,(p))]

acFn,p

=2 inf [ inf n™*(L.(20)— La(®))+pen, (p)].

pePn aen,p

Therefore, since pen,(p) is deterministic, we get

(4.13) ET,, <2 inf E[ inf n™!(L,(co)—L,(x)+ pen,(p)]

PEPn acFn,p

<2 inf [ inf En~'(Ly(eto)—La(2)+pen, (p)]

PEPn  aeFn,p

<2 inf [ inf |4(«)—A (o) + pen, (p)].
PEPn aEFn,p
The relations (4.11) and (4.13) imply (4.6). The estimate (4.7) then follows
from (1.8). =

5. ADAPTIVE SIEVE ESTIMATES
FOR THE CONDITIONAL LOG-HAZARD FUNCTION

In this section we apply the results of Sections 3 and 4 to several types of
sieves. In the first part we show that the complexity regularized spline estimate
is approximatively optimal even with unknown degree of smoothness, i.e. it has
up to a logarithmic term the same optimal convergence rate as the estimator of
Kooperberg et al. [15] in the case with known degree of smoothness. In the
second part we obtain convergence results for net estimates under the assump-
tion that the conditional log-hazards have a certain representation property.
Some applications to Sobolev class models will be considered in a subsequent

paper.
5.1. Tensor product splines. In this section we consider tensor product

splines. For a general background of this class of functions we refer to Kohler
[11] and the references given therein.
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Let V3 denote the class of tensor product splines of [—hM, 1+hM]*+!
of degree M e N, in each coordinate and of grid width h > 0. Let ®(L, V, »)
(for L > 0) denote the class of truncated functions T;0g, ge ¥V, », Where

L ifg)L,
5.1) Trog=<g if —-L<g<L,
—-L ifg<—L.

We consider for p = r+ B, re Ny, f(0, 1), the smoothness classes X (p, L) of
bounded conditional hazard functions (¢, x) on [0, 17! satisfying for all
2y, z,€[0, 17¥*1 the Holder condition of order p: -

(5.2) llallo <L and  |D"a(zq)—D"a(z5)] < Lilzy —2z,l5.
For classes with known degree of smoothness we obtain the following
result.

THEOREM 5.1 (known smoothness class). Let 1 <p < o, L >0, MeN,
M > p—1 and h, = ((logn)/n)/@**k* D Then the spline ML-estimator

(53) (i" = argmax L" ((Z)
ae®(L,Vn,, %)
satisfies
4 sup E|\d,—aoll3 = O(((og /)@ *** ")
aeZ(p,L)
and
5.3) sup E|A(d,)— A (o)l = O ((ogny/n)™*****Y).
aeX(p,L)

Proof. From the definition of the truncation operator Tj, it follows that

inf  Jlop—oflo < inf [loo—alle
ae®(L,Vn,,31) acVh,, 3t

and, therefore, from the approximation result in Kohler ([11], Lemma 1.5) for
the approximation of Hélder-continuous functions by tensor product splines
(which is in sup-norm) we obtain

2p/2p+k+1)

(5.6) inf  |leo—all3 < Ch2? < C((logn)/n)
ae®(L,Vh,, 1)
with C = C(p, L) independent of o.
To estimate the stochastic error in Theorem 3.1 note that V, s is
a vector space of dimension less than or equal to ([ 1/h, ] +M)*! (see
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Kohler [11], p. 79), and therefore (cf. van der Vaart and Wellner [22], Lem-
ma 2.6.18) :

5.7 dimyc ® (L, Vi, 5) < dimyc V7 < ([ 1/h, ] + M)t +2.
Therefore, from Theorem 3.1 we obtain

. log n\2P/2p+k+1)
(58)  Elld,—aol} < cl( g )

1/2p+k+1) - k+1
() =) )
logn n

Consequently, with M :=L, & := &(L, V,_») and By = Bo(L) we get (5.4).
For the proof of (5.5) we next establish the approximation rate

(5.9) inf |4 (2)—A(eo)l < ChZ?
ac®(L,Vn,,,n1)
for the A-distance.
From the representation (1.4) and by some elementary properties of the
function G we obtain

inf  |A(@)—A() = inf | FeyG(a—oe)dP™P

ae®(L,Vh,,5t) ae®(L,Vh,, M) T X%

< inf | FoxG(la—oollo)dPTP < inf  G(lla—aollw)
ae®(L,Vn,3t) T XX ae®(L,V n,,3t)

