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Absrracl. Wc cansider a random Freld {(t) ,  t = I tL,  t Z ) ~ R Z z  
having mean value: zero and the correPatlon lunctiw B(t ,  t) 
= B f t f ,  t2 ,  T ~ ,  7J = E { ( f i  +zil t3 +xZ)g(tf. t2), which is periodic In 

the sense that B( t ,  + T,, t, -i- T,, 5) = B(t, 4- T,, t,, T) = B(t l ,  t2 ,  Z) 

(hen: f h ~  periods T, and Tz are positive). It 1s shown that under broad 
conditiom the spectral demmposition sl the correlation function 
B(t,  T) is represented by the countable sct of spcctral densit~ts 
j;,s,[il,  A,X where (j,, j Z ) l~ZZ  and (A,, i 9 , ) ~ R 2 .  f i r  the case where the 
randam field under consideration is. Gaussian, nonparamtric es- 
t k a m  d the s p t r d  densi t ic~_f, ,~Q~ A,) are in t rodvd and tttudied. 

A random process {(t.), ~ E R ,  is called periodically corseiated (or cyelo- 
stationary) with period T > O if its mean vdue m(c) - E&t) afld r;orrel;ztion 
function 

Nt., 01 = E(EtIt+~)-~(t-i-~)3It(t)-mlr31) 
are periodic functions rif .t with period T 4- 0, The periodically wrselated 
madom processes (and also slightly more general periodically nonstationnry 
processes) are studied, e.g.* in C I 4 ,  71, C53, Section 59, ab11d [6J, Section 26,5, 
heraliaation of the cnrlcept 0% a periodially correlated random prcleess to 
random francticam of two variables Iaads Lu the mncept of a pefiodicaily 
cosr~lated random fidd. A mndam field t(t), t - It,, b,) E R" ,is called periodi- 
cally correlated with periods T, and T, if its mean value m(t) =-- El$) and 
correlatioa function 



and 
B [ t , + T , , t , + T 2 , z ) ~ B { l t , + T , , t ~ 3 ~ ) ~ B ( ~ ~ 2 E z 3 ~ ~ -  

It wili be show21 that the spectral decompusi.tion of the correlatiorr 
ft~nction of a, periodicdilly correlated randaln fieEd caa 'be described, as ill the 
case of a periodically correlated random process, by the countable set oZ 
spectral densities, In this paper the most attention is given ta the study orf 
nenpar~metrie estimates of the spectral ctensitics for Calrssiar~ petlodically 
correlated raadam fields. 

Let r(t) = { ( t i ,  I,) be a Gaussian real-valued periodically correlated 
random field, which has mean value zero and correlation function. 

that is periodic in t ,  and t ,  with periods and "f,, respectively, In what 
follows we assume that for any r - ( r , ,  s,) the funcdo~z B(r, T )  cam be 
1-epresented by its Fourier seflcs 

where w, = I?~c/ ' l" , ,  k = 1,2, and 

Assuming that the functions IB,,,,(T,, ~,) l  decrease rapidly enough as 
rf 4- c: 4 m, we obtain 

(4) f,,,,(l,, A,) = (27~)-~ j j exp [ - -  i(4r1 + BjLjaCzi* ~ ~ ~ ~ ~ I ~ ~ z  

Were bad in the sequel) the integral wittlsut integration limits denu tes the 
integration from - m 2 0  4- m. 

The spectial densities .&,+(A). I = (..Il, A,), defined by (41, are generally 
compbx and satisfy the ct>nd~tions 



However, it follows from (5) that the density f,,(R] is always real. kt: us 
show that foO(A) is also a nonnegative f~tnctisn, and therefore it has all the 
properties of the spectral density function nf a Iromogeneaus ra~~dosn field in 
the plane, By (41, for proving the nennegatiuity sff',,(L).S, it is sficieexl to show 
that the fi~nction B O C I ( ~ )  i s  nonnegative deie~ite, i s .  rha.t the fo'crllowblg two 
relations are valid: 

li) &oC-r, , - r 2 3  = B,,(.c, 9 ' ~ 2 1 ;  

