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Abstract. Let k(x, y) be a measurable function defined on E × E off
the diagonal, where E is a locally compact separable metric space, and let
m be a positive Radon measure on E with full support. In 2012, we showed
that a quadratic form having k as a Lévy kernel becomes a lower bounded
semi-Dirichlet form on L2(E;m) which is non-local and regular. Then there
associates a Hunt process corresponding to the semi-Dirichlet form. In the
case where E = Rd, we will show that the dual form of the semi-Dirichlet
form also produces a Hunt process by taking a killing. As a byproduct, a
precise description of the infinitesimal generator of the dual form is also
given.
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1. INTRODUCTION

Let E be a locally compact separable metric space equipped with a metric d,
m a positive Radon measure with full topological support, and k(x, y) a nonneg-
ative Borel measurable function on the space E × E \ diag, where diag denotes
the diagonal set {(x, x) : x ∈ E}. For n ∈ N, consider the (integro-differential)
operator

(1.1) Lnu(x) =
∫

d(x,y)>1/n

(
u(y)− u(x)

)
k(x, y)m(dy), x ∈ E,

for appropriate functions u. Under the conditions (A1) and (A2) below, we have
shown in [4] that the finite limit

η(u, v) := lim
n→∞

ηn(u, v) := lim
n→∞

(−Lnu, v)(1.2)

= − lim
n→∞

∫∫
d(x,y)>1/n

(
u(y)− u(x)

)
v(x)k(x, y)m(dx)m(dy)

∗ This work was supported by JSPS.
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exists for any u, v ∈ C lip
0 (E) and then the limit produces a lower bounded semi-

Dirichlet form (η,F) on L2(E;m), where C lip
0 (E) is the set of all uniformly Lip-

schitz continuous functions on E with compact support. So there associates a Hunt
process corresponding to the limit (η,F). Moreover, set k∗(x, y) := k(y, x) for
x, y ∈ E with x ̸= y and consider the operator L∗n and the form η∗ in (1.1) and
(1.2) defined with k∗ in place of k. Then the same conclusions hold as above for η∗

under the same assumptions on k. The domain F∗ in this case coincides with F .
That is, (η∗,F) is also a lower bounded semi-Dirichlet form on L2(E;m).

On the other hand, we have noted in [4] that the dual form defined by

η̂(u, v) := η(v, u), u, v ∈ F ,

may not produce a lower bounded semi-Dirichlet form in general. But, assuming
a bit stronger conditions (A1′) and (A2′) below instead of (A1) and (A2), we have
seen that the dual form can be written as

η̂(u, v) = η∗(u, v)− (u,Kv), u, v ∈ F ,

for some bounded function K, and (η̂,F) is a lower bounded closed form. Further-
more, we have verified that, denoting the dual semigroup by {T̂t}, the killed dual
semigroup {e−βtT̂t} is Markov for a large β > 0 in this case. In general, the killed
dual semigroup may not be Markovian no matter how big β is and we gave an
example in [4], Section 3, that the dual semigroup indeed could not be Markovian.

One of our objectives in this paper is to give a condition other than the con-
ditions (A1′) and (A2′) for the (killed) dual semigroup to be Markov. Recently,
Schilling and Wang [12] considered the (formal) dual operator of a Lévy-type op-
erator on Rd and gave some description of the form of the dual under slightly
different conditions on the kernel k.

The organization of the paper is as follows. In the next section, the notion of a
lower bounded semi-Dirichlet form and some necessary results obtained in [4] are
given. Under a bit stronger assumptions on the kernel k, we are able to describe
precise forms of the generator and its dual on L2(E;m) of the form (η,F), where
E = Rd and m(dx) = dx is Lebesgue measure in Section 3. We then try to apply
the result to the case of stable-like generators to obtain a precise expression of the
dual in the last section. We stress that the dual of a stable-like generator corre-
sponds to a Hunt process by taking a killing to the “reversed stable-like process”.
This means that we could show that, for a higher order case, the dual semigroup is
Markov if we take a β sufficiently large.

2. LOWER BOUNDED SEMI-DIRICHLET FORM

In this section we recall the notion of a lower bounded semi-Dirichlet form.
The inner product and the norm in L2(E;m) are denoted by (·, ·) and ∥ · ∥, re-
spectively. Let F be a dense linear subspace of L2(E;m) such that u ∧ 1 ∈ F
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whenever u ∈ F . A (not necessarily symmetric) bilinear form η on F is called
a lower bounded closed form if the following conditions (B1)–(B3) are satisfied.
We set ηβ(u, v) := η(u, v) + β(u, v), u, v ∈ F for β  0. There exists a β0  0
such that

