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Abstract. We consider canonical shift space representation of discrete-
time Markov chain given by transition kernels. Markov shifts and eigenfunc-
tions of skew products above them are characterized by terms of Frobenius—
Perron operator. The results are applied to the exactness property of Markov
chains. We introduce also the notion of quasi-Markov chain and apply it to
Gauss endomorphisms.
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1. INTRODUCTION

We start with consideration of Markov chains from ergodic theory point of
view. A probabilistic measure space (X, i) and transition probability P(z,-) de-
termine the dynamical system on product space. Here the measure is given by u
and P(z, -), the transformation is a one-sided shift. If 1 is stationary, then the shift
is measure preserving. For details see Section 2. To study our dynamical system
(called, as before, a Markov chain), we use the Frobenius—Perron operator instead
of the Markov one. In Section 2 we construct the Frobenius—Perron (F-P) opera-
tor for Markov chain and characterize the Markov chain by using the F-P oper-
ator. Section 3 is assigned for skew products with Markov chain in the base. As
for discrete Markov chains (see [4]) we get characterization of Markov chains by
densities of absolutely continuous invariant measures (a.c.i.m.). This is also a gen-
eralization of results in [[I] where a mutually independent process is considered.
In Section 4 we characterize the exactness property of Markov chains. Theorem
4.3 gives sufficient conditions for exactness of some position-dependent random
maps. At the end of the section we describe exactness of Gauss endomorphisms in
language of F-P operator. In Section 5 we introduce the notion of quasi-Markov
chain. Among others we give the example of exact Gauss endomorphism which is
not a quasi-Markov chain.



326 Z. S. Kowalski

2. PRELIMINARIES

This section consists of basic notions and definitions connected with Markov
chain and the dynamical system determined by this process. In particular, we in-
troduce the Frobenius—Perron operator for Markov chain.

DEFINITION 2.1. Let us assume that (X, 3, u1) is a probability space. A func-
tion P : X x B — [0,1] is called a stochastic transition function if it has the fol-
lowing properties:

(i) forany A € B, P(-,A) : X — [0, 1] is a B-measurable function,

(ii) forany z € X, P(x,-) : B — [0, 1] is a probability measure.

DEFINITION 2.2. We say that the measure p is nonsingular if

u(Ad) =0= !{P(m,A)d,u(x) = 0.

The measure p is invariant if

w(A) = [ P(a, A)dp(x)
X

for every A € B.

Let Q = X%, and let D = B" be a product o-field. Here N = {0, 1, ...}. For
any sets Ag, ..., A, € B, we will put

[Ag... Ap] ={w € Q:wpy € Ap,...,wn € Ap}.
We define the measure P on D by

2.1)  P([Ag... A4n)) = [ du(wo) [ Plwo,dwr) ... [ Plwn—1,dwy)
Ao Ay An

for every n > 1 and Ay, ..., A, € B. Let o be a one-sided shift on €2, i.e.,
o(w)p, =wp41 forn € N.

Finally, we have obtained the measure theoretical dynamical system (2, D, P, o)
which is called a Markov chain. More details can be found in Chapter I of [R]. For
f € Li(P) and

w® = (w1, wy,...) € XN 10}

we define the signed measure v/(y 20y on B such that

V(f ) fdu ff a2w)P(x,dwy),
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where zw = (x,wp, wi, . . .). Consequently,

V(f ) fdu f f(zw)P(x, dwo).

We will assume throughout the rest of the paper that x4 is nonsingular. There-
fore, v(f o0y < p for every f € Li(P) and w?°. Now, we are in the position to
define the F-P operator £ for (o, P), i.e., such that

fg[lfdP = ffg(a)dP
for any g € L°°(P) and for any f € L;(P). Namely,

Ay g o d
(2.2) Lf(w)= V(Z;ul)(wo) = [ dp f f(zw)P(x, dwy).
b'e

REMARK 2.1. If P(z,-) < p for a.e. v and dP(z,-)/du = p(z,-), then
— [ Faw)ole, wo)dn().
X

LEMMA 2.1. The F-P operator L given by (I2) is the F-P operator for
(o, P).