(ii) for any E E N ,  T~ = ( T ~ ~ ~ ,  z ~ ~ ) E R ~  and c ~ E R ,  j = 1, ..., a, 

The rdation (3 fallows easily from the definitions of B(t. T) and BOfl(~) ,  
Moreover, using def nitions (I) anid (2) and the periodicity property of B(t, a), 
we obtain 

BSeace the relation {ii) is alvo valid. 
Pn She study of sraaislicei estilnatioa of rhc spectral dcasities fi,+(J) it 

seems to be naturd to assume that the random field t(r] i s  hamoaizabl~ En the 
sense of [2J1 Section 4, and. consequently, 

However, 11 will be ttmre cwnvenient, instead of (6)  ta take the f~ lJ0~1 t l8  
assump~on : 



Conditions (7) we clearly not too restrictiw, Tt follows. from tbe Fourier 
series thosy that; they are fulfded if: 

(i) for any ~ E R ' ,  ~ [ ~ B E C ~  ~ ~ ) [ d r ~ d ~ ~  < 47~'K~~; 
(ii) for;. any A E R ~  a d  A s c R  the functions 

a Tz 

gl(s; A,, 2,) = ( ~ K ' T , ) - ' ~ [ J J ~ - ' ' " " * ~ ~ ~  F d ~ d a z  J B b ,  t ,  T ~ ,  ~ 2 ) d t l  
0 

satisfy the condition 

where a , ~ ( & r ,  I] and C, <: a; 
(iii) far any il E R ~  and (A t  , , As,) E Rz the finite diEzences 

of the firrncti~n 

satisfy the condition 

where w ,  ~ ( 0 ~  11 and C, .= UJ, 

Henceforth we denutc the random field under consideration and its 
obsaved re;alizatioxz by the rdme symbol ( ( t ) ,  As an estimate sf f,,,,(L),), where 
( k , ,  k 2 ) ~ Z 2  and A ER', we mnsidcr the random variable 





and 
--- 

Clg) 1L"~vfL)dA = Q, I = I ,  r -  I ,  Jirw(l',)dP, ,i,s 0, 

respetstively, Note tealso that the con~uui ty  of the FV-th order weighting functio~r 
W(x) and the assumption (13) imply tbnt 

A rratbcr simple sequence of the I.-th order weighting functions 
r = 2 ,  4, . . . , can be described by the fornula 

It is clear that the estimate (8) af the spectral density &,,,(A) depetlds ody 
on the values af the re&zation r(t)  in the rectangle 

which is expanding snitcly (along both csardinate axes) as N lY2 -+ a. 

T ~ O R B M .  Let the spectral densities A;:, j,(12), til, j2) E Z", satisfy conditions: 1(7) 
and assume that the real and insragimrj) pasts of the speetrnl density fkpY;z(A)3 
which is to be estimated, have the Itr~urzded ppmsiat deriucstieres ofalE &he orders we 
me interested irz. Thel-2 the r-tJz order esiin~ate (8) of the spectml derzsitjl &,k,(A) 
satisfies the arsy~nptoticnE relation 

iff i r= h ( N , ,  N , ]  is claossn to be propwtioaal En ( N ,  M,)-1"""'2bs W I N f-+@J- 

Proof, F t  i s  easy to see ?eat equations (15), (gjt), (IQ), (1) and (4) imply that 
EIk1"r:;'"'(JZ) - f;.,,,c2(l). Therefore it folLows from (1 41, ( 5 )  and (16) that 



Hence, expanding .fiik2(pt, p2) into the Taylor series in the neighbourhood 
of the point (A , ,  A,) and taking into account asr;umptisns (181, we obtain 

where M ,  i s  the upper b u n d  of the absolute values of a11 the r-tb order partial 
delkvativea of the real and imaginary parts of the spetrat density J",,k,(i,, A,), 

It i s  now easy to show that 

For 2 E R let y{Aj = mh [I ,  [iZI-'] ~ n d  $(A) -. m a e l , ,  ILf'*'l, By Cauchy's 
inquality we find that for my I = 0, 1, . . . , r 