(B1) (lower boundedness): for any u ∈ F , ηβ0(u, u)  0;
(B2) (sector condition): for any u, v ∈ F ,

|η(u, v)| ¬ K
√

ηβ0(u, u) ·
√

ηβ0(u, u)

for some constant K  1;
(B3) (completeness): F is complete with respect to the norm η

1/2
α (·, ·) for

some or, equivalently, for all α > β0.
For a lower bounded closed form (η,F) on L2(E;m), there exist unique semi-

groups {Tt; t > 0}, {T̂t; t > 0} of linear operators on L2(E;m) satisfying

(2.1) (Ttf, g) = (f, T̂tg), f, g ∈ L2(E;m), ∥Tt∥ ¬ eβ0t, ∥T̂t∥ ¬ eβ0t, t > 0,

such that their Laplace transforms Gα and Ĝα are determined for α > β0 by

Gαf, Ĝαf ∈ F , ηα(Gαf, u) = ηα(u, Ĝαf) = (f, u), f ∈ L2(E;m), u ∈ F

(see, e.g., [7]). Moreover, there associates the generator
(
L,D(L)

)
(respectively,

co-generator
(
L̂,D(L̂)

)
) on L2(E;m) so that bothD(L) andD(L̂) are dense in F

with respect to the norm ηα for α > β0, respectively, η(u, v) = −(Lu, v) for u ∈
D(L), v ∈ F and (Lu, v) = (u, L̂v) for u ∈ D(L), v ∈ D(L̂) (see, e.g., [10]).
{Tt; t > 0} is said to be Markov if 0 ¬ Ttf ¬ 1, t > 0, whenever f ∈ L2(E;m),
0 ¬ f ¬ 1. It was shown by Kunita [6] that the semigroup {Tt; t > 0} is Markov
if and only if

(2.2) Uu ∈ F and η(Uu, u− Uu)  0 for any u ∈ F ,

where Uu denotes the unit contraction of u: Uu = (0 ∨ u) ∧ 1. A lower bounded
closed form (η,F) on L2(E;m) satisfying (2.2) is called a lower bounded semi-
Dirichlet form on L2(E;m). The term “semi” is added to indicate that the dual
semigroup {T̂t; t > 0} may not be Markovian although it is positivity preserving
(see [8], [4], [9]). Thus a quadratic form defined by

η̂(u, v) = −(L̂u, v) (= η(v, u)), u ∈ D(L̂), v ∈ F ,

may not become a semi-Dirichlet form in general. A lower bounded semi-Dirichlet
form (η,F) is said to be regular ifF ∩C0(E) is uniformly dense in C0(E) and ηα-
dense in F for α > β0, where C0(E) denotes the space of continuous functions on
E with compact support. Carrillo Menendez [2] constructed a Hunt process prop-
erly associated with any regular lower bounded semi-Dirichlet form on L2(E;m).
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For the sake of reader’s convenience, we now consider and show the limits of
Ln and ηn defined by (1.1) and (1.2), respectively, for which the limit operator L
(or the form η) corresponds to a lower bounded semi-Dirichlet form. We set, for
x, y ∈ E with x ̸= y,

ks(x, y) =
1

2

(
k(x, y) + k(y, x)

)
, ka(x, y) =

1

2

(
k(x, y)− k(y, x)

)
, x ̸= y,

where ks (respectively, ka) denotes the symmetrized function (respectively, anti-
symmetrized function) of k. Set also for u, v ∈ C lip

0 (E)

E(u, v) =
∫∫
x̸=y

(
u(y)− u(x)

)(
v(y)− v(x)

)
ks(x, y)m(dx)m(dy).

Suppose that

(A1) x 7→
∫
y ̸=x

(
1 ∧ d(x, y)2

)
ks(x, y)m(dy) ∈ L2

loc(E;m).

Then the pair
(
E , C lip

0 (E)
)

is a closable symmetric bilinear form on L2(E;m)
and the closure (E ,F) on L2(E) becomes a regular symmetric Dirichlet form on
L2(E;m) (see, e.g., [3], [13]). Here F is the closure of C lip

0 (E) with respect to the
norm

√
E1(·, ·), i.e., E1(u, v) := E(u, v) + (u, v).

Note that under the condition (A1), all integrals appearing Lnu in (1.1) and
ηn(u, v) in (1.2) are absolute convergent for each u, v ∈ C lip

0 (E). Suppose further
that

(A2) sup
x

∫
{y:ks(x,y)̸=0}

ka(x, y)
2

ks(x, y)
m(dy) <∞.