<G( inf  [la—allw).

ae®(L, Vi, 5t)

For the last inequality we observe that inf,., G(x) = G(infA) for A<R,.
Since for x,|0, G(x,) = 0(x2), we obtain

inf  |A@)—A(xo) =O0(( inf [la—oaoll)?)

ae®(L,Vhn,,0t) oae®(L,Vhn,, 1)

=0(( inf [lo—allw)?) = O (h3")
llEthﬂ
as in (5.6). &
Remark 5.2. The convergence rate in (5.4) for the MISE is up to a logarith-

mic factor optimal in the minimax sense (see Kooperberg et al. [15], Remark to
Corollary 1; however, note that the convergence in MISE is stronger), ie.

(5.10) lim inf n2?/@2+%+ D inf sup E||d,—aoll3 >0

n— &n aoeZ(p,L)

for any p>1 and L>0.
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If we do not know the smoothness parameter, ie. assume that
(5.11) aeX: = U Z(p, L),
1€p<ow;L<w

then we will infer that our penalized spline ML-estimator defined in (4.5) adapts
up to a logarithmic factor to the unknown smoothness and is up to (logn)?
minimax-adapted in the sense of Barron et al. [4]. An adaptive estimation
method (HARE’) had been introduced in Kooperberg et al. [15] and empirically
investigated there, however no adaptation result was proved. We show that the
complexity regularized estimator o from (4.5) is approximatively adaptive.

THEOREM 5.3 (unknown smoothness degree, adaptation). For neN,
qmax(n): Kmax(n)eN let .

Pn:={(K, )N X N|K < Kpax (1), § < rmax (1)}
and for (K, g)e 2, and B,:= tloglogn define the models
'g;n,(K.q): = @ (B,, V1/K,q— 1)
Define the complexity regularized estimate o* as in (4.5) with penalization term

_ (logn)®?
n

pen, (K, ¢)):= [(K+q—1f*1+2].

For Kpax(n):=n and q = ey (n) = 00 such that gg..(n)/n— 0 we obtain for
p=1and L >0

(5.12) sup E |l — ol = O (log n ((log n)/n)2P/2p++ 1)
aoeZ(p,L)
and
(.13) sup E|A(aF)—A(xo)l = O (log n((log m)/n)?Pi2r+k+1),
aoeZ(p,L)

Proof. For the proof of (5.12) and (5.13) we establish first the following
more general estimates:
For p = 1, L >0 there exists No = No(L)eN such that for any n > N,:

(514)  sup E|loy —aoll?

aoeZ(p,L)

<2 inf

(K,9)ePn

+(logn)**  inf Ilu—fonI%>

2€F n,(K,q)

8/5

N 16x, B (loglog n)? (log n)*/*

25 (1 + log (Kmax (n) qmax (n)))
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and

(515)  sup E|A(xz)—A(a0)l

aoeZ(p,L)

1 8/5

<2 inf (%[(Km—l)k“ +2]+ inf |4 (a,’!‘)—A(ao)I>
(K,q)ePn n acFn (K,a)

+ 16K, B3 loglog n(log n)?/®

5 n (1 + IOg (Kmax (n) max (n)))a

where ko, and By are as in Theorem 3.1.
The statements (5.14) and (5.15) follow from Theorem 4.1 with
M:=B,>My:=L,n>ny and the estimate

(5.16) pen, (K, q)) = 4k B} B.exp (2B,) log €, (ng'_n.(K.q)).

For the proof of (5.16) we use the fact that for a K-dimensional vector space
V of functions and f > 0 the following estimate holds for any probability
measure x on 7 x& and ¢ > 0:

(517)  N(e, @B, V), drogy) < k(K +2)(16e)5+2 prE+D (1 /gp®K+D
with some universal constant k. This implies that
(5.18) N{e, Fuk.ap> driw)
SK((K+g—1F1+2)(16e)Kta- 10142 (g fg)K+a-1yeritt
since Vjk,q-1 has dimension less than or equal to (K+g—1)***. Therefore
log €n(Fnx,0) < logx®+2log(K+q—1)*1+2)
+ [(K+q—1*** + 2] [log(nB,)+2log16e]

< logk?+[(K+4q—1)*' +2][log (nB,) + 2log 16e+2]

