
Absfmct. Let P be a dosed, bounded, non - empiy ra~dom subset 
of a metri~ spa= (X,  i~] .  For some class of metric spaem we d&ne in 
terns of the metric @ (deveiaping an idea of 5. Dogsf mdhernag~d 
expeaatim aad mconditionaT ma&emasim1 axppectation sf F, We then 
consider martiltgales of random subsets of a metric space and prow 
thwams of wnvmgeace far such maeingdes. 

Q1! Intsa1101ctirom and p r e w l p a d ~ ~  S, Dass has introdumd in [3] a cofimpt 
'.of mathemmatied expectation of a random vadnble with vdues in a metric space 
(see also [lj and rq). This and ather coaapt,ts of mathema~caf expectation 
were studied by M. Fsichet in [55 and [4f, 

In this paper we devdap an idea of ,fS, Dsss and invest.igate no~ons  of 
matbematicat expctation (Section 11, con$itiond mathematical expetation 
(Section 2) and mabgale (Secfion 3) of rmdom subs- of a metric space. 

Results of this paper werg announced in r8îh31 and [8J. 
Let v, g) be a metric gP;z&, By (S, a) we denote the metric spsce of 

ekused, bomded and non -empty subsets of X ,  eqGpped with the Z-36amdoa 
metric 4 defmed &S 

4 IF, F") - nlax (sup 8 (x, Pal), sup Q (XI, n], 
xeF x'eP 

where ~ ( x ,  F )  = inf{g(x, y ] ;  ~ E F )  for XEX and F E ~ .  
We put 

Ear X E X  and F E ~ ,  glre set 

A metsic &paw (X, g) i~ d e d  finitely ca~apact i f f  everjr closed bound& 
subset eP X is compact, k t  ws nsta the fallowing h o w  
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m 

metric space grad let (P,):= be a sequence ~f sst e1menfs of 2 such that 9 Fn 
8 x 1  

is a bounded subset of X. Sz~ppose iherpe exists a dertse set D c X such t J~a$  for 
euevy X E D  the Zimtit l im~(x,  F,) exists and is fifiite. Then the sequence (F,)PLl 
Gonuewes ira ~2~ 4). 

Let (3, d, 9 be a probahgity space, An event A E d is called negligible iB 
PtA) = 0. For a collection of subsets of ,Q we denote by a[&) the @-field 
gene~ated by @. 

A Bsrel measurable map F :  D -, d is called an A? - valued random set (s.~a,) 
and a Bore1 measurable map f: fi -+X is called an X -  u a l d  random variable 
(r,v.);. we shall freguently identify a randam variable f with a random set { f), 
An r.s. is called sealarly integrable iff 

j 6 (x, E(a))  dP(w) c rn for every x EX . 
$2 

Throughout this paper (a, d,  P) wilJ. be a fixed complete, a o n - a t a ~ c  
probabijity spa= and all random sets will be dehed on (52, d, P). 

1. MatbaaIIeaI cixpmta~am. 

DWINTVDDN 1.1. Let. EX, el be a metric spam and 1" an 2? - vdued rszndom 
set. The set ELF] defined as 

is called a nzcathemlaticczrl expectatiolz of I;: 
For every 8 -valued r.8. F the set: ELF] i s  e~dently dosed. Xf F i s  scalarly 

i u t c ~ b l e ,  then the set ELF] is also b o d e d .  
We shall state Raw the condition hpssed on a metric ;space (X, Q) ki 

order that for every X-valued r.s. E' the set ELF] i noxa-empty. 