We then have shown in [4] (see also [12]) that the finite limit

η(u, v) := lim
n→∞

ηn(u, v) = − lim
n→∞

∫
E

Lnu(x)v(x)m(dx), u, v ∈ C lip
0 (E),

exists, η extends to F × F so that for each α > β0, for some positive numbers
C1, C2,

C1E1(u, u) ¬ ηα(u, u) ¬ C2E1(u, u) for u ∈ F

and (η,F) is a lower bounded semi-Dirichlet form on L2(E;m). Moreover, the
limit η has the following form: for u, v ∈ F ,

(2.3) η(u, v) =
1

2
E(u, v) +

∫∫
x̸=y

(
u(x)− u(y)

)
v(y)ka(x, y)m(dx)m(dy).

In [4] we also succeeded to obtain a precise form of the generatorL of the form
(η,F) under the following conditions (A1′) and (A2′) in place of (A1) and (A2),
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respectively:

(A1′) x 7→
∫
y ̸=x

(
1 ∧ d(x, y)

)
ks(x, y)m(dy) ∈ L2

loc(E;m)

and

(A2′) sup
x∈E

∫
y ̸=x

|ka(x, y)|m(dy) = sup
x∈E

1

2

∫
y ̸=x

|k(x, y)− k(y, x)|m(dy) <∞.

We find that the integrals

(2.4)

Lu(x) =
∫
y ̸=x

(
u(y)− u(x)

)
k(x, y)m(dy),

L∗u(x) =
∫
y ̸=x

(
u(y)− u(x)

)
k∗(x, y)m(dy)

converge for u ∈ C lip
0 (E), x∈E, where k∗ is the “reversed kernel” of k as above,

and in this case we get

(2.5) η(u, v) = −(Lu, v), η∗(u, v) = −(L∗u, v), u, v ∈ C lip
0 (E).

Furthermore,

K(x) := 2
∫
y ̸=x

ka(x, y)m(dy) =
∫
y ̸=x

(
k(x, y)− k(y, x)

)
m(dy), x ∈ E,

defines a bounded function on E, and then from the relations (2.3)–(2.5) it follows
that

η̂(u, v) = η∗(u, v) + (u,Kv), u, v ∈ F ,
which means that

(2.6) L̂u(x) = L∗u(x)− u(x) ·K(x)

=
∫
y ̸=x

(
u(y)− u(x)

)
k∗(x, y)m(dy)− u(x)K(x)

=
∫
y ̸=x

(
u(y)−u(x)

)
k(y, x)m(dy)− u(x)

∫
y ̸=x

(
k(x, y)−k(y, x)

)
m(dy)

is the dual operator of L on L2(E;m) for u ∈ C lip
0 (E). Thus, as noted in Section 1,

we have verified that the killed dual semigroup {e−βtT̂t; t  0} is Markovian for
a large β > 0 in this (lower order) case. For a higher order case, the killed dual
semigroup may not be Markovian no matter how big β is.

On the other hand, Schilling and Wang considered in [12] the (formal) operator
of a Lévy-type operator on Rd for a kernel k: for u ∈ C2

0 (Rd),

Lu(x) =
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
k(x, x+ h)dh

+
1

2

∫
0<|h|<1

∇u(x) · h
(
k(x, x+ h)− k(x, x− h)

)
dh,
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where ∫
h̸=0

(1 ∧ |h|2)k(x, x+ h)dh <∞

and ∫
0<|h|<1

|h| · |k(x, x+ h)− k(x, x− h)|dh <∞

for any x ∈ Rd. Under some conditions on k they also gave a description of the
(formal) dual L̂ of L:

L̂u(x) =
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
k(x+ h, x)dh

+
1

2

∫
0<|h|<1

∇u(x) · h
(
k(x+h, x)−k(x−h, x)

)
dh+ u(x)κ(dx).

Here κ(dx) is a signed measure on Rd which is the vague limit of the sequence of
signed measures

{
−2

∫
|h|>1/n

ka(x, y)dydx
}
k∈N. They also applied their result to

the generator L = −
(
−∆)α(x)/2 of Bass’s stable-like process (see [1]).

3. GENERATORS OF THE SEMI-DIRICHLET FORM AND ITS DUAL

In this section, we first consider a precise expression of the infinitesimal gen-
erator of the semi-Dirichlet form described in the preceding section. To this end,
we restrict ourselves to the case where E = Rd and m(dx) = dx is the Lebesgue
measure on Rd. Let k be a kernel on Rd satisfying the condition (A1). Suppose the
following conditions also hold. For any positive numbers r and R with R− r  1,

(A3) x 7→
∫

B(1)c
1B(r)(x+ h)ks(x, x+ h)dh ∈ L2

(
Rd \B(R)

)
,

where B(r) is an open ball with radius r at the origin (B(r) = {x ∈ Rd : |x| < r}),
and

(A4) sup
x∈Rd

∫
0<|h|<1

|h| · |k(x, x+ h)− k(x, x− h)|dh <∞.

