
ON m E  U T E  OF CONVERGENeE 
IN THE RANDOM CEFSTWAL LIMIT THEOREM 

HLBERT SPACE 

Absiwoct. In this paper tha rate of C . D B W T ~ ~ B F F  t h ~  ran- 
dufn central firnit theorern Tar Hilbert valucd m$om vectars i s  
presentad. The 2-esults obtained mtand those given by Englund [2] and 
Barsov [I], 

Let N be a real tlepasable Hilbert space with inner product C,;) alzd 
no& 11 a 11 = (*:)'''. Let (X; n 1) be a sequence af independent H-valued 
random vectors such that EEX, = a,, Cov(X,) = a,, n 3 1, where Cav(X) 
denotes the covarimce opesator of X, i .  for every 8,  EN, 
fCov(g)g, h) = E ( X - E X S  g ) ( X - E X ,  h). 

Let us pub 

By M we denote a positive integer-valued rmdom variable. We assume that 
the random variable M is independent of {X,, n 2 11. b t  

s N =  C X k ,  AN = a,, V# * ck. 
k =  l k =  l. lie l 

Then, with notation and assmptions @ven above, we have; ES, = EA,, 
COV (8,) = E V, -1- Cav (A,), 

Let c$$ denote the Gaussian measrare with mean m and co~ariance operator 
I4 Defme 



11.7; this paper we present the rate of convergeace in the random central liroit 
theorem in Nilbert spam. The results presented extend those givm ir-r [I], $21 
and [?], 

21 U T E  OF CONYIEBC~(C& 
ZN THE RANDOM C 

Let p(t: k)  denote the k-tb, in decreasing order, eignvalue of the operator 
K Furthermore, let 11 Vlf, denote the trace of the operator V, For real nuberg 
x and y we also write x v y =. max (x, y ]  and x A y = mia (x, y) .  

THEOREM 1- Let {X,, ra 3 I f  be a sequence ufiradependeltr H-wlued random 
vectors such thar E X ,  = a,,, Cev(X3 = u-n, n 2 3 .  I f '  N is a positiue i ~ -  
rege~ualesd randarn va~iable independent of (X,, n 2 1) and suck t k n ~  
E l[lfNlls < m3 then there exists arz absnltete cunstavlt C such that 

Were % and y are independent Gaussian random ve~tars with mean .zero 
and covariance aperatol*~ EV,, and Cov (A,), re-cspectivefy. 

From Theorem 1 FVE easily get the fdlowing extensiaxr of Baroov rmdt [I3 : ' 

TEIEQKEM 2. Let (X,, ~y k 1) bc' a seqedcnce didependent Hh~aluc'd radon$ 
uector~ S U C ~  that E X ,  .= m, Cov ;(X,) =. V, E ljX, - ~ z l t  G M -c m, a >, 1. If 
E N  = rx, E [ N  -a)" I. P m, ]I V ] [ ,  - 1, [hers the* exisi positive cnnslnnte 
CiT I < i $ 4, wltich depend on  he spectrttm oj V, w k  thud 



On the rate 0J convergence 

a d  7' is a Gaussian raPzdom uat$able with meua e: and variance 

From Theorem 1 we also get 
COROLURY 1, !fi under the assumptions qf Theorern 1, a, = 0, n 3 1, then 

there exist cabsolute cvnstatats 6 ,  and C, such tlzar 

3. AUXILIARY LEMMAS 

LEMMA 1. Let X be a Gaussian W-valued r s d o m  uector with mearz rn wvld 
covariance operator B. Then, for ewry c s ~  EI? 

where ak = (na -a, $1, k 3 1, ants (e,, k 2- 1) is an orthanort~al basis afE1 given 
by eigenu~ctors of B with mrrsspo~rding ~ ~ ~ ~ P / u & I I $ I ~ s  (4, k 2 I). 

P rao t  Without loss of generdlity we nay assume that 81 = 0, ltes p be the 
a Gaussian mea~urt" in H with mean1 m and covariance operator R. Observe that 
( [ X ,  e,), k >, 1) are independent Gaussi~n randarn variables in R ;and (X, e& is 
normalIy distributed with mean q and variance (BE&, e,J - it,. Thus we have 

ivhere br 3 O and c are ssotsle red ~?umbers. Then 



100 14, Krajka and Z Rychlik 

On the other hand, integrating by parts, we get 
m 

I ,  = iQ26)-1 J (1 +2itu2)exp {isu2-- b(u- c ) ~ )  dt6 
-(EI 

dw ( t )  
-: i (2b)- w ( t )  - (r/(b$) -------- 

dt 
and 

m - ic (2b)- " Situ exp {itu2 - b (a - c)') du + ie2 ~ ( t )  

and, in consequenm, 

Thus, after some calculations, wc get 

In(%v(r)) b3 c2/(b2+ tZ)-(l/4)fn (B% +') -F i ((1/2)arc tg(t/b) -I- 

so: that C = (In (n3)/2 - bc? Hence 

(33 w (9 = (nZ/(bZ-+- tZ)) exp (i ((1/2) ;arc ag (t/b] + bQ2 t/(b2 + rZ)) - 
- be2 e2/(bZ + t2)) 