Proof. Itis enough to show that

J L1140, @) 1By B (W)dP = [ 114, 4,1 (W) 1iB,...5,] (0(w))dP
Q Q

for cylinder sets [Ag ... Ay], [Bo ... By] and n > 0. Let us observe that

d
23) Llpag.a,)w) = -~ [ du f Lo...4,) (2w) P (2, dwo)
Hx
d
= @)f(dﬂ(l‘) J Lag)(@)1pa,. 4, (w)P(z, dw)
= 14,4, fdﬂ 2)140)(z) P (2, dwo)

= 114;...4,) (W) L1144 (wo).
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Therefore,
[ L1ag... a1 (@) 5, B, (w)dP
Q
= f El[AO](wo)d,u(wg) f P(wo,dwl) c. f P(wn_g,dwn_l)
BonAq B1NAs Bn_1NA,
X f P(wn_l,dwn)
B
= [ P(z,BoNAy)du(z) [ Plwo,dwr)... [ Plwn—g2,dwn_1)
Ao Bi1NAs Bn_1NA,
X f P(wp—1, dwy)
B
= [du(z) [ P(z,dw)... [ Plwn—z,dwn—1) [ Plwn—1,dwy)
Ao BonNA; B,_1NA, Bn

:él[Ao...An](W)l[Bo...Bn] (O(w))dP. n

The existence of £ implies nonsingularity of (o, P), ie., P(A) =0 =
P(oc=tA) = 0.If (0, P) is nonsingular, then it is easy to see that z is nonsingular.
Therefore, the following holds:

PROPOSITION 2.1. (o, P) is nonsingular if and only if i is nonsingular.

As the F-P operator, £ has the following properties for any f € L1 (P):

(a) f > Oimplies Lf > 0,

(b) [LfdP = [ fdP,

(© [|LflaP < [|f|dP,

(d) Lf = ffor f > 0if and only if f is the density of absolutely continuous
invariant measure (a.c.i.m.).

Here and throughout all the paper we will assume that relations between sets
and functions hold modulo a set of measure zero. A Markov chain can be char-
acterized by the F-P operator as follows. Let (£2, D, o) be a measurable space
defined as previously. Let v be a probability measure such that v|B = p and (o, v)
is nonsingular. Denote by £, the F-P operator with respect to (o, /).

DEFINITION 2.3. We say that (o, v) is a Markov chain if v is determined by
(ZZT) for some stochastic transition function.

THEOREM 2.1. Let (X, B, i) be a Lebesgue space. (o,v) is a Markov chain
if and only if L£,, : L1 () — L1 (p).

Proof. We need only to show that if £, : L1(p) — L1(u), then (o,v) is a
Markov chain. By reasoning similar to that in the proof of Proposition 1.8 in [8],
p. 120, we can define P(x, -) in such a way that

Pz, A) = v([XA]|B)(x)
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for every A € BB and every x from a set of y-measure one. Using mathematical
induction, we show that v is determined by  and P(z, -). By assumption, v([A]) =
p(A). Let us note that

v([AoAi]) = [ lpay(o(w))dv = [ v([XAi]|B)(wo)dp(wo)

[Ao] [Ao]
= [ P(wo, A1)dp(wp).
Ao
On the other hand,
f l[Al} (U(w))dl/: fﬁ,,l[AO](w)l[Al](w)dV: fﬁyl[Ao](WQ)du(wO).
[Ao] Ax
Therefore,

Afdﬂ(wo) J e(wi)P(wo, dwi) = [ @(wo) L1140 (wo)dp(wo)

forany ¢ € Li(u) and Ag € B. Let us assume that v([Ag . . . A,,—1]) satisfies (ZT)
for any Ag, ..., A,_1 € B. Then

V([ [,{ 1A1 An ( ))dV
= J Loljag (@)1ia;...a,) (@)dv = f Lol 1) (w)dv

[A1...An]
—f,C L 40)(wo)dp(wo) fP wo, dwy) . f P(wp—2,dwp—1)

—fd,u wo) wao,dwl wal,dwg wan 1,dwy). =
Ao Ay An

Let us consider Gauss endomorphisms. By Gauss endomorphism we under-
stand the one-sided version of Gauss automorphism. For the definition and basic
properties see Chapter 8 in [3]. For reader’s convenience we note that X = R and
that the joint distribution of any family of random variables X ,..., X, is anr-
dimensional Gaussian distribution. Here X,,(w) = w,, n € N, and (,D,v,0)
denotes the Gauss dynamical system. The measure v is o-invariant. It is well
known (see Proposition 2.1 in [[]) that

L,(f)(0) = E(flo~'D).
Hence for the Gauss endomorphism we have

L,(Xo)(o) = Pu,(Xo),
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where the operator P, projects perpendicularly onto [y, which is the real com-
plete subspace of Lo(1/) generated by finite combinations

Zaka for I C {1,2,...}.
kel

Therefore, we can use the methods of prediction theory.