Following an argument developed in [14] (see also [11]), we see that the finite limit

Lu(x) = lim
n→∞
Lnu(x)

=
∫
h̸=0

(
u(x+h)−u(x)−∇u(x)·h1B(1)(h)

)
k(x, x+ h)dh+ b(x)·∇u(x)

exists for any x ∈ Rd and u ∈ C2
0 (Rd), and L sends C2

0 (Rd) into L2(Rd) under
(A1), (A3), and (A4), where

b(x) :=
1

2

∫
0<|h|<1

h
(
k(x, x+ h)− k(x, x− h)

)
dh, x ∈ Rd.
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On the other hand, we see that, for each u, v ∈ C2
0 (Rd) and n ∈ N,

(Lnu, v) =
=

∫∫
1/n<|h|

(
u(x+ h)− u(x)

)
v(x)k(x, x+ h)dhdx

=
∫∫

1/n<|h|
u(x+ h)v(x)k(x, x+ h)dhdx−

∫∫
1/n<|h|

u(x)v(x)k(x, x+h)dhdx

=
∫∫

1/n<|h|
u(x)v(x+ h)k(x+ h, x)dhdx−

∫∫
1/n<|h|

u(x)v(x)k(x, x+ h)dhdx

=
∫∫

1/n<|h|
u(x)

(
v(x+ h)− v(x)

)
k(x+ h, x)dhdx

+
∫∫

1/n<|h|
u(x)v(x)

(
k(x+ h, x)− k(x, x+ h)

)
dhdx

=: (u,L∗nv) + (u, vKn),

where

L∗nv(x) :=
∫

1/n<|h|

(
v(x+ h)− v(x)

)
k(x+ h, x)dh

( =
∫

1/n<|h|

(
v(x+ h)− v(x)

)
k∗(x, x+ h)dh)

Kn(x) :=
∫

1/n<|h|

(
k(x+ h, x)− k(x, x+ h)

)
dh, x ∈ Rd.

In the third equality, we made a change of variables twice (x 7→ x − h, and then
h 7→ −h). Therefore, if we can show that L∗nv and Kn converge to finite limits, say
L∗v and K, respectively, for appropriate functions v, then it follows that L∗ +K
is the dual operator L̂ of L on L2(Rd).

We now give a sufficient condition on the kernel in order that L∗ and K exist.
To this end, we assume there exist nonnegative measurable functions C(x, h) on
Rd × (Rd \ {0}) and n on Rd \ {0} satisfying

(3.1)

{
C(x, h) = C(x,−h), n(h) = n(−h) for x ∈ Rd, h ∈ Rd \ {0},
such that k(x, y) = C(x, y − x)n(y − x) for x, y ∈ Rd, x ̸= y,

(A5)


x 7→

∫
0<|h|<1

|h|2
(
C(x, h) + C(x+ h, h)

)
n(h)dh ∈ L2

loc(Rd),

M := sup
x∈Rd

∫
|h|1

(
C(x, h) + C(x+ h, h)

)
n(h)dh <∞,
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and

(A6)


x 7→ C(x, h) ∈ C2(Rd) for each h ∈ Rd with 0 < |h| < 1,

x 7→
d∑

i,j=1

∫
0<|h|<1

∣∣∣∣∂2C(x, h)

∂xi∂xj
hihj

∣∣∣∣n(h)dh ∈ L∞(Rd).

In this case, (A2) becomes

sup
x∈Rd

∫
{h:C(x,h)n(h)̸=0}

|C(x, h)− C(x+ h, h)|2

C(x, h) + C(x+ h, h)
n(h) <∞.

Note also that (A5) and (A6) imply (A1) and (A3). In fact, noting that

ks(x, x+ h) =
k(x, x+ h) + k(x+ h, x)

2
=

C(x, h) + C(x+ h, h)

2
· n(h),

we see that (A5) implies (A1). For any positive numbers R, r with R− r  1,∫
B(R)c

( ∫
B(1)c

1B(r)(x+ h)
(
C(x, h) + C(x+ h, h)

)
n(h)dh

)2

dx

¬M
∫

B(R)c

∫
B(1)c

1B(r)(x+ h)
(
C(x, h) + C(x+ h, h)

)
n(h)dhdx

= M
∫∫

Rd×Rd

1B(R)c(x)1B(1)c(h)1B(r)(x+ h)
(
C(x, h) + C(x+ h, h)

)
n(h)dxdh

= M
∫∫

Rd×Rd

1B(R)c(x+ h)1B(1)c(h)1B(r)(x)
(
C(x+ h, h) + C(x, h)

)
n(h)dxdh

¬M
∫

B(r)

∫
B(1)c

(
C(x+ h, h) + C(x, h)

)
n(h)dhdx ¬M2 Vol

(
B(r)

)
<∞.