D E F ~ ~ I O N  1.2. A metric: space (X, g) i s  d e d  convex i ~ a  tlw seare qf Dass 
(or D - cunv~x)  in for any two elements x, , x, EX there exists an element kt E X 
such that 

g{xl  a) G 4[g[x, x , )+g [x ,  x,)l, t /xfX* 

W em a r  k 1.1. It is easily checked that every D - contiex metric space is 
metdcdly emvex in the same of Mengea (see [2], Definition 14.1) but 1101 
canvemdy (e.g., a cixle in the Euclidean plane vvitb an arc metric), 

Remark  1.2, In (p], 'seaion 8) the authors have prayed tbaf Sttc 
hyperb.o&~ plane (of Labachevski) equipped with the geodesic metric rs, 

a D-convex metric x p a ~  (it can be prowd that any simply conl~e&ed 
Riernmdan manifold of non - p.os3iare crlrrvatnre equi ipd  witkt geode;%ic m e t ~ c  
i s  a D-mnvm mtrie space). 



Remark  1.3- Suppose (31*, / (  11) is a Banach space and Q(X, I') -- 11 x-yll for 
x, 18 E K Then for every Y- vnEued Bschner - integrabIc: random variable the 
Bocl~ner integral j' j'(rx>) dP(wj  z E f 3. 

52 
Doss has proved in ([3], Thkardme 1) that 

In [[7lT Tl~eorearm f ) the autbofs lrave proved {answering the question of Frichel 
[ti]) that ELfJ  - {J j d P )  for any two - valued random vadable $, 

0 

Remark  1.4, Suppose X is a closed, bounded, convex subset of a Banach 
space E Then the metric space ( X ,  $1 is D  anve vex and the Boehrrer integral 
j fdP E E [ f ]  for any Bochuer - intwable X - valued random variable j: 
fi 

The following example shows that the Bochner integral i s  nut laecessaciay 
the only elemetlt of Ef f 3. 

EXAMPLE 1.1. Let 

aad 

Let f be an X - valued r.v. satisfying 

One e h ~ k s  easily that EL'] - {I:al, tt2f E X :  x1 -- gZj* 

THEOREM 1.1. Let (X, Q) be a finiceb cvlrrfpacr nzesric ~LBX~ ,  Then for EUEFJI 

2 - wEzreB ralzdom sei F the set E[FJ is lilorr - empty $ fX, Q) i s  u D - C B P ~ U E X  

rfzet pic space. 

PP u of. The nemssity of D - convexity of a metric space (X, q)  i s  evident, 
since "ID - coajrexitp" %nem~s precikedy that for every % - val~ed r.v. f' satisfgng 
P(f= x,) = P ( f - :  x,) = $, one has E l f 3  $0. 

We shall prove now allat if a metric space fX, gl is D-mrmvcx, then for 
every 2 - valued r.8, F the set ELF] is non - empty. 

i f  a random set 8' i s  not scalarlly integrabk, then E [ F j  = % $a. 
I f  F i s  a scalasly integrable m;.s., Ihea my meaurable selclecdon j' of 

F (which alkvags exists by r101) is a scabrly internable z.v, nsld E l f ]  c RfFJ 
It {s thus suMEdenr to prove that if a metric space ( X ,  gf i s  D-convcx, 

then far every scalarly integrable X -valued s.v, f the set E t f l  is  ma- 
empty, 

This will be proved in several s;leps. 
(IQ) If f is an X - vaTued r.v. with card f(i2) < 2, then EEf f $ $3. 



We have to prove that for every x,, x, E X  and any p E 11 there is an 
element, a~ X such that 

~ ( x , a l 6 p @ ~ x , x ~ ) ~ ( l - ~ ) ~ ( x ~ ~ , ) ,  b'x~x. 
W s h d  prove this first far dyadic ra~onals p -- k/Zn [k = I? . . ., 2"; n = 1, 2, . ...I. 
We shdl proceed by induction; for 1.1 = I our statement is: true by the definition 
of 5) - convexity of a metric space ( X ,  g), If for some n 3 f and 1 ,< k, I < Z one 
has ~ 

then there exists C E X  such that 

which comp1etes the indwtio~. 
k t  p E [O, I ]  be arbitrary and let (g,),", be a segueam of dyadic ration& 

cortlver@ng lo p. For every M = 1, 2, .. , there are elements a , f X  such tba.1 