PROPOSITION 2.2. The Gauss endomorphism (o, v) is a Markov chain if and

only if
LVXO == CLXQ

for some a such that |a| < 1.
The proposition follows from Example 2 in [IT], p. 40, where it is shown that
f)H1 (Xo) = aX1 = aXo(O')

for Markov chain Gauss endomorphism. The converse implication can be obtained
by covariance argumentation for real Gaussian process.

3. SKEW PRODUCTS WITH MARKOV CHAIN IN THE BASE

We present description of Markov chain (2, D, P, o) by skew products. Let
(Y, A,m) be a probability measure space, and {7} .y a measurable family
of nonsingular transformations of Y into Y. Measurability means that the map
X xY 5 (z,y) — Tp(y) € Y is measurable, and nonsingularity means that
m(A) = 0 implies m (T, *(A)) = 0 for every z € X and A € A. Now, we de-
fine a skew product

3.1) T(w,y) = (0(w), Tu0)(¥)),

where T is a nonsingular transformation of (2 x Y') into itself with respect to
P x m. The F-P operator is described as follows:

ﬁTf(‘“? y) = £<£w(0)f)(w7 y):

where £, denotes the F-P operator for 7, x € X, and L is the F-P operator for
the Markov chain (o, P).

THEOREM 3.1. If Lpf = \f, where |\| = 1and f € Li(P x m), then f =
h(wo,y), where h € Li(p x m).

The proof will be preceded by an auxiliary lemma.
LEMMA 3.1. If f(w) = f(wo,...,wn) and f € L1(P), then
L f(w) = h(wo),
where h € Ly (p).
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Proof. By (I3) we see that

for any cylinder set [Ay ... A,]. By property (c) of £ and by using the approxima-
tion argumentation we obtain the desired assertion. m

Proof of Theorem 3.1. Let e > 0. There exist n,! € N such that

I
If =3 fug|| <e
P

where ||-|| means the Li-norm, fx(w) = fi(wo, ..., ,wy) € L1(P)and g € Li(m).
Since L = Lpn, we have

L2 frgr) (w,y) = L (fr(w) Lo 1 96 (Y)) s
where
Lo 19(y) = Lug 0.0 Lo, g(y).
Therefore, by Lemma 3.1,

L2 (frgr) = or(wo, ).

Finally,
I I
e> |1 f =X fugnll = 1L = 3 L5 (frge) ||
k=1 k=1

! !
= [N =3 prlwo. v)|| = [|f = X A er(wo, v),
k=1 k=1

which completes the proof. m

COROLLARY 3.1. IfvisaT-a.c.im., then

dv
dP xm

= h(Wan)a
where h € Li(pn X m).

COROLLARY 3.2. If Lf = \f, where |\| = 1 and f € L1(P), then f(w) =
[ (wo).

By Corollary 3.2 we see that a g-a.c.i.m. is given by some v < p and the same
transition probability as P. Let us return to the skew product 7'. Let h(wp,y) be a
density of a.c.i.m., i.e., Lrh = h. Therefore,

B0 9) = - J Lo (Bl ) Pl deo)d(a).

The above equality implies
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COROLLARY 3.3. If P(x,-) = p for a.e. z, then h(wg,y) = h(y).

COROLLARY 3.4. If P(-, A) is By-measurable for every A € B, where By C
B, then h(wo,y) is (Bo x A)-measurable.

It is interesting if the converse of Theorem 3.1 holds. Let (€2, D, o) be the mea-
surable shift space defined in Section 2. Let v be a probability invariant measure
such that v|B = p, and let £, be the F-P operator with respect to (o, /).