This means that (A3) follows from (A6). Now we show that, under the conditions
(A5) and (A6), L∗nu and Kn have the finite limits for u ∈ C2

0 (Rd). For any n ∈ N,

L∗nu(x) =
∫

|h|>1/n

(
u(x+ h)− u(x)

)
C(x+ h, h)n(h)dh

=
∫

|h|>1/n

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
C(x+ h, h)n(h)dh

+
∫

1/n<|h|<1

∇u(x) · hC(x+ h, h)n(h)dh

=: (I)n + (II)n.

According to (A5), we easily see that (I)n converges to∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
C(x+ h, h)n(h)dh,
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and so belongs to L2(Rd) for u ∈ C2
0 (Rd). As for (II)n, first making a change of

variables (h 7→ −h) and then averaging, we find

(II)n =
1

2

∫
1/n<|h|<1

∇u(x) · h
(
C(x+ h, h)− C(x− h, h)

)
n(h)dh,

and then the right-hand side converges to

1

2

∫
0<|h|<1

∇u(x) · h
(
C(x+ h, h)− C(x− h, h)

)
n(h)dh as n→∞.

The limit also belongs to L2(Rd). Therefore, it follows that L∗nu converges to

L∗u(x) =
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
C(x+ h, h)n(h)dh

+
1

2

∫
0<|h|<1

∇u(x) · h
(
C(x+ h, h)− C(x− h, h)

)
n(h)dh,

which is in L2(Rd).
We next consider the term Kn. Since k(x, x+ h) = C(x, h)n(h), we obtain

Kn(x) =
∫

1/n<|h|

(
C(x+ h, h)− C(x, h)

)
n(h)dh

=
∫

1/n<|h|<1

(
C(x+ h, h)− C(x, h)

)
n(h)dh

+
∫
|h|1

(
C(x+ h, h)− C(x, h)

)
n(h)dh =: (I)n + (II).

The second condition in (A5) means that (II) is a bounded function. Since the
function x 7→ C(x, h) is in C2(Rd) for each h ∈ Rd with 0 < |h| < 1, we have

(I)n =
∫

1/n<|h|<1

(
C(x+ h, h)− C(x, h)−∇xC(x, h) · h

)
n(h)dh

+
∫

1/n<|h|<1

∇xC(x, h) · hn(h)dh.

Since h 7→ ∇xC(x, h) · h is an odd function on {1/n < |h| < 1} for each x ∈ Rd,
the second term on the right-hand side disappears. By Taylor’s expansion of the
function x 7→ C(x, h), we get

C(x+h, h)− C(x, h)−∇Cx(x, h)·h =
1

2

d∑
i,j=1

∂2

∂xi∂xj
C(θx, h)hihj , x ∈ Rd,



208 T. Uemura

for some 0 < θ < 1 and for each h ∈ Rd with 0 < |h| < 1. Hence we infer from
(A6) that

|(I)n| ¬
1

2
sup
x∈Rd

d∑
i,j=1

∫
0<|h|<1

∣∣∣∣ ∂2

∂xi∂xj
C(x, h)hihj

∣∣∣∣n(h)dh <∞,

and (I)n also converges to a bounded function∫
0<|h|<1

(
C(x+ h, h)− C(x, h)−∇xC(x, h) · h

)
n(h)dh, x ∈ Rd.

Combining the estimates above, we see that the dual operator L̂ on L2(Rd) is given
for functions u ∈ C2

0 (Rd) as follows:

L̂u(x) = L∗u(x) + u(x) ·K(x)

=
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
C(x+ h, h)n(h)dh

+
1

2

∫
0<|h|<1

∇u(x) · h
(
C(x+ h, h)− C(x− h, h)

)
n(h)dh

+u(x)·
∫
h̸=0

(
C(x+ h, h)− C(x, h)−∇xC(x, h) · h1B(1)(h)

)
n(h)dh

for x ∈ Rd. Since L∗ corresponds to η∗, and K is a bounded function, we have the
following theorem.