Since the sequence (a,)FL.l is bounded and ( X ,  4) is fiaikely compact, we win 
extract from ( a , } ~ ~ l  a subsequence fakn):=, convergng to some @EX. One 
evidenrtly has 

e i x . t ~ l G ~ ~ ( ~ , ~ l ) + I 1 - ~ ) g ( x , ~ z l ,  'FJxEX- 
(2') If f is  an X -valued r.v. with f (a) finite, then l3;;lf-J + a. 
We shall proceed by hdudisla, By (I"], om statemeat I s  true if 

card $'[Q] t> 2. 
Let f (rrrS') =. ( x i s  x2, .. .> x,, x,+ and B ( j -  xi): = pi far i =f 1, 2, . . ., a+ 1 .  

Let us? consider the rev. distGbuted as fbllows: 

Suppotsing that (2") is true far an H-vdued rev. g we have E[y] Z 8. k t  
a E B [ g ]  and let us cansider the r.v. k dist~butcd as fnll~wsr 

Then by (17 we infer that E [ba] + $3. It is easily cfaded that E [h] c; E [ f 1, and 
thus Ehf] ;;r~. 



43") If $ is an X - valued s~alarly integrable r.v. with f (51) ceilntabIe, theti 
E r f  l j" @. 

Let f ( S ; E )  -- (x,, x,, ...I md P(f = xJ - pi far i = I$ 2, ... By (z5), for 
every n -- 1, 2, , . . there :@:are elements a,e X such that 

For every X E  X we have 

lirn ~ ( x ,  x,) qq = C glx, x,)pi < a. 
n ~~1 , S=I 

This implies that the sequence {a,):=i is baundd, and since the metric space 
(X, q)  is finitely compact, we can extract from {a,)pI(l a sabsequence {akn);;"el 
converger~t to some QEX. Tbea for every XEX we have 

whlcb means that a e E [ f " ] .  

(4") If f is an arbitrary scsIsr!y integrable X -valued r.v,, the11 E [ f "J f- O, 
Since the metric space (X, Q) is separable, far every n - 1, 2, . . . there exists 

arJ X-valued r.v. f j ,  such that J;,(f2) iis countable md 

which implies that 

By (3") there exists a seqrrencc + of elemcn:nts of X such that 

Thus the sequenGr: is bounded sad we can extract from it a subsc- 
quernce {ak,,]?=, clanvergent ta some  EX. Since 

e(x,,&(El)))4a(xl/'(.tcl))+l~ far .seX, I C ' I E ~ ,  t 2 = 1 , 2 , . , . ,  

by Elebesgue's balrndcd convcrgeerce lheorem we have 



2, Conditioa~l m d h e ~ a $ i ~ l  exp~lation. Throughout this section we shall 
assume &at (X, g) is a finitely compact, D -convex 1netTic space and F is an 
I? - valued scalasXy integrable random set. 

Suppose .F is ~l, finite subfield of ,d with non -negligible atoms (through- 
out this paper we shall always assume that finite subfidds sf d have 
don-negligible atoms). Let us d e h e  the following randorn set: 

EF[X;? (m) = ESP 1 A] for UEA, an atom of 9, 

where 

L E ~ A  2.3, Let {F,]:= I be an irzcrecrsing sequertce of Prax're svkbflefds of .d. 
TFzen : 

rjpl 

(1") l,) E"" [ajo) i s  a bounded subset of X for alv,aosl euery w E G?, 
n= l 

(29 For every x E X  the sequence af rmls Ie4x, Ern[l;) (rrj-))];: coilwrges 
to ss jurite limit jbr a ims f  every c o ~ g Z .  

Pr oaf. (1") ket x be some eleme11.t of X. Ear every l a l ~  $2 and every 
a E EFm f fl (m) we have 

1 
~ ( x ,  L7) =$ j 5(x, F )  dP,  where w E A, ,  an atom of Fn. 

