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" TEICHER’S STRONG LAW OF LARGE NUMBERS
IN GENERAL BANACH SPACES*

BY
BONG DAE CHOI anp SOO HAK SUNG (Seour)

Abstract. It is shown that Teicher’s version of the strong law of
large’ numbers for random variables, taking values in separable
Banach spaces, holds under the assumption that the weak law of
large numbers holds. ’

: 1. Introduction. Let (B, || ||) be a real separable Banach space. Acosta

| [1], Choi: and Sung [2] and Kuelbs and Zinn [5] have shown that many

‘ classical strong laws of large numbers (SLLN) hold for random variables

~ taking values in a general Banach space under the assumption that the weak

law of large numbers (WLLN) holds; this assumption often follows from the
geometric structure on the Banach space (see [1] and [4]):

It. was proved by Teicher [8] that if {X,, n> 1} is a sequence of

independent real-valued random variables with EX, =0,

o] i—1
0 Y EX}i* Y EX? < oo,
i=2 j=1
(i) ) EX}/n* -0,
- i=1
(i1i) there exist constants a; such that

Y P(X|>a)<oo and ) @?EX?}i* < o,
i=1 i=1
then S,,/n ~0 as., where S, = X;+ ...+ X,.

Teicher’s SLLN is an extension of Kolmogorov’s SLLN since Kolmogo-
rov condition Y EX2/n* <0, n=1,2,..., implies conditions (i)-(iii) with
a; =i (for further information on Teicher's SLLN see [8]). Szynal and
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Kuczmaszewska [7] have extended Teicher's SLLN in the case where
1X,, 1> 1] is a sequence of independent Hilbert-valued random variables.

The main result 0f this paper is a version of Teicher’s SLLN for random
variables taking values in an arbitrary separable Banach space under the
assumption that WLLN holds. Note that Teicher’s method for the real-
valued case does not carry over to the Banach-valued case.

2. Main result. A key inequality in our main result is prov1ded by the
following

Lemma 1 (Yurinskii [9]). Let X, ..., X, be independent B-valued random
variables with EHX,]I <o (i= 1 ,n). Let Z, be the a-field generated by
Xy, ..., X0 k, ..., n and Iet be the trivial o-field. Then, for 1 <k < n,

[EQISM| Zo)—E Sl Fe- 0f S IXill+E Xl

the following lemma is well known for real-valued case [3].

Lemma 2. Let {X,, n=1) be a sequence of independent B-valued random
variables.
Then S,/n =0 as. iff S 0 as. and S,/n—0 in probabzhry

Proof. Assume Szk/2" —0 as. and S,/n—0 in probability. F or
2% <ng 2! we have :
||S,,|| IISzkH NS — Sl

max
Ak k
n 2 2k<m$2k+1 2

Hence it is enough to show that

. 180 =S i
(1) max ——2" >0 as.
2k <pgok+1 2 .

Since S,/n —0 in probability, there exists a k, such that
max  P(IS,u =Sl >2¢/2)<1/2  for k > k,.
2k <pg2kt1 :

From Skorokhod’s inequality (see Stout [6], p. 102), which holds for B-
_valued random variables, we have

S —
ZP( max M>s)

k
2k <y ak+1 2

= P(ISy+1—S ull > 2¥¢/2) ®
—_ k
S min Py, —Si<Fon S35 PlSuei=Sul > 2e2)

k=k0

2k <pg2k+l
< o0

b4
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the c-o‘nvergence’of the last series following from [|S .+, —Szkll/Zk —0 as. and
the independence of (X,). Thus (1) follows from the Borel-Cantelli lemma.

TueoremM 3. Let 'X,,n= 1) be a sequence of independent B-valued
random variahles. Suppose that

o i—1
@ Y EIXl>i% X EIX? < oo,
i=2 o J=1

n
(i) ). EllXI*/n* =0,
=1
and
(iii) there exist constants a; such that

Y PIX{l>a) <o and ) a?E|XJ*/i* <oo.
i=1 - i=1 :
Then S,/n —0 in probability iff S,/n—0 as.
Proof. Assume that S,/n —0 in probability. From the first condition of

7 (iii) and E|X{12I(1X:) < a) <E|X||>, we may assume without loss of
generality that || X;|| < a;. From Lemma 2, it is enough to show that

(2) S k/Zk -0 as.

For each positive integer n and i (1 <i<n), let Y,; =E([S,/||7)—
E(||S,|l|.#:- 1), where %, = ¢ |X,, ..., X} and Fo= ‘(D Q. Then

2 Yo =S/ —ElS,

i=1
and |Y, ;| < HX||+E|IX,|| by Lemma 1.