< 2[(K+q—1***+2]log(np,)
for n > N,, where N, is independent of K, g, L, p. Consequently,

4rco BY Buexp (2f,)n” log %, (Fuix.0) < 4xco B3 Bnexp (28,) 2og (nf,)
pen, (K, 9)) - (log )’

< HoBoPuexp 2604
(logn)**

for n > No(xo, Bo(L)), and so the result follows.
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For the proof of (5.12) let K, := [(n/logn)/@?P***+* 17 Then by the ap-
proximation result in (5.2) for K, < K., (n), and for g, (n) = p we obtain

inf (48, pen, (K, @))+exp(28,) inf [le—aoll3)

(K,q)e#n XEFn (K, q)
< 4B, pen, (K, p))+exp(2B,) inf  |la—oo|l3
EF (K )

loglogn(log n)®/°
1
n

<C

2p
[(Kn+p—1)¥*1+2]1+C, (logn)** (KL)

n

—0 (log log n(logn)®° ( n )<k+ D/@p+k+1) o ((log s (lq::r n)ZP/(Zp+k+ 1))

n logn

1 2p/2p+k+1)
=0 (log n (%) )

This yields an estimate for the first term in (5.14). For the second term we use
the assumptions on K., (n) and ¢,..(n) to obtain the estimate
161K, B3 (log log n)? (log n)*/*

25 n (1 +log (Kmax (1) G (n)))

1 2p/(2p+k+1)
=0 <log n (—05 n) >,

which implies (5.12). We can prove (5.13) similarly observing that, as in the
proof of the approximation error in (5.9),

(5.19) inf |4 (x)—A(x)l = O((1/K,)*). =
P, (K, p)

The truncation constants f#, = $loglogn are not meant as proposals for
practical examples. Note that the same estimates in the second part of the
theorem hold for f#, of the form cl,, where ¢ is some bigger constant and
I, grows slower than loglogn.

5.2. Net sieves. In this section we apply our results to obtain convergence
rates for the conditional log-hazard function for net sieves under the assump-
tion that the underlying conditional log-hazard function o, has an integral
representation of the form

(5.20) o (2, x) = | V(g (t, x))dv(9),

where ag, 3€ @ = R™, xe X < R* is a set of sieve defining functions, ¥ o ag is the
continuous net and v is a signed measure of bounded variation on ©. This kind
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of representation is typically related to some smoothness classes (see Yukich et
al. [27]). Some approximation results by finite nets with rates of approximation
are given in Dohler and Riischendorf [9] and applied in the following. Let
Z1+1(Fp) denote the class of all functions satisfying (5.20).

Define the basis of the net %, = {¥ oay; $e @} and, for § > 0, KeN, the
finite approximation net
(521) FB,K)={uw: T xX->R;

K

a(t, x)= Z ¢ filt, x), fie Fo, -ZITCI'I < ﬂ}

i=1

The following conditions were introduced in Dohler and Riischendorf [9] to
prove approximation rates by finite nets. Let u be a probability measure on
Rd+ 1.

(A1) There exists a D > 1 such that
(5.22) N, Fo, drag) = 0((1/6)*@~ V).

(A2) Define b,(9) = ag(z), ze 7 x . Then the class {Pob,, zeRF*1} is
a P-Donsker class for any probability measure P on ©.

THEOREM 5.4. Assume the conditions (A1) and (A2) are satisfied. Let
1 - .
K,:=nT7@-0 B :=1lloglogn,
and consider the net ML-estimator

&, := argmax L, ().
€% (Bn,Kn)

Then for any g€ %1 (P, X, T xX) the following holds:

i (log n)?
(5.23) E||d,—all} = O (m
and
' ) (log n)?
(5.24) E|A (&) —A (o)l = 0<nl,z+,(4)p_z, :

Proof. We apply Theorem 4.1. The approximation error was estimated
in Dohler and Riischendorf [9]. Let v,, be the signed measure representing o,.
Then for n with g, > 2|v,,| we have

(5.25) inf Jla—aoll2 = 0((1/K")1+1/(D—1))-
)

aEF (Bn,Kn)
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Next we prove that for >0, KeN the following inequality holds:
(5.26) . (F (B, K)) < C(DYX (BK)* 201 p2K@0 D),
Define
K
F'(B, K):={a: T xE >R, (t, ) ), ¢ filt, x) | fie Fo, el < B}.
i=1