THEOREM 3.2. Let (X, B, i) be a Lebesgue space. (o,v) is a Markov chain
if and only if for any skew product T’ given by formula (B1) densities of T'-a.c.i.m.
are (B x A)-measurable.

The proof will be preceded by an auxiliary lemma. We start with construction
of special skew product. Namely, let & = {4;};_; be a measurable partition of €2,
Zs ={1,...,s}, and m be the measure on Z such that m(j) = 1 for j € Z,. Let
{T;};_, be the family of maps such that T;(j) = ¢ for j € Z,. Define the skew
product

T(wvj) - (U<w)7To¢(w)(j))a
where a(w) = i if and only if w € A;.

LEMMA 3.2. T has a.c.i.m. with the density

9(w, 1) = sL,(1a;)(w)-

Proof. Weneedonly to check that L7g(w, i) = g(w, 7). Therefore, we firstly
determine L. Let G € L1(v x m) and H € L* (v x m). Then

[ Gw,j)H(T(w,j))dv xm= [ dm ZS: J14,(w)G(w,j)H (0(w),i)dv
OXZs Zs i=1Q

= fdmzs: (w)G(w, 7)) H (w,i)dv
. i=1Q

=finz(

Q=1

i w)G(w, k:))) dv
f i ﬁu( ))H(w,z’)du X m.
k=1

Hence
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Finally,
Lrgfei) = 5 3 £0(14, () £(14,(¢)
= sﬁl,(lAi(w))ﬁy(gi:1 1a, (W) = sLy(1a,(w)) = g(w, ).

Here, we use the equality £,1 = 1. =

Proof of Theorem 3.2. If (o,v) satisfies the assumptions of Theo-
rem 3.2, then £, : L1(p) — L1(p) by Lemma 3.2. Therefore, (o, v) is a Markov
chain by Theorem 2.1. =

4. EXACTNESS OF MARKOV CHAINS

Let £ be the F-P operator for the Markov chain (o, P). Let us denote by L
the restriction of £ to L (u),

d
= — Py, )d .
i [ Fy)P(y, )dp(y)
LEMMA 4.1. £ is dual to the Markov operator

fh P(x,dy).
Proof. Let h € L*>(u). Then
JL(Hhdp = [ hdvy = [ du(y) [ h(z)f(y)Ply, dx)
= [ fduly) [ (=) Py, dx) = [ fP(h)dp.

DEFINITION 4.1. (o, P) is exact if
o
N oD = {00},
n=0

i.e., the zero-one law holds.
THEOREM 4.1. Let y be invariant. For the system (o, P) the following holds:
(i) (o, P) is ergodic < L is ergodic < P is ergodic.
(ii) (o, P)
(iii) (o, P) is mixing < L is mixing < P is mixing.
(iv) (0, P) is exact < limy,_oo L7 f = [ fdwin Ly for every f € Li(n).

P) is weakly mixing < Lis weakly mixing < P is weakly mixing.

o, P
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Proof. Itis well known that ergodicity, weak mixing, mixing and exactness
property of (o, P) is equivalent to suitable convergence of £™. For example, let us
consider (iii). We have

(0, P)is mixing < lim [(L"f)gdP = [ fdP [ gdP

for f € Li(P) and g € L>°(P). As L is contractive, it is enough to consider func-
tions f(w) = f(wo,...,wk), k € N. Thus, by Lemma 3.1,

Tim [(£"f)gdP = lim [ (L"(L*f))gdP
= lim [ (L"(L"1 ) E(gB)dp = lim [(LEF)P™(E(g|B))dp,

n—oo
where E(g|B) denotes the conditional expectation. m

Let us fix our attention on the exactness property. Let (o, P) satisfy the as-
sumptions of Theorem 4.1. The assertion (iv) allows us to apply the theory of
asymptotic stability of operators considered in [B]. Let us assume that p is nonsin-
gular instead of being invariant.

DEFINITION 4.2. £ is said to be asymptotically stable if there exists a unique
density f*,i.e., f* > 0, ff*du = 1, such that

fm [|2%(5) — (f faw)5*]| =0

n—oo

forevery f € Li(u).

The following theorem can be easily seen.