P(A3 A", 

1 m 

- 6 (x ,  F )  dP,  ,qi) 
P(As1 . n=i 

convexgBs almost surely t c~  a finite limit ([l2]? Proposition I1 - 2 - 1 I). Thus for 
h o s t :  every w e  b2 

sup sup g[z, a) GO, irtrhere Fn = Esm[q (LO), 
N REF,> 

a, 

tvhic;h proves that Ihc set U EB%*""FJ l(w) is bounded for almost Every c&r E %2. 
r r -  1 

(F) Let x be some ebment sf X. Dcnote by ({,,),"I,, the sequence of re31 
randarn variables defmed as 

a t  is s ~ s b e n t  tu prove lhal {4,, -F8),"'= , is a r;ubmarfingaE.e satisfying D00ki3s 
~onditioa ([I 231, Theorem W.1-2): 



For every A, an atom of Sn, tve have 

I c,dP = SgIx, E.FI ' ' [FIJd~ = P(A)8(xt  ELPI A]) 6 6 ( ~  n d F .  
A d A 

Hence 

and DOOWS condition is satisfid, 
For every .y = 1% 2, . . ., tn iis evidently ,Pn - measurable. Thus we have to 

check that far every n=: 1, 2, .. . and every atom A of the inequaliity 

S t , a p s  jt8,ldPJ 
A A 

holds, that i s  

(2.1) P(A>~(X,E[PIA])G~~(~,E.~~+~[F])~P ( 1 ~ = . 1 , 2 , . , . ) ,  
A 

Let A , ,  . .., A, be (disjoint) atoms of FII,l such that 

Since every set. ELF ( A;] is non- empty and compact, we can find the dements 
a i f E [ F  1 AJ such that 

~(x,rz i )-~(x,  ECFCA,]) for $ = I  g . . . z  k* 

Let g be an .X -vdued r.v. distributed as fauows: 

P"i4) a(@ =ail =. - 
JY-4 

for i = l, .. ., k. 

IF; is easily checked that E[g] e ELPI A], Wen= for every a . ~  E [ g ]  we have 

Thus, tnkit~g aa arbitialy element aciE[gj, we obtain 

which proves (2.31) and cansfletes the p~oof of the lemma. 

THRORB~I 2.1. Let {Ss):= =, be upa iacreasgfig sequence oj f i t t i te  su&$el& a i d ,  
'Then the seqgerzce {Fpe[n) ,b"T o j  2 - valued 14ad0m xcs C O T ~ U ~ Q S ~ ~ S  L ~ E I ~ ~ D s ~  
ser~aEjt, 



Proof. Let D be s countable dense set in ( X ,  Q). By E e m a  2.1 there 
rR 

exists a ne&@ble event N s u ~ h  that far every EII E i2\N the set U EFn [Er] (a) i s  
a = l  

bounded in X and lizn g(x, EFmLF] (w)) e ~ s t s  and is finite for every x E D, Thus 
fl 

by Lemma 0.1 it follows that the sequence f E ~ ~ & . F " ~  fo))&, is convergnt in  
(2, B) far every w E O\N. 

We sb@dl aow d e h e  cszrditional mathemtjcd expectation of P relative to 
m arbitrary sub - cr-fidd D of d. 

Let S, be a spa= of (eqcluivdence classes ofq 2 - vdued random sets 
equlppd with topology of convergence in probsrbililty with respect to the 
Hausdorff metric 6 in 8. This topology is metrimble by t k  metric: 

&(F, P') = infic: > 0: P ( i ( F ,  F') > E) < 8) 

and the melric spaw (Lo, 8,) is complete. 
Let us remark that, ;as in the real case, almost sure canvezgenw of Fa to 

E innplies &at @,(F,, F)+O as rs--+oo. 
ltet @ be an arbitrary (not necessarily Fmite) sub - a -field of d and let 

B(3) be the eollxtion of a11 f inite subfiel& of $28 dcrwlrward dirwted by 
inclusion. Theorem 2.1 slates that, for any increasing seqwnce {Fn),""= =, of 
elements in the directed set P(@), the sequence (Epn[a)?==, mnverges in 
a ctomplek meQic space I&, d$ This implcies ([12], kemma 'br - 1 - 1) that the 
net (Es i s  convergent ira (L,, 6,). 

rmow 21. Any random set from the equivdence dass bm E"[FJ 
SEFFBI 

is  ~ialld a (t~ersion of thg) candiffonsl mathematical expectation 01 F r~lslriue 
do @.. 

