PROBABILITY
. .
MATHEMATICAL STATISTICS

Vol. 11, Fase. 1 (1990), p. 97-108

ON THE RATE OF CONVERGENCE
IN THE RANDOM CENTRAL LIMIT THEOREM
IN HILBERT SPACE

BY

A. KRAJEKA anvp Z. RYCHLIK (Lusuw)

Abstract. In this paper the rate of convergence in the ran-
dom central limit theorem for Hilbert valued random vectors is
presented. The results obtained extend those given by Englund [2] and
Barsov [1].

1. INTRODUCTION

JLet H be a real separable Hilbert space with inner product (-,-) and
norm |- || = (-,")"% Let {X,5 n > 1} be a sequence of independent H-valued
random vectors such that EX, =a,, Cov(X) =0, n=1, where Cov(X)
denotes the covariance operator of X, ie, for every g,heH,
(Cov(X)g, h) = E(X—EX, g)(X—EX, h).

Let us put

Snﬁ ZX’C’ An: zak? ‘V;—_—_ Egk’
k=1 k=1 k=1

By N we denote a positive integer-valued random variable. We assume that
- the random variable N is independent of {X,, n> 1}. Let

L L4 N
SN = z: Xk’ AN == Z . VN:z Z a.

Then, with notation and assumptions given above, we have ESy = EA,,
Cov(Sy) = EVy+Cov(A4y).

Let &% denote the Gaussian measure with mean m and covariance operator
V. Define

Ay (@) = sup |P(Sy—ESgye K (a, N)— Dovsw (K (@, D))
where K(a,r) = {xeH: |x—al <r}.

7 = Probability 11.1
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In this paper we present the rate of convergence in the random central limit
theorem in Hilbert space. The results presented extend these given in [17, [2]
and [7].

. 2. RATE OF CONVERGENCE
IN THE RANDOM CENTRAL LIMIT THEOREM

Let (V, k) denote the k-th, in decreasing order, eigenvalue of the operator
V. Furthermore, let ||V || denote the trace of the operator V. For real numbers
x and y we also write x v y =max {x, y} and x A y = min {x, y}.

Tueorem 1. Let {X,, n > 1} be a sequence of independent H-valued random
vectors such that EX, 6 =a,, Cov(X,)=0, nz1 If N is a positive in-
teger-valued random variable independent of {X,,n>1} and such that
E | Vylls < w0, then there exists an absolute constant C such that

Ay(a) < CF+ CE{(B(Vy/IEVys, 5) A BEVA/IEVylis, 5)) /% x
x [| Vy— EVyll | Ay— EAy—all¥/| EVy |3+ | Vs — EVy s/ | EViglls] %
x I(N eJ (N)}+2E ||Vy— EVyls/ | EVylls+ CE {B(Vy/IEVy s, 13)7"%/% x
x [(1+lal3/| EV |32 BR/ | EVyll 3% + B} || Ay— EAL[/ | EVy 311 (N e J (N))},
where
J(N) = {k: [V,—EVyls < | EVylis/2},
By = i E|X;—a)®, [VI= sup [Vx],

i=1 ffxlf=1

7 =min {sup |P[|Ay—EAy+X —a| < x]-P[lly+X —al < x]|,

(BEVA/IEVylis, 9)** (1 + Fall/I EVy15%) |Cov (An)lls/| EVillss
(BEVA/IEVylis, 13)) (14 [al >/ | EVylis) [E | Ay — EAy [ */I EVy 137 +
H +E [ Ay—EAR[I*/IEVy|31}.
Here X and vy are independent Gaussian random vectors with mean zero

and covariance operators EVy and Cov(A4,), respectively.
From Theorem 1 we easily get the following extension of Barsov result [1]:

Tueorem 2. Let {X,, n = 1} be a sequence of independent H-valued random
vectors such that EX,=m, Cov(X})=V, E|X,~m|> <M <, nz1. If
EN =0, E(N~a)> =f < o0, |V]s=1, then there exist positive constants
C,, 1 €i<4, which depend on the spectrum of V, such that

Ay(@ < C, M(1+alPa ¥ a2+ C(1+ |all? a ) E|N —al/a+

FC;(M [ml* v [m) ) EIN—afa™2+C,ry,
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where

r, =min{sup|P[N < t]—-P[y <}, B(1+lafja" ) a?