Thus (I), (191) and (3) give L e m a  1 ,  



Let now 

LEMMA 2, k t  a, rnl and rn, be arbitrary elemerrts af N. Tkert for. every 
noadegenemte S-aperators Vl and 5 of H (cf. [4], p. 16) I 

and 

" 3 4 
-k 5 ~ A ~ l , k - A ~ 2 , ~ ~ ~ ~ ~ ! & - v ~ ~ ~ ( ~ / ~ i - ~ ~ ~  v 1 1 ~ 2 - ~ ! 1 ) '  

k - l  

?#here (Avp,, k 3 3 )  deflate er'genzsniws o j  FP, 

Proof. Let us put 

pm,v(t) = Ji ex.xp(it]l~-rsl]~] @?j(d4C). 
R 

Then 
€a 

(61 ( 2 ~ ) -  I $ exp - i tx) Y,,~ 6) BPI G By. 

Furthermore3 by smoothkg inequality ([IS], p. 157) for every T O and 
QEW, we $et 

Let as put f(V, kf t j  = (1  +4;t$,kt2)114 md 
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Then, by identity (38) ef If6]? p. 4 6 ,  we abtdn 

Thus, by (JM9) and the mean vdue theom,  we get 

But, taking into account L e m a  1, we haw; 

wtkere V(x)  = Vl+x(tr,-V;)I m ( x )  = m,+x(m,-m,) ,  a,(x) - (M(x)--a, a,[x]] 
and e, (x), k 3 1, denote .the orthonormal base of lFjl given by the eigewvatars of 
V(x1. 



On the rare n j  cerzvtrryerve li 03 

Let (S,, k 2 1) be an orthonorma'l base of N, and let P denote the identity 
operator. Then 

Hence 

Thus, taking into account (101, we easily g t  (5). 
In order tio get: (4) we we the inequalibt-ies 
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Thus, putting 

. , 

we get (4). 

where 

CQ 

A (a) = sup I (@$b, """ - @&, , &V(A B$ (K ( ~ 3  d) P B ~ ?  
r L"I 

d3(a) = sup/ ( P [ S , - M , E K ( ~ ,  r ) ] -@8:-EA"(K(a ,  r)))pkl.  
P PEJ(N]  

But, by Markovk hinequalitg, 



where X md y are independent Gaussian random vectors with means zero and 
mvariance operators EOr', and C Q Y ( A ~ ) ,  re~pectively. .Cdn the other hand, 

Furthermore, by the Taylor series expansion, we have 

+2b2 x-a ; l z l / l lE~~l~+i  llylIZ/C&IEVMlEs]tlf)~d.l 

and 



NOW, by Lemma 2.1 of [9J and ('l7), we have 

Similarly, we can estimate the right-hand side of (18). Thus, by (i9], the 
estimation sf (181, (15) and $15), we obtain 

Now, by /5), there exists an absolute constant C such %at 

k t  us define, for any tn E N ,  P,,p, and PwZT, as the orthogonal ptoje~tiafas on 
the (linear) span of ( e , ,  e2, . .. en%] and (* f i ,  fsr . . . ,A), re'e~pectlvdy~ where' 
{e, ,  i 3 1) and (A, i 2 I), are cipnvectars corresponding to eignvdues of f", 
and EV,, respecriwly, which are assumed to be manged in the deswnding 
order. Let denote the span ~f (e,, e,, . . . , e,,, f , , fZf, ,  . , . , f,,), 

(i.e. Aei --- RYdSlmNj [S l i  ef9 3 i= 1,2, . . . , nt ,  and for e a ~ h   EN, such that 
( f ,eJ===o, i = =  1,2 ,..., m,4 f -O) .  

It is easy to sw that A and B are symmetric positive defined operatow 
from . Marecrwr, fur k e J [ ( N ) ,  13V,IJ,J[EV,jlsg3/2 sad 
ilEGlldllE%I~ils - l r  SO thal 



Herrce (cf. Example 6.12 of C33, p. 126) we get 

Since MI. i s  an arbitrary positive integer, (22) gives 

(241 d Y 4  G 5E {(BCVM/RIEVNllgS 5 )  f\ BIEV~JllE~Nllsr S))-'" x 

x CIIYv-Ek",ll irA,-EA;-~lt~JBlE~,rl;+ 

'"k ! ~ h - E ~ W / ~ ~ / ~ ~ E v N ~ ! S ~ ~ ( N ~ J ~ N ~ ) ) -  

On the other hand, by Theorem 1 of [Sj ,  we get 

where C i s  same positive constunt, 
Thus {l*, (201, (24) and (25) give Theorern d .  

Ackanowidga4m.e?~t. We would like to itlrrarlk the referee for hiti kclylful 
suggestions and comments, 
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