THEOREM 4.2. [If Lis asymptotically stable and f* is the unique L-invariant
density, then the Markov chain (o, P), where P is determined by

p(A) = {f*(ﬂf)du(fv) Jor A€ B,

is exact.

Proof. Let £, be the restriction of the F-P operator for (o, P) to Ly (u*).
Then 1
Ly (f) = Fﬁ"(ff*) forn=1,2,...

and f € L(p*). Hence, by Theorem 4.1, we obtain exactness of (o, P). m

For application let us consider position-dependent random maps. Let X =
[0, 1], A be the Lebesgue measure, and B the o-algebra of Borel sets. Let us con-
sider nonsingular transformations 7; : X — X, ¢ = 0, 1, and a probabilistic vector
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(p(z),q(z)). Here p(x) + g(x) = 1 and p(z) > 0, ¢(z) > 0 for z € X. The tran-
sition probability is defined as follows:

P(x,A) = p(x)1a(ro(z)) + q(z)1a(71(2)).

A and P determine Markov chain (2, D, Py, o). The F-P operator for (o, Py) is
given by
Lf(w) = Lo(p()f(w))(wo) + L1(a(")f(w))(wo),

where L; is the F-P operator for 7;,7 = 0, 1. Therefore,

Lf(x) = Lo(p(z)f(z)) + L1(q(x)f(z)) forz € X.

The operator as above was considered in [?] and used for the model of asset prices.
Now, for the reader’s convenience let us assume that 7;, 7 = 0,1, are piecewise
monotonic mappings and satisfy the following conditions:

(1) There is a partition 0 = a}) < a] < ... < a}; = 1 of [0,1] such that the

restriction of 7; to the interval (a!_,al),i=1,...,r;, is a C*-function.
(2) Tj((ag—la ai)) = (Oa 1)
(3) Thereisa A; > 1such that |7/(x)| > A; for x # a],i = 0,...,7;.
(4) There exists a finite constant ¢; such that

forx #al,i=0,...,r;.

THEOREM 4.3. Let us assume that 7;, j = 0, 1, satisfy the conditions (1)—(4).
If p € C! and there exists a constant A such that |p'(z)| < Ap(z) and |¢'(z)| <
Aq(z) for every x € (0, 1), then L is asymptotically stable.

Proof. We apply the reasoning from the proof of Theorem 6.2.2 in [6]. Let
Dy be the set of all bounded continuously differentiable densities such that

|f'(z)] < kgf(z) for0<z <1,

where the constant £ depends on f. For f € Dy and for « € (0, 1) we have
|(p(2) f(@))'| < (A+kp)p(2) f(x) and  [(a(@)f(2))'| < (A+kp)a(@)f(z).

Therefore, by the proof of Theorem 6.2.2 in [6] we have

, A+ k
)| < o+ 252 gm0 ori=oa
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Hence Ak
R + .
[(£(H)'] < [c+ . f]t(.ﬂ,
where ¢ = max {c¢; : j = 0,1} and A = min{}; : j = 0, 1}. By using an induction
argument we have

)| < |55+ 5] e

and thus Proposition 5.8.2 in [B] completes our proof. =

The problem of exactness for Gauss endomorphism (2, D, v, o) has been
completely solved in the language of the spectral measure of v. Let us put

bp = [ XoXpdv forn=0,1,2,...

We assume that f Xodv = 0. It is well known that the sequence (b,,) is determined
by the symmetric measure -y on the unit circle. Namely,

s
f e dy(t) forn=0,1,...
—T

If v < A, where A is the Lebesgue measure, then we put

p(t) = dzlgf)-

THEOREM 4.4. The Gauss system (S, D, v, o) with the spectral measure ~y is
exact if and only if

vy A and flog( )dt> —00.

The result as above belongs to folklore theorems in ergodic theory.
THEOREM 4.5. The Gauss system (2, D, v, o) is exact if and only if
lim £(Xo) =0 in La(v) convergence.
n—oo

Proof. Assume that (X,,),en is a sequence given by Gauss endomorphism
(Q,D,v,0). By Theorem 7.4 in [I1] we see that the sequence (X, ),en is com-
pletely undetermined, i.e.,

lim PFh (Xo) =0 in LQ(I/)
n—oo
if and only if it satisfies the assumptions of Theorem 4.4. Since
L3(Xo)(0") = Py, (Xo),
we get the assertion. m

In particular, every Gaussian Markov chain is exact (see Proposition 2.2).
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5. QUASI-MARKOV CHAIN

Let v be an invariant probability measure on (2, D, o) such that v|B = p, and
L, the F-P operator with respect to (o, v). Similarly to quasi-Markovian processes
(see [@]) we define quasi-Markov chain.