(1+ a2~ 32) (EIN —of* o~ 32 + E|N —af* 2~ 2)},

and y is a Gaussian random variable with mean o and variance ﬁ
From Theorem 1 we also get

CoroLLaryY 1. If, under the assumptions of Theorem 1, a,=0, n > 1, then
there exist absolute constants C, and C, such that

Ayla) < Cy E{(ﬂ(VN” EVN;ES: 5) A BEVA/| EVyllss 5))wﬁj2 X
x [ Vy—EVylls/ | EVylls+ 1V — EVyl el /I EVE i1} +
+C,E{(BV/IEVylis, 13)™ 2B (1+ [lal P/ EVyli3?) BY/I EVyli37}.

3. AUXILIARY LEMMAS

Lemuma 1. Let X be a Gaussian H-valued random vector with mean m and
covariance operator B. Then, for every aeH,

Eexp{it|X—al?} = [ A +442 %) Yexp {2 L af (1 +462 A7) 1 +
k=1

+i(27  arctg (24, 1)+ taf (1 +447 £3)71)},

where a, = (m—a, ), k = 1, and {e,, k = 1} is an orthonormal basis of H given
by eigenvectors of B with corresponding eigenvalues {A,, k > 1}.

Proof Without loss of generality we may assume that a = 0. Let u be the
Gaussian measure in H with mean m and covariance operator B. Observe that
{(X, e}, k = 1} are independent Gaussian random variables in R and (X, ¢} is
normally distributed with mean g, and variance (Be,, ¢;) = 4,. Thus we have

(1) Bexp it [X1%} = J exp{ic | x|} u(d) ﬁ J exp {it (x, )%} u(dx)
ﬁ (2md) 12 fexp {itu? —(u—a, ) (24,)} du.
Let
2 w(t) = f exp {itu* —b(u-c)*} du,

where b > 0 and ¢ are some real numbers. Then
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dl;:t) == f u? eXp {,";uz —-!J(u-—c)?«} du

=i | u(u—c)exp {itn’—b(u—c)*} du+ic j' uexp {itu® —b(u—c)*} du

=I,+1,, say.
On the other hand, integrating by parts, we get

I =i@2b)t | (14 2iPyexp {itu* —b{u—c)*} du

= i(2b) "1 w(t) —(t/(b1) %{}
and
I,=ic }j (u—c)exp {itu? — b (u—c)*} du+ic? w(z;)
= ic(2b) ™1 Djo 2ituexp {itu® —b(u—c)*} du +ic? wt)
= (it/b) I, + iu? w (1).
Hence
WO _ 1,41, =100 w O+ 0D D e O
and, in consequence,
dwi) | i ib?c?)
dc {2 (b— iz)+[b—it)2}w (). ,
Thus, after some calculations, we get
In(w(t) = b* c/(b* + 1) —(1/HIn (b* +1*)+i {(1/2) arc tg (t/b) +
b+ +CL
But _
T exp {—b(u—c)*} du = (n/b)*?,
so that C = (In(n))/2—bc?. Hence
(3)  wir) = {m?/(B>+*)}* exp {i((1/2) arc g (t/b) + b ¢* t/(b* + %)) —
—bt* 2 (b* +1%)}.

Thus (1), (2) and (3) give Lemma 1.
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Let now

16
B, - 36

(E§V251s+23i7’ﬁils*“3W“\is V2l

Lemma 2. Let a, m, and m, be arbitrary elements of H. Then for every
nondegenerate S-operators V; and V, of H (cf. [4], p. 16) !
4 sup|(®7:—OP) (K (a. V)| < (6/m){(By, A By)'*+(By, A By, )P} x

%ALY V=l + g =my | (Imy —al] v ma—al]*+

+[E§ Vz “ (Ei ‘_ﬂ”g'z A limz _ahl 2}]1!}}
and

(5) sup l(ﬁf' i)(K (a, r)l {(ﬁ (Vy, 5) A ﬁ(pfb 5)) 5/2 }X‘

x {”mz — My “ (me —al v ?Emz “ﬂlﬂ +

k=1

+ szmk inkH' HV:& Vill(lmy—af v Nmz“‘ﬁﬂ)z}, Z

where {A,,, k > 1} denote eigenvalues of V.
Proof Let us put

@y (t) = fexp{it|x—a|?} &7 (dx).
Then

©) @n)""| | exp(—itx) @,y (1)d] < By.