THEOREM 3.1. Assume (A2′) and (A4)–(A6) hold for a kernel k(x, y) =

C(x, y − x)n(y − x) satisfying (3.1). Let {Tt; t > 0} and {T̂t; t > 0} be the semi-
groups corresponding to the lower bounded semi-Dirichlet form (η,F) on L2(Rd).
Then the following assertions hold:

(i) The operator
(
L, C2

0 (Rd)
)
(respectively,

(
L̂, C2

0 (Rd)
)
) coincides with the

infinitesimal generator of the semigroup {Tt; t > 0} (respectively, {T̂t; t > 0}) on
L2(Rd) restricted to C2

0 (Rd), where

Lu(x) =
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
C(x, h)n(h)dh,

L̂u(x) = L∗u(x) + u(x) ·K(x)

=
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
C(x+ h, h)n(h)dh

+
1

2

∫
0<|h|<1

∇u(x) · h
(
C(x+ h, h)− C(x− h, h)

)
n(h)dh

+ u(x) ·
∫
h̸=0

(
C(x+ h, h)− C(x, h)−∇xC(x, h) · h1B(1)(h)

)
n(h)dh

for x ∈ Rd and u ∈ C2
0 (Rd).
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(ii) Put β1 := ess supx∈RdK+(x), where K+ is the positive part of K =
K+ −K−, and define a quadratic form

η̂(u, v) := −(L̂u, v) for u, v ∈ C2
0 (Rd).

Then (η̂β,F), which is the dual of (ηβ,F), is a lower bounded semi-Dirichlet form
on L2(Rd) provided that β  β1. (The constant appearing in the definition of the
lower bounded closed form should be taken as β0 + β1 in place of β0.)

REMARK 3.1. (1) Since η̂(u, v) = −(L̂u, v) and L̂u = L∗u+K · u for u ∈
D(L̂) and v ∈ F , we find that

η̂β(u, u) = η∗β0+ε(u, u) + (K−u, u) +
(
(β1 −K+)u, u

)
 0

for any u ∈ F and any β > β0 + β1 with β − β0 − β1 = ε > 0. This means that
it is lower bounded. The sector condition is verified easily by using the property of
the form η∗. The Markovian nature is shown as follows: for u ∈ F ,

η̂β1(u, u− Uu) = η∗(u, u− Uu) + (K−u, u− Uu)

+
(
(β1 −K+)u, u− Uu

)
 0.

(2) The drift term of Lu disappears in the expression since the function
h 7→ ∇u(x) · hC(x, h) is an odd function for x∈Rd and h∈Rd with 0< |h|<1.

We apply the following conditions when the function C(x, h) does not satisfy
the symmetric condition (C(x, h) = C(x,−h), x ∈ Rd, h ∈ Rd \ {0}) in (3.1):

sup
x∈Rd

∫
0<|h|<1

|h| · |C(x, h)− C(x,−h)|n(dh) <∞,

sup
x∈Rd

∫
0<|h|<1

|h| · |C(x+ h,−h)− C(x− h,−h)|n(dh) <∞,

and
sup
x∈Rd

∫
0<|h|<1

|∇xC(x, h) · h−∇xC(x,−h) · h|n(h)dh <∞.

In this case, the operators L and L̂, and the function K have the following forms:

Lu(x) =
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
C(x, h)n(h)dh

+
1

2

∫
0<|h|<1

∇u(x) · h
(
C(x, h)− C(x,−h)

)
n(h)dh,

L̂u(x) =
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

)
C(x+ h,−h)n(h)dh

+
1

2

∫
0<|h|<1

∇u(x) · h
(
C(x+ h,−h)− C(x− h, h)

)
n(h)dh,
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K(x) =
∫
h̸=0

(
C(x+ h, h)− C(x, h)−∇xC(x, h) · h1B(1)(h)

)
n(h)dh

+
1

2

∫
0<|h|<1

(
∇xC(x, h)−∇xC(x,−h)

)
· hn(h)dh

for x ∈ Rd and u ∈ C2
0 (Rd).

(3) In Theorem 2.1 of [12], Schilling and Wang obtained a similar result under
slightly weaker assumptions on the kernel than ours. They also derived the closed
expression of the form of the dual operator by using the so-called “symmetric
principal value” due to Zhi-Ming Ma et al. [5]. Moreover, the dual operator is
then represented as the sum of a non-local operator and a killing/creation which is
obtained through the vague limit of some sequence of bounded (signed) measures.
They also claimed that the dual semigroup is sub-Markov if the killing/creation
term is non-positive. But in our case, the dual operator/form always is sub-Markov
by taking a killing and it seems that the dual operator hardly satisfies the sub-
Markov property unless the killing/creation vanishes.

4. DUAL OF GENERATORS OF STABLE-LIKE PROCESSES

In this section, we apply the result obtained in the preceding section to the case
of Bass’s stable-like processes [1]. Take α ∈ C2

b (Rd). Assume there exist positive
numbers α and α such that 0 < α ¬ α(x) ¬ α < 2, x ∈ Rd. Then the generator
of stable-like process is given by

−(−∆)−α(x)/2u(x) =
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(h)

) w(x)

|h|d+α(x)
dh

for u ∈ C2
0 (Rd), where B = {h ∈ Rd : |h| < 1}, the unit ball at the origin, and

w is a function chosen so that −(−∆)−α(x)/2eiux = −|u|α(x)eiux. Note that the
function w is given by

w(x) =
Γ
(
(1 + α(x))/2

)
Γ
(
(α(x) + d)/2

)
sin

(
πα(x)/2

)
21−α(x)πd/2+1

, x ∈ Rd.