We shall prove raow the fouovving mebri~ andogow of sa theorem of 
k-r. L6.t~.  . 

*QMM 2.2, k t  (.%,,IF= =, be an ilusreasipirt.8 saqerelfce ~f countably ge~terated 
sub - IB. -f~lds c$ d. Then the se4uarler;. ( ~ @ ~ [ f " r l ) : -  -, of df' - u~Iz1ed randarn sets 
converges almost .mreiy and 

Bdofe proving Theorem 2.2 Iet us state taro lcenrn&%. 

LEMMA 2.2. ERZ $a a seqaenca of nan -neg/dgibZcr events iin d I ~ E C : ~  

t h t  P(A,&A,)-+O a . ~  n+ oo (A stands .for syn~metric difcrence of sets). I$ 
a sequence c a , ~ & r P [ A , ]  (w I;: 1, 2, . . .) b convergent, bhen lima,EECFI A,] .  

I& 



M~themntical expectatbn and mfartirylafe~ 

1 
Q(X? ~a,)  G ------ [ d ( ~ ,  F) ddP1, '"Jk E X. 

P(A,) A,, 

Hence, for every x E X, 

which mms that lim a. E ELF A,]. 
n 

2.3, Let (Fn},",r be  re^ increasing seqedeme o f j ~ i t e  tewbflelds of d. 
The% 

ul 

Lim E% [F] c Esm as., where Pm == sp( U Sn>. 
n n= 1 

Pro of. Since EFa [FJ is a limit in (E,, 4,) of a net (EFfa)F,~lSs,J ,  ere 
exists zzn increasing sequenm {F;),",, of finite subfieids sf such that 

(2.2) !E d 6 a ( ~ p ; 1  [-1;1, EF' [a) = 8 and Fn cl Fi far n - I, 2, , . . 
B 

By Theorem 2,1, both sequenss {EFn [F])Z,  a d  (~"'r~;l),", , converge 
drnost surely. By E.goroFs ~ e o r e m  (which is just as valid for r.v;'s with values 

# 

in a metric space ses for real LY.'s) and by the demity of U Sn ia  Fm we infer 
n= l 

that for every E 2 0 there i s  a. positive Snteger a@) and a set Be E Fn,] such that 

P(BJ > 1 - e and bath sequoncm { E ~ B  [a),", 1 and (.EFk [a)?- converge 
uniformly on 63,. Thus there e ~ t s  a subsequen~ fpn;l,)?=, af positive integers 
with p, 2 a@) and such that 

Let us fix arbitrary mO E B,. We stydl pzsve ha t  

( 2 4  Lim E F m [ a  (aa) c Lirn E ~ ' [ F I  [aO). 
h fl 

If x E Eim E " ~ [ F ]  Cw,), then there exis& a subsequence {p,,f ,,al, af (pn)zw and 
n 

a ~equcnce ( x , ) S ,  d elements x . ~  E ~ * ~ [ F ]  (a,) (n = 1,2 . . J such &at 

x - lim x,. 
n 

Far evmy n = 1,2 ,  . . . and awry w E ,13, let us denote by A,(&) and Aig(w) 
the a l o m ~  d dPPm and qrey ~e~pCI. iveIy~ such that w EA,CO) aad m eAnaw). 