-

Furthermore, by smoothing inequality ([15], p. 137) for every T > 0 and
acH, we get

(7)  sup|(@;— D7) (K (a, 1))

1 ' ‘
g ; j !iq}m;_alfl () Pz ¥z 1/ dt"’*"(B«h A Bv;)p!@“m

Let us put I(V, k, ) = (1 +443 . t*)* and

Yy (t) = H (V. k, ©) 9y, (E)exp { —(i/2) arctg 24y ; 1)}
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Then, by identity (38) of [6], p. 446, we obtain

@  § . w
ﬂq}m;,lﬁ (t)_(sz,Vyit)l g Z n I(Tflﬂ k! E}MI Z I(VZS‘ kw E}"j X

j=1k=1 k=j+1

x {1(Vy, §, Y1V, J, ) — 1]+ larctg (24, ;1) —arctg (24,, ;0)I/2} +
+ ﬂ I(VQ.: ja t)ul l%l’mn,l"; (f-)—‘f’mz.v; (t}i*
i=1
Furthermore,
(8) Vs, k, /L (Vs k, =1 < 20t |4y, o — Ay il

® larctg 24y, i t) —arctg (24, , O < 2{l 1Ay, o — Ayl

Thus, by (7)~(9) and the mean value theorem, we get

r «
3 a€aL
(10) sup [(@p:— ) ;I J MUV, k) A LV, k, F P x
J k=t
r
1 -
X Z Ay = Ay, L+ j‘ [Tivy, k7t x
j=1 k=1
i1
1
d » . By A By,
X ﬂfd‘; Wiy + xtma —ma). ¥ +xivz —vy) (18] dx di + _VEH:JL
0

= U, (V,, V,)+ U, (Vy, V;)+(By, A B,,)/2xT).

But, taking into account Lemma 1, we have
d ,
E;Ell’mz +xfme—m ) Vi+x(Vz2-¥y) (!7) = 'ﬁm(xj,l"(x) (I) x

X {-{;— i !‘[[yf‘"Zfﬁwx).k‘] at (x“(p’(x)’ k, t)““]},
18X =

where V(x) = ¥, +x(V,— V), m(x) = m; +x(my—m,), a,(x) = (m(x)—a, ¢ (x))
and ¢, (x), k = 1, denote the orthonormal base of H given by the eigenvectors of

Vix).
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Let {f,, k = 1} be an orthonormal base of H, and let I denote the identity
operator. Then

d
E:; 'i[jm{x)y(x) (t}

< Jt ;;([ﬂ —~2V(x)] [I+4t2 V2 (x)] ™ * (m(x)—a), m(x)—a)

= ¢}

& 3 [i-2 (VO R TL+42 IVRAITT m)—a, A
X k=1

= 151 {=2t((", =V foo DL +42 IV AH7T T =

=862 [i=2¢ (V) foo ST (V2= P o VOOLYLL+422 IV LT}
x(m(x)—a, f)?+2 ¥ [i-20(V(0)fio I LL+4£7 [VEO AT

x (m(x)—a, f;) (my—my, )]

<282 |V, = Vil Im(0)—al?+262 |V, =V, || [m(x)—all*+
+2[t] e (x)—all llmy—m, |

<42 [V, =Vl (lmy—all v [my—al>+2 || [ m,—m, || (Imy —al| v Jm;—al).
Hence

Uy (Vy, Va)

<GB 9 A BV S v 1} Y Whyoy—Apo) | (448510 dr
=1 -

= (3/2{(B(V1, 5) A B(V,, 5) 7% v 1} i Ay i Av s

i=1

U, (i, V) < U/m{(B (V. 5) A BV, 5}}“5’2; v 1} 41V, = Vil (lmy —al v

v my—al)? | (1 +46%) 7 detmfmy—my | (Imy —al] v |m;—al)]