DEFINITION 5.1. We say that (o, ) is a quasi-Markov chain if for every skew
product 1" given by (B the following condition holds: if L7 f = f, where f > 0
and ffdu x m = 1, then

{(w,y) : flw,y) >0} € Bx A,

where L is the F—P operator for 7'

The difference between quasi-Markovian process and quasi-Markov chain lies
in that in the latter case we do not assume positive nonsingularity of {73}, .
ie, m(A) =0 = m(T,(A)) =0 for every z € X and A € A. Moreover, the
cardinality of X may be greater than Ny. By a similar argument to that in the proof
of Theorem 2 in [4] we get:

THEOREM 5.1. If (0, v) is a quasi-Markov chain, then for every skew product
T and for every T-eigenfunction H from Li(n)

1DnH = h(WQ, y)7
where 1 is T-a.c.i.m. and D, denotes the support of 1.

DEFINITION 5.2. A function f € L (v) will be called a o-quasi-eigenfunction
with quasi-eigenvalue h if h is measurable, |h| = 1 and f oo = hf.

COROLLARY 5.1. If (o,v) is a quasi-Markov chain then every o-quasi-eigen-
function f € Li(v) with quasi-eigenvalue h(w) = h(wo) has the form f(w) =

f (wo)'
Proof. We use similar argumentation to that in the proof Lemma 3 in [4]. =

PROPOSITION 5.1. If (0,v) is a quasi-Markov chain, then the support of L,, f
belongs to B for every f € Li(u) and f > 0.

Proof. Letusdenoteby {f > 0} theset {weQ : f(w)>0}. By Lemma3.2,
{L£,14 > 0} € Bforevery A € B. Hence for every simple function f > 0

{L,f >0} €B.

For f € Li(u), f > 0, there exists a nondecreasing sequence 0 < f,, < f of sim-
ple functions such that

lim L, f, =L,f ae.

n—oo
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Since L, fr, < L, f, we have
{L,f >0} D{L,fn>0}=A4, €B.

Due to the nondecreasing of £, f,, and a.e. convergence we obtain
oo
{Euf>0}: U AnGB | |
n=1

REMARK 5.1. The converse implication is not true in general.

We can see the above by using symbolic representation of Examples 2 and 3
in [5]. Similarly we obtain examples of quasi-Markov chains from quasi-Markovian
processes (see [@] and [0]). Here card X < Ng. For the case card X > Ny we may
take stationary Markov chain of order r (for the definition see [], p. 21).

PROPOSITION 5.2. If the support of L], f belongs to B for any function f €
Ly ( H;;B X, 1/) (0 < f),and (o,v) is a Markov chain of order r > 1, then (o, v)
is a quasi-Markov chain.

Proof. If (o,v) is a Markov chain of order r, then (¢, v/) is a Markov chain

on (H:L;B X )N. Let T be a skew product given by (B1l). Then 1™ is the skew
product of type (B) over (0", v). Let n) be a T-invariant measure absolutely con-
tinuous with respect to v x m. The measure 7 is also 7" -invariant. Therefore, by
Theorem 3.1,

dn r—1

h= X is (nl;[OB x A)-measurable.

Thus L7-h = h,i.e., L,(Lg,h) = h, which under the assumptions implies that the
support of h belongsto B x A. =

Let us consider Gauss endomorphisms.

PROPOSITION 5.3. Gauss endomorphism which is Markov chain of order
r > 1 is quasi-Markov chain.