Since: Fm is gencmted by the Pis, for every n = I, 2, . . . there i s  a sequonm 
of sets ( B  ,,,,, ):,, such that B g P , ~ , F  for m =r 1, 2, , .. and 

'%cat 

Since, by (2.213 Ah(ur,) c A,(a,), we can and shakf assulne that kt,,, r A ,*,, (m,) 
for st, m = I f  2> . -. From (2.3) we have 

Sitlce A j ( o l  = Aj(o,) for every o E A j ( u , )  ( j  = I, 2, . . .), from (2.5) we obtab 

Silizlc~ Fk ( k  - I, 2, . . .) are finite subfieids of d, there art: finite sets of indices 
d = J'(a m) (n, m - 1, 2, , . ,) such that 

B,, = ~ A n + I u ( m i )  and A,,,(w,)nA ,,,, (w,) = B fur i P E ,  r', IEI, 
i d  

By (2.6) there exist elements CT:~~,E E [ F  1 A,+,(wi)]  such that g(x, ,  d tbn- 
Since the metric epam ( X ,  q)  is D-convex* there exist elements  EX 
(12, m = 1, 2, . . .) such that 

It i s  easily checked that 

Shcc (X,  Q) is fiilitdj! c ~ m p a ~ t ,  for O K C ~ ~  "Y = 1, 2, ... the bounded 
seyueaw (b,,,)g= contabs a convergent subsequence fbn,k,]E- . Put 

Shce for w = 1, 2, . . . we have P ( B , , ~ ~ ~  $A~(O{~)) -+ 0 iati rn --. ml we i n k  !from 
(2.3 and Lemma 2.1 that 

wKch proves (2.4) and campletes the proof of Lemma. 2.3. 

Pro of of T beo re rn 2.2. Since =%each @, is  cauulabl;y generated, far each 
n = 1, 2, . .. there cxists an irzcreasing sequence; {gfl,,)2ai of finite suh5eldr; 
sf @, tvhi~h generates g,. Since each is n Iirnit in Lo of a net 
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{ E ~ L F ] ) ~ ~ ~ ~ ,  and &Yn c we can and shall assume that 

Let us fix an arbitrary E 0. By EgorsFs theomm there a n  sets B , , E ~ =  
such that. Pi(B8,) r I - ~ / 2 ~  [n -- 1, 2, . . .) and 

Thus there exists a swbsequenm (mn) of positive integers such that 

@-9l sup ~ o ( ~ f l n - ~ n ~ [ ~  (w), Ean[q (a)) -+ O a9 12 -P m 
to& 

where 

Def ning ,Fn = we obtdn aa increasing sqtience (F,)Fe, of finite 
subfields of @, which ge~zratetes $3,. By Lemma 2.3 we have 

Let Ba E @,, Be ;!c ,g3 be a set with PCB,) s 1 -h and sn& that E ~ ~ [ F ]  
canverges unifamly on. BE. It Eollaws from i(Z,9) that BBf1[1;7 converges 
mnifairmly on B, and 

which ctlmplEetes the proof since P(BJ > 1-28 and s > O was chosen arbi- 
trarily, 

3. Nlartiolgilm, 1C"hpoula;haut this section ( X ,  g) is a fhit~ly cormpact, 
B-canvex metric spaw and all random sets taka values in k. 

If F is a ratxdom sat and B a sub - cr - field of thea we denate by S ( F ;  ..&?I 
the collection of all s$-masuable selectitms of F, 

DEFINITI~N 3.1 = Let be an h~creasing sequence of sub - rr - Fields of 
d and (F,),", a a sg-qucnce of sealarty integrable, @,-measurable random sets. 
We say that {I",, g,),", is a mwtingnk 8 

LEMMA 3.1, Let F be a scalarljt integrai4rl~ raadnm set, # a sub - er -$@id of 
.d a&$: fFm)$=l an ivre~easing sqerenee qf jnite suefield&$ n j  @ such that 

E H [ F j  = Lim BF-[f"l a.3. 
Ell  



Then for enev XEX there exisrs a negligible arusnt N such that f i r  eoery 
w E DIN and a E EB[Fj (a) we haw 