< b}

=(/m{(B(V, 5) A BV, 5) 7372 v 1} [41V,— Vil (Imy—all v my—al)*

+mfimy—my | (Imy—all v [m,—al). |
Thus, taking into account (10), we easily get (5).
In order to get (4) we use the inequalities

(11) - Ush, ) <6/ 3, Wyy= s
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and
(12) U,V Vy) < @T* )|V, = Vil (lmy —all v lmy—al)*+
| A+ @Tym) fmy—my (Imy—all v [my—al).
Hence, by (10}-(12), we have

sup 1(@’#;— @7{}3 (K (a!‘ ?‘))i < (6/75) {T Z ik"‘i._iﬁ"q'v:hj}dr
j=1
+ T2V, =Vl (Imy—all v |my—al)*+
+ T |im,—m, || (|m,—al v [my—al)+(By, A B, )T},
Thus, putting
T = (By, A By YRV, — Vil (fimy —af v \Emz"‘ﬂﬂ)z]]’ﬁl‘f‘

+[Imy—m, [ (lm;,—al v [my—al)+ X Ay = A 1211
i=1

we get (4).
4. PROOF OF THEOREM 1

Let us put p, =P[N =k] and J(N)= {k: |V,—EVyls < (1/2) |EVyl s}
Then ;

(13) Ay (a) < 4°(a)+ A" (@) + 4% (@) + 4% (a),
where
A°@= Y psup|P[S,—ESyeK(a, r]- s EA (K (a, 1)
kg J(NY r
A*(a) = sup lkZ (G4 — By covtan) (K (@, D) Pl
F k=1
A*(@) = sup| ¥ (D" — TP (K (a, 1)) o
o keI
A3 (@) =sup| ), (P[S;—EAyeK(a, M1- o B4 (K (a, ) ol
r  heJ(N)
~ But, by Markov’s inequality, v 4
(14) A°(a) < EI{N ¢J (N)) = P[[|Vy—EVyls > 3 1 EVylis]

< 2E |Vy— EVylls/|EVylls-
Furthermore, ’ '
(15 4'(a)=sup|P[|Ay—Edy+X—al <r-P[ly+X—al <71,
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‘where X and y are independent Gaussian random vectors with means zero and
covariance operators EV; and Cov(A4y), respectively. On the other hand,

T
(16) A*(@)<(@m)”* f 1S @) —g @/l di +

+2nBCov(vN)1;§EVv!sz+P[IAN“‘EAM | > [|EVyll5*].
where
f@) = Eexp {it |Z+X —a||¥/| EVyls},

( t) = Eexp {it |y +X —a|*/| EVylls},
= (Ay—EAWI (| Ay—EAy|/IEVyI3 < 1).
Furthermore, by the Taylor series expansion, we have
A7) 1fO—gO)| < |Eexp {it | X —al*/|EVyls} E {2it (X —a, Z)}/| EVyls|+

1
+6 [|Eexp {it | X —a+ AZ|*/|EVyls} (1 =D {[2 1 Z][* 22 +
[[Es

- HHZIMZ, X -0+ 2Z, X —afYIEV I3+ ZIP /I EVyls D} dA+
i

+t2£IEeJ§p {it )X —a+ 27| */|EVyls} A= {[2 171* 2 +41y)* (v, X —a)+
+2(y, X —aPVIEVy 3 +i lvIP /(| EVylls )} dA

and “

(18) 1f()—g () < |Eexp{it | X —al*/|EVylis} {it (B 1Z])% - Emmf‘lav us

+2.~,r(X a, EZ)/| EVylls—2*(E((X —a, Z)*—(X —a, »)| X))/l

+1e? § ]Fexp{zt | X — a+/¢ZHz[iiEV IsH{IP DIZIS+P, (D) 1ZI*(Z, X —a)+

+P3MHIZ_N (Z, X —aP+P,()(Z, X —a*Y|EV, |3 +[Ps (D 1Z]*+
+Ps(WIZ)* (X —a, ZYIIEVy|5 1t}| dA+

P | exp (i | X —a+ 27/ EVyls} (TP () 11+

+Py () I71* (v, X —a)+ P53 (3) 917 (7, X—a)* + P, (A) (7, X —a)*T/| EVyli3 +
+IPs (D) Iyl + P (D) Iy 1% (X —a, Y EVylI3 [2])}] d2,
where V
P () =423¢1-242 P,(})=121%(1 —-A}z,’ P, (d) = 124(1-2),
P,()=4(1—A2 Py(A)=6i(1—A% Py(d)=6(1—272
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Now, by Lemima 2.1 of [9] and (17), we have