Proof. If (o,v) is a Markov chain of order r, then £7,(f) € L ( H:L;B R,v)
for f € Iy ( H;;B R, 1/). By the proof of Proposition 5.1 and by Proposition 5.2
it is sufficient to show that the support of £,1 4 belongs to B for any A € " such
that v(A) > 0. Let us observe that

J(Lo1a)1pdy = [1415(c")dv = [1axpdy >0

2r—1 . . . . .
as v|[[7_, B is a 2r-dimensional Gaussian measure. Here B € B" is such that

v(B) > 0. Therefore,
Li14>0vae.,

and the supportof £],14isQ2 € B. =
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A non-quasi-Markov chain can be obtained as follows.

PROPOSITION 5.4. If the Gauss endomorphism (o,v) is nonergodic, then it
is not a quasi-Markov chain.

Proof. Suppose, on the contrary, that (o,v) is a quasi-Markov chain. If
(o,v) is not ergodic, then the Gauss automorphism is not ergodic either. By the
Corollary in Chapter 8 of [B], p. 191, there exists a non-constant eigenfunction y
such that

n
. n .
y = nlin;o k:z_:naka in Lo.
As Gauss automorphism is the natural extension of (o, v), it follows from [9] that y
is also an eigenvalue for (o, v). Therefore, y(w) = y(wp) by Corollary 5.1. Every
sequence convergent in Ly-norm has a subsequence convergent a.e. Therefore, we
can assume without loss of generality that

n

y= lim ) apXjae.

n—oo, 7
Hence there exists (.. .,w* |, w},...) € RZ~{% such that

y(wo) = lim agwo + Y. ajw;
nee keZ—{0}
for 1 a.e. wgp. Thus
y(w) = awp + ¢

for some constants a, c. Here a # 0 because y # c¢. But this contradicts the asser-
tion that y is an eigenfunction. =

There are ergodic Gauss endomorphisms which are not quasi-Markov chains.
Letusput S ={z € C: |z| = 1}.

THEOREM 5.2. The Gauss endomorphism (o, v) with the spectral measure =y

of v such that
1

eia eit €

L*(S,7)
for some o € (—m, m) is not a quasi-Markov chain.

Proof. Suppose, to the contrary, that (o, v) is a quasi-Markov chain. With-
out loss of generality we assume that « = 0. Let H denote the real complete sub-
space of Lo(v) generated by finite combinations

> apXy forIc{0,1,2,...}.
kel
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We put
1
0 =1

Then 1 = £ — z&, and by the canonical isometric mapping © of H into La(S, )
(see Chapter 8 in [B]) we get wy = Xo(w) = g(w) — g(o(w)), where g = ©71(¢).
In fact, g(w) = Yoo ) Xpn(w). Therefore, f(o(w)) = e~ f(w), where f = €.
Hence f(w) = f(wp) by Corollary 5.1, and f(w;) = €0 f(wy) for v a.e. w. As
v|B x B is a 2-dimensional Gaussian measure, we get f = const, €0 = 1, but it
is impossible because X has Gaussian distribution. m

COROLLARY 5.2. There are exact Gauss endomorphisms which are not quasi-
Markov chains.

To see this let us take (o, v) such that the spectral measure 7y of v is absolutely
continuous with respect to the Lebesgue measure A and put p(t) = %sin2 t for
t e (—m,m).

6. AN APPLICATION

Stochastic perturbations are used in the modeling of processes connected with
real life. For example, Schenk-Hope [1U] presents procesess in economy. The
model has usually the form of skew product

T(:B,y) - (0(1’), hx(y))7

where 6 : X — X is an ergodic transformation preserving a measure u, and
hy : Y — Y is a measurable family of maps and nonsingular with respect to a
measure m. By the results of Section 3 we can replace the deterministic base by
the random one. Namely, we consider a nonsingular measure p with respect to
transition function P(z,-) on X x B. Hence we have the Markov chain (o, P),
where o is a one-sided shift on Q = X%, and P is the measure given by ; and
P(z,-). We get the skew product

T(UJ, y) = (U(w)a hw(O) (y))

Let us assume that 7" has an invariant absolutely continuous measure v. Then the
density of v belongs to Li(u x m) by Corollary 3.1. Let g € L1 (1 X m) be an
observation. Then by the Birkhoff ergodic theorem we get

) 1 n—1 .
lim — Y g(T"(w,y)) = ¢*,

e L

where ¢g* € Lq(p x m). Therefore, the limits of time averages of observations
along random trajectory are still in L1 (¢ X m) as in the deterministic case.
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