03 

g(x, a) d ESm [6(x, F)]  (a), where Fro = B( FeJ. 
l a = l  

Pro sf. Let W Ix a negligible event such that 

Let a E E ' @ [ F ~  (a) for some w E 52\N', Thus there exists a sequence {a,):= 1 of 
elements of X converging to a and s~xch that n n , ~ E S r n [ F ] ( w )  (m = 1, 2, .. ,]1 

which means that far every X E X  the following inequality hoidids: 

1 
&?b3 a,) G ------ &(x, F), where w E A,,, an atom of Fm. , 

PtdwJ Am 

me real mastingde 

converges to Es*[G(x, F ) ]  outside some negllgble event N" "123, Propa- 
sition E1[.2,11). n u s  far every x E X there is a negligible event N = N' u Wsuch 
rhae 

T ~ R E M  3.1. Let F be s. scraiarly incey~able ratadom set. stnd afi 
i~uacremiw sequence .of sub - rr -jieids qf d, Then (Ea* [F], B,,) 7- is a ~~mtingale. 

Pro o E Let H. 3 1 be fixed and f E S(E3r~" " 3 ;  .gn + !). liet ( ~ , j ~ ~ ,  and 
~ l + r  m 

{Fm j,,= be two increasing sequeraces of finite subfields of a, and an, 1, 

resgectivdy, such that .q;c for ~2 = 1 ,  2, . . . and satisfying 

for some negligible event M. 
Let kai 6 EBa[ f ](a) far same w E Q\N. Theere is then a sequence (a,):=, of 

elements of X convergng ta n such that a ,~_~-~ : :~[ f1  (m) far IE = 1, 2, ..., 
wrtai~h mems that far every x e X  the following inequality holds: 

1 
p (x, cad G ----- f g(x, f) dP,  where we A,, an atom af % 

PCA,*J A,*% , 



S i ~ ~ t z  f ( o )  E EBm+ (4 for every w E ln, by Lemma 3.1 we have 

where 

,But F ~ c  c" SQF m = l ,2 ,  . . ., and thus we have 

1 
@(.a;, a,) d -------- J 6 (x, F )  dJ), "b"x E X, m 3 1 , 

PIAm), 

whkh mans  that G~ E ~ " ~ [ f l  (m) for m 121: 1,2, . . ., and thus 

The theorem is proved. 

Traksomw 3.2, Let {F, ,  $fa}:= =, be a martiv~gale and suppose that: 
RO 

[a) The set EkiJ PFrn(m)) is a bou~ded subset 5f X fov almost every m ~ d t .  
n = l  

(b) supIefrc, F J d P  < m, V x e X ,  
Id. 

(c) The cr-flelds @, rare eou~t tab i~  generatd jor a =; 1,2, . , . 
 the^ the segueace (F,),",, of rrauadotllz sets copzverges alrnost surely. 

Pr a of. We sbdl show first that {~ (x ,  F J ,  ,Bn)FPP, is a (red) submartingale 
for every x E X. 

Let n 2 2. Sbe fixed atzd let f E $(a",, , ; satisfy 

Since {Fm, iis a marthgde, for every XEX have 

e(xl Fm) < a@, EBAIfl)  8.5. 

Thus far every AE@,  we laaye 

S ~ L T  the o - field @, is ~ountabiy gener;ate&, from S*emma 3.6 wa obtain 



But 

j ~ ' ~ f g ( x ~  f)JdP = j e (x l  f ) d Q  - je(x3 F'rt+2)dP, 
A A A 

which proves that (pQx, F,), &l,,];;, iis a sub~nartingale. 
By (b), the submartingale { ~ f x ,  F,,), 9,)FFl eouverges alrnasr strrely ([12], 

Theorem XV.1,2) for every x E X. k t  D be a countable dense subset of X, n e r e  
5 

exists a nedidble event R' such that ibr every ~ E O \ N  the set U F',,(w) is 
# I - P  

a bounded subset af X and the sequence of reals [ ~ (x ,  ~~Ei,im))],~~, converges, for 
every X E D .  Hence, by Prcrpasitian 0.1, the sequence (Ft,F,lcu))F=, converges in 
(2, $1 far every w E Q\N. 
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