19 1/ ®)—g )

, o ; R (1
< BEVR/|EVyls, 9) 5 [Cov(Ay)lls (1 + lal >/ | EVyls) SIEW-IISM%-

Similarly, we can estimate the right-hand side of (18). Thus, by (19), the
estimation of (18), (16) and (15), we obtain

(20) A'(a) < Cmin {sup|P[|Ay—EAy+X —a| < x]—P[liy+X—a| < x]|,

(BEVA/IEVylis, 9) ™2 (L+ llal /| EVyll5") | Cov (Anlis/ I EVylls,
(BEVA/IEVylls, 13))7 1 (1 + lall /| EVyl s x
x [E | An—EAy P/ EVy |37 + E | Ay—EANI*/IEVyI31}
Now, by (5), there exists an absolute constant C such that

@) 2@<C Y plBW/IEVyls, 5) A BIEVY/IEVys, 5)™%% x

keJ(N)

x{)
j

HMB

ifmw Agyy MEVyl + V= EVill | Ay — EAy—all*/| EVy |15}

Let us define, for any meN, P, ; and P, , as the orthogonal projections on
the (linear) span of {e,, e,, ..., e,} and {f, fo, ..., [}, respectively, where’
{e;, i =z 1} and {f., i = 1}, are eigenvectors corresponding to eigenvalues of ¥
and EVj, respectively, which are assumed to be arranged in the descending
order. Let H, denote the span of {e,, e;, ..., €y, fisfor - s Subs

&(m) “‘“ﬁiEVN (EVy): Ppalis v IVi— mz]s}f! EVyls.
A=V, Pm; ffiEVwﬂss B = (EVy)-P,, 2y, /“EVv's: keJ(N)

(ie. Ae;= Ay ypyysi€si=1,2,...,m, and for each feH, such that
(fei}-ﬂz—lz . m, Af = 0).

It is easy to see that A and B are symmetric positive defined operators
from L(H,, H,). Moreover, for keJ(N), [VIs/IEVllg<3/2 and
|EVylls/|EVills = 1, so that

® oo
(22) E(M) = I‘ ig"kﬂ@”!\"ﬂ&j v '}“EVN“EEVN“S'J -0 as m— 0.
j=m+1 :
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Hence (cf. Example 6.12 of [3], p. 126) we get

o X
Z Mn,f""lﬁm, j;/ ;lE Vmiﬁs = z !)Lw NE¥Vwiisd ™ }‘EVM lEEV.v\ﬁs.ji
=1 i=1
o .
< ) P 1BV w1500 ™ AEV s+ Prn 2| BV ] 5,1+ 26 (1)
i=1
dim(H )
= Z |44 ;—Ap ;| +2e(m) < | A—Blg+2&(m)
i=1

< [W—EVil /I EVyls+4e(m).

Since m is an arbitrary positive integer, (22) gives
. _
23) Y. A= Ay JIEVils < [V~ EVy |5/ | EVylls.
i=1

Thus (21)423) give
(24)  4*(@) < SE{(B(Vy/IEVyls, 5) A BIEVY/|EVyls, 5) ™ x
x [ Vy—EVyl Ay~ EAZ—all*/|EVyll3+
IV —EVylls/IEVyls] I(N e J (N))}.
On the other hand, by Theorem 1 of [§], we get |
25 4°(a)
= Y psup|P[S,—ES,eK(a+EAy—A,, N]—DV (K(a+EAy—A4,, 1)

keJ(N) r

S C Y plBW/IEVyls, 13) B [(1+fla+EAy— A3/ Vil3?) %
keJ(N)

x( Z E 1!Xj“ajl§3/!a V;!i%’z)]
=1
< CE{B(VW/llEVyls, 13)" 2 [(1+ lall*/ | EVylI3*)
x BR/IEVy 1P + B | Ay-- EAyl® |EVIP1I(N e J (N))},

where C is some positive constant.

Thus (14), (20), (24) and (25) give Theorem 1.
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