Then & (B, K) = #'(B, K), and for any probability measure v on 4 x & and
0 > 0 using some well-known rules for covering numbers (cf. van der Vaart and
Wellner [22]) we obtain

N6, #'(B, K), dpiy) S N(8, F' (B, K), diay)
<SN(@G, DI[-B, 10 %, dLZ(v)) S N@G/K, [—B, B1O Fo, dr2)*

i=1

0 4pK ¥ 5 \“2P-D4pKIK
<[*ame 7o) 5] <[ i) ]

— C(D)K (ﬁK)K(ZD— 1)(1/6)K(2D— 1)

independent of v as in (5.26).
From Theorem 4.1 with M = B, we infer that

1

1+1/(D—1)
E||g,—aoll5 = O (exp (38, [(f) +I_<n!10g(c (D) (nB, K,)>?P~ 1))])

= 0 (logn[(1/m)FH1B=D + (1/n)' “2¥Tl5=Dlog n))
= 0((logn)*(1/n)! “2¥TD=D) = O ((log n)? (1/n)""**

41)1— z) ,

and the result follows.
The proof of (5.24) is analogous by using the approximation estimate

(527) inf 14— A(@o)] = O((1/K,)*47Y)

aeF (fn,Kn

For the proof note that for n with §, > L := max {2|v,,|, l|aoll} it follows by
(1.8) that

inf |A(@)—A(x%)l < inf |4 (o) — A (o)
) acF (L,Kn)

2eF (Bn,Kn
<K@ inf la—aol} = O (/K12
aeF (L,Kn)

the last estimate is from Ddohler and Rischendorf [9]. =
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As in Section 5.1, alternative choices of the truncation constants f, are
possible.

We consider special classes of neural nets, radial basis-function nets, and
wavelet nets. In the following examples we use some approximation results
from Déhler and Riischendorf [9].

Neural nets. Here '
Fo={fo: T xX-[0,1], z>P(yz+5) | yeR**', 5eR},

where ¥: R— [0, 1] is of bounded variation. Then the conditions (A1) and
(A2) are fulfilled with D = k+4 and Theorem 5.4 implies

. (logn)®
(5.28) mm—%ﬁ=o&mﬂﬁﬁﬁﬂ'

The same rate holds if the representation property of a, is replaced by
Barron’s [2] finiteness condition on the Fourier transform

(5.29) Cy = [Wle|f w)ldw < o0,

where f is the Fourier transform of f.
If PT® has a density with bounded support, the convergence rate can be
improved to

(530 Bl = 0 oo )

n1/2+ 1/(4k +6)

Similar rates with 1/2 instead of 1/2+1/(4k+6) in the exponent were
obtained previously for regression estimation in Barron [3], and for density
estimation in Modha and Masry [19].

Radial basis-function nets. Here
Fo={fo: TxZ-[0,1], zi>g(ly(z—6)l) | yeR**, 5eR},

where g: R* — [0, 1] is monotonically non-increasing. Then the conditions
(A1) and (A2) are fulfilled with D = k+5 and from Theorem 5.4 we obtain

. (log n)?
(5.31) , mm—%w=0&ﬁﬁéﬂnm'

Wavelet nets. Here
Fo = {fo: T x¥—-[0,1], z+— T('y(z—5)) | ye R+, deR},
where ¥: R*1 [0, 1] is Lipschitz with bounded support. Then by Theo-
rem 54 with D = 3k+4 we obtain

QU2 F 112K+ 14)

(5:32) .mm—%w=0( Qogny )

Note that in all the three cases a corresponding convergence result also
holds in terms of the A-distance.

12 — PAMS 222
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RESUME

In conclusion, this paper gives quite general results on the convergence
rates for sieved minimum contrast estimators and also for the related adaptive
versions of these estimators. The results are formulated in detail for the exam-
ple of estimating the log-hazard function in censoring models. In comparison to
the related general approach in Birgé and Massart [5] and Barron et al. [4] we
use some simpler conditions concerning the covering numbers. The results in this
paper are illustrated with examples of sieves such as neural nets, wavelet nets,
radial basis-function nets and tensor product splines. Some further applications
of the method in this paper to more general type of censorings as well as to
a more detailed study of neural net estimators are given in the forthcoming
papers by Doéhler and Riischendorf [8], [10].
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