Since α belongs to C2
b (Rd) and satisfies 0 < α ¬ α(x) ¬ α < 2, it follows that

w also belongs to C2
b (Rd) and 0 < w ¬ w(x) ¬ w < ∞ for some constants w

and w. Let us define

C(x, h) := w(x)|h|α−α(x), n(h) = |h|−d−α, for x, h ∈ Rd, h ̸= 0,

and put

k(x, x+ h) := w(x)|h|−d−α(x) := C(x, h)n(h) = w(x)|h|α−α(x) · |h|−d−α.
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We now check all the conditions in Theorem 3.1. Since

C(x, h)− C(x+ h, h) = w(x)|h|α−α(x) − w(x+ h)|h|α−α(x+h)

and α ∈ C2
b (Rd), we find that∫

h̸=0

|C(x, h)− C(x+ h, h)|2

C(x, h) + C(x+ h, h)
n(h)dh

¬ 4w2

w2

∫
h̸=0

∣∣|h|α−α(x) − |h|α−α(x+h)
∣∣2

|h|α−α(x) + |h|α−α(x+h)
|h|−d−αdh

+
4

w2

∫
h̸=0

|w(x)− w(x+ h)|2 · |h|2α−2α(x)

|h|α−α(x) + |h|α−α(x+h)
|h|−d−αdh

¬ 4w2

w2

∫
0<|h|<1

∣∣|h|α−α(x) − |h|α−α(x+h)
∣∣2

|h|α−α(x) + |h|α−α(x+h)
|h|−d−αdh

+
4

w2

∫
0<|h|<1

|w(x)− w(x+ h)|2 · |h|2α−2α(x)

|h|α−α(x) + |h|α−α(x+h)
|h|−d−αdh

+

(
8w2

w2
+ 4

(w − w)2

w2

) ∫
|h|1
|h|−d−αdh

=: (I) + (II) + (III).

It is clear that the term (III) is finite. We first consider the term (I). Since, for each
x, h ∈ Rd with 0 < |h| < 1,

∣∣|h|α−α(x) − |h|α−α(x+h)
∣∣ = |h|α · ∣∣ α(x)∫

α(x+h)

|h|−t(ln |h|)dt
∣∣

¬ |h|α · |α(x)− α(x+ h)| · |h|−α(x)∨α(x+h)
(
log(1/|h|)

)
¬ ∥∇α∥∞ · |h|α+1−α(x)∨α(x+h)

(
log(1/|h|)

)
,

it follows that

(I) ¬ 4w2

w2

∫
0<|h|<1

∥∇α∥2∞ · |h|2α+2−2(α(x)∨α(x+h))
(
log(1/|h|)

)2
|h|α−α(x) + |h|α−α(x+h)

· |h|−d−αdh

¬ 4w2

w2
· ∥∇α∥2∞

∫
0<|h|<1

|h|−d+2 · |h|
−2(α(x)∨α(x+h))

|h|−α(x) + |h|−α(x+h)
·
(
log(1/|h|)

)2
dh

¬ 4w2

w2
· ∥∇α∥2∞

∫
0<|h|<1

|h|−d+2 · |h|−(α(x)∨α(x+h))
(
log(1/|h|)

)2
dh

¬ 4w2

w2
· ∥∇α∥2∞

∫
0<|h|<1

|h|−d+2−α(log(1/|h|))2dh <∞.
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Since w ∈ C2
b (Rd), we obtain

|w(x)− w(x+ h)| ¬ ∥∇w∥∞ · |h|, x, h ∈ Rd with 0 < |h| < 1.

Then

(II) ¬ 4∥∇w∥2∞
w2

∫
0<|h|<1

∣∣h∣∣2 · |h|2α−2α(x)
|h|α−α(x) + |h|α−α(x+h)

|h|−d−αdh

¬ 4∥∇w∥2∞
w2

∫
0<|h|<1

|h|−d+2−αdh <∞.

Therefore, the condition (A2) holds. Since C(x, h) = C(x,−h) for any x ∈ Rd

and h ∈ Rd \ {0}, we find that, for x, h ∈ Rd with 0 < |h| < 1,

k(x, x+ h)− k(x, x− h) =
(
C(x, h)− C(x,−h)

)
n(h) = 0,

and hence (A4) is automatically satisfied. Next we see that (A5) is satisfied. We
have ∫

0<|h|<1

|h|2
(
C(x, h) + C(x+ h, h)

)
n(h)dh

¬ w
∫

0<|h|<1

|h|2(|h|α−α(x) + |h|α−α(x+h))|h|−d−αdh

¬ 2w
∫

0<|h|<1

|h|2−d−αdh <∞.