Now we claim that E||S,|l/n — 0. Indeed it is easily seen that, for ﬁxed n,
'Y,;|1 <i<n} is a martingale difference. Thus

E(ISJI—ElISI)* =E(X Y,:)* = ¥ E(Y,)?

< Y E(IXA+EIXI)? <4 ¥ BIXi|?.
i=1 ' :

i=1
Therefore, from (ii), we have

SI—EIS
p (IS-EIS)

n

4 n
) —ZZEllXillz.—’O- ’

Thus we conclude from 1S.]l/n =0 in probabilify ahd the above result
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that E||S,||/n —0. Hence, to prove (2) it suffices to show that
S_I—EJ|iS '
IS ,ll = E IS 4l 50 as

3 5
Consider the following simple identity:
n i—1
(ISl =ElISIN?* = Z Yi+2) Y YuY,
i=2j=1

For the simplicity of notation, let

n i-1

=Y Y VY,Y;, and V=Y Y3
i=2j=1 _

"l:o» prove (3) it is enough to show that

) ' Ué"/22" -0 as.
and
(5) _ V22" =0 as.

To prove (4) it is enough to show from Borel-Cantelli lemma that, for
any ¢ > 0,

[+ o]
Y. P(IU,/2% > ¢) < 0.
n=1
Since for j=1,2,...,i—1, 3 V,;Y,;,2<i<n} and {Y,, 1<i<n}
are martingale differences for fixed n, we have

© 2" -1
2 P(IU "/227:' >l‘) 2 (2n)4E|Z Z 28, 2'l l
n=1 i=2j=1
1 an
82 Z 2n)4 Z E( 2n; Z )
12 1 il
<5 Y — ): E{IXI+EIXID* (Y Y, )*)
€7 u= (n) Jj=1
) 1 =» an i-1
1y U < % B0+ ENXIE (3 ¥, )
e VA =1 ="
—lw 1 Z"EX 15)(21131/2
© 1
<siz Z o 2 Z E(lI Xl +E| X I)? Z E(IIX,-H+EIIXjH)2,
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4"2 ® )
<% ¥ o 2,,)4 z E X, z _E” g
DL z EIX Y z EIX;]2 < co.
SET=1r 2

To prove (5) let Z,;=Yi—-E(YAil#i—1), 1<i<n Then, from
I X4l < a;, we have

EZZ, = EY4—E(E(Y2| #:- 1)) <EYE4 <E(IXI+EIX)* <4°a’E ||Xi|_|_2-
Thus T

_
@© ‘Zl Zz'l,il N 1 =2 1 an
1= < _ ) 2
ngl P (2n? ~ 8) s ng (2")4 |;;1 Zzn '|
1 & - -
82 Z (2n)4 Zl 2" < 2 Z (2n)4 Z a; E”X”
42

g - 2E 2
. (1/2)4Za 1X:1)3/i* < o0.

"~ Applying Borel-Cantelli lemma, we obtain
an 2" .
izl Yzz",i - _Zl E(Yzz,,'il Fi-1)

. (211)2
To finish the proof of F(S),'it suffices to show that

-0 as.

2 E(y;?ilﬁi—l)/nz -0 as.
i=1 -

Since |Y,| < ||X,/|+E[|X/l, from (ii) we have

iE(Y,ﬁ Fi-)/n* < Y BUIXN+ENXI)D? Fi-y)/n?

=) E(IIX.-II+E||X,-|l)2/n2 <4 Y E|X||*/n?—0.
i=1 : i=1,

Hence the proof is completed.

Remark 4. In the preceding Theorem, WLLN is 1mphed by the
additional conditions EX, =0 and B is of Rademacher type 2, since

E|IS/nll* < C ). E|IX|||*/n* —0.

i=1
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CoroLLARY 5. The following statements are equivalent:

(i) B is of Rademacher type 2. ‘

(ii) For any sequence (X;) of zero mean independent B-valued random
variables satisfving conditions (i)-(iii) of Theorem 3, §,/n =0 as.

(iii) For any sequence (X;) of zero mean indpendent B-valued random
variables satisfying

2. ElX*/n?* < oo,

n=1
we have S,/n —0--as.
Proaof. Implication (i) = (ii) follows by the above remark.
(t1) = (iii) is trivial, since the condition ZEHX,,llZ/n <o, n= 1 2,
implies -conditions (i)-(iii) of Theorem 3 if we let q; =i. :
(iii) = (1) was proved by Hoffmann-Jorgensen and Pisier [4].
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