This means that x 7→
∫
0<|h|<1

|h|2
(
C(x, h) + C(x + h, h)

)
n(h)dh is a bounded

function, and hence is in L2
loc(Rd). Moreover,∫

|h|1

(
C(x, h) + C(x+ h, h)

)
n(h)dh

¬ w
∫
|h|1

(|h|α−α(x) + |h|α−α(x+h))|h|−d−αdh ¬ 2w
∫
|h|1
|h|−d−αdh <∞.

Thus these estimates imply (A5). We finally consider (A6). The first condition in
(A6) holds since α belongs to C2(Rd). Therefore, it is enough to show the second
condition in (A6). For x ∈ Rd and 0 < |h| < 1, we have

∂C(x, h)

∂xi
=

∂w(x)

∂xi
· |h|α−α(x) + w(x) · ∂α(x)

∂xi
· |h|α−α(x) log(1/|h|),

∂2C(x, h)

∂x2i
=

[
∂2w(x)

∂x2i
+ 2

∂w(x)

∂xi

∂α(x)

∂xi
log(1/|h|) + w(x)

∂2α(x)

∂x2i
log(1/|h|)

+ w(x)

(
∂α(x)

∂xi

)2(
log(1/|h|)

)2] · |h|α−α(x)
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and

∂2C(x, h)

∂xi∂xj
=

[
∂2w(x)

∂xi∂xj
+

(
∂w(x)

∂xi

∂α(x)

∂xj
+

∂w(x)

∂xj

∂α(x)

∂xi

)
log(1/|h|)

+ w(x)
∂2α(x)

∂xi∂xj
log(1/|h|) + w(x)

∂α(x)

∂xi

∂α(x)

∂xj

(
log(1/|h|)

)2] · |h|α−α(x)
for i, j = 1, 2, . . . , d. Then we find∫

0<|h|<1

∣∣∣∣∂2C(x, h)

∂xi∂xj
hihj

∣∣∣∣n(h)dh
¬ C

∫
0<|h|<1

(
1 + log(1/|h|) +

(
log(1/|h|)

)2)|h|2−d−αdh <∞.

Hence this gives us the second condition in (A6).
Summarizing the calculations done above, we can state the following

PROPOSITION 4.1. Let α ∈ C2
b (Rd) be a function taking values in the interval

[α, α] for some 0 < α ¬ α < 2. Then the dual operator ̂(−∆)α(x)/2 of the stable-
like generator (−∆)α(x)/2 on L2(Rd) has the following form for u ∈ C2

0 (Rd):

− ̂(−∆)α(x)/2u(x) =
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

) w(x+ h)

|h|d+α(x+h)
dh

+
1

2

∫
0<|h|<1

∇u(x) · h
(

w(x+ h)

|h|d+α(x+h)
− w(x)

|h|d+α(x)

)
dh

+u(x)
∫
h̸=0

(
w(x+ h)|h|αα(x+h) − w(x)|h|α−α(x)

−∇x

(
w(x)|h|α−α(x)

)
· h1B(1)(h)

) dh

|h|d+α

=: L∗u(x) + u(x) ·K(x), x ∈ Rd,

where

L∗u(x) =
∫
h̸=0

(
u(x+ h)− u(x)−∇u(x) · h1B(1)(h)

) w(x+ h)

|h|d+α(x+h)
dh

+
1

2

∫
0<|h|<1

∇u(x) · h
(

w(x+ h)

|h|d+α(x+h)
− w(x)

|h|d+α(x)

)
dh,

K(x) =
∫
h̸=0

(
w(x+ h)|h|α−α(x+h) − w(x)|h|α−α(x)

−∇x

(
w(x)|h|α−α(x)

)
· h1B(1)(h)

) dh

|h|d+α

for u ∈ C2
0 (Rd) and x ∈ Rd. Moreover, the dual ̂(−∆)α(x)/2 corresponds to a

Hunt process by taking a killing to the Hunt process associated with the lower
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bounded semi-Dirichlet form generated by L∗, which we call “reversed stable-like
process”. Note that the killing rate is given by β := supx∈Rd K+(x), where K+ is
the positive part of K(x).

Note that, for a closed form (η,F) on L2(E;m) and a positive number β,

η̃(u, v) := η(u, v) + β
∫
uvdm, u, v ∈ F ,

also defines a closed form on L2. Then it is known that the semigroup {T̃t} asso-
ciated with η̃ is given by T̃t = e−βtTt, where {Tt} is the semigroup corresponding
to E . In this case, η̃ is called the killed form with killing rate β with respect to the
form η.
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