Moreover (231, (17) and (19) imply (22) and (21). 
Let us now consider the variance of the estin~ate (8)- CfearPg, 



By definition (10) and the Gaussianity assumption, we also obtain 

E C B ~ ~ ~ J + ~ ) ( ~ ~  tZ ,  T I ,  T ~ ) R ~ ~ ~ ~ ~ ~ ) ( ~ ~ ,  E ~ ,  r3$ 

-EB('~'~"(I.~, t t r  T L I  T ~ ) E @ ~ ' ' ~ ~ ' ( ~ ~ ~  t4, r 3 ,  24.1 

x[B( f js  t4> $1 - t3+(11-131T1: .  t 2 - f 4 + f l 2 - I j , ) T 2 )  

xB(fl+T1, t 2 + T 2 5  f 3 - t l + ( ~ 3 - ~ l ) ~ L + ~ 3 - ~ l ,  f4- ta+(d4- i2)~2+~4-~2)  

+B(tgr  fa, t l-r3+(JI-i3)q+~1, tz-t4+[i2-1JT2+~,) 

xB(tl ,  12, ~~--t~-t-(E3---f,)T, +T,, t,-t2+(t4-/2jTz+~4)]. 

Using now (3) and pesformi~lg some rather simple transforms, we find that 

~ o r n ~ a r i n i  now ((24) with (25) we can write the variance of the estimnte [#) 
in the fom 

var[LfkCf"k";N")(lII JPIIMI Nz) + k/z(M,, N2), 

whert &F;jN,, N,), I == E, 2, i s  the summand produced by the t-th s d 
tern in the litst brackets entering the ri&t-h~nd side d (25). In paftieular, 

x W(ht,) W(hz3exp [- i(k,&,.t, + Fczm,~2)/23dzl da, 



Integrating with respect to t ,  ( E  = 1, 2,3, 41, we obtain 

(261 Y~"~,J,C[&I 2 ,1121 ~ $ ~ ~ P F - ~ ( P L Z I  4- ~ x ~ t ) l  W ( h ~ 1 )  

x Mq(h.c,)cxp C ~ J ,  z, ( j ,  - k,/;?] i im T ,  ( jL .- I~,/2'jj 

x C O S [ ( ~ ,  r u , / 2 - - i , ) ~ ~  -I-IE~~CO~JZ= d 2 ) ~ 2 j d ~ i d ~ z y  

(21r) g b C ~ 1 1 5  pa) " J ~ ~ P C ~ C P I  r3 -f. Fir "11 ~ C ' C ~ ~ T J )  

x expPi(klcutr3 - t k 2 ~ r ; l , ~ q ~ 2 ] ~ ~ a i [ ( k l  w ~ / ~ - J ~ ) T ~  - C [ ~ C ~ O . ~ ~ / ; ?  - A z ) ~ 4 ] d ~ 3 d ~ .  

Now, using the assuraptian (7) and CSaucE-ry's inequality, we find that 



1 dnZ[n ,~(u , rk ,+ ja+~)+~- f lC+z) /2 ]  11'2 A S -  2 [ ~ w ( ~ , ~ ~ ~ + j , + , ~ + ~ ~ a - ~ , + , ~ i ~ ~ 2  dPs+ 2 

x j j " ; ~ ~ ~ ~ , & , 7  ~ a l l ~ d ~ l d i u z  J5 l$(v,z vz)lzdv,dv,]"'* 

Taking into aw:.ount defaaitions (26) and 123) of and $ ( f t r =  PA 
we gel 

K2 
(28) l ~ l ~ ~ l ~ ~ 2 ~ ~ G G n  r T  

1 2 1 2  
I j Itlr(v17 vz3l"v, dy, 

It can be s i ~ l a ~ l y  shown that JFr,(N,, N,)1 dso  does not exceed the 
right-hand side: sf (28)- Therefore 



Spectra l  density estirnutes 

NOW the theorem follows from the foxmuEa 

El$",c,N,:,@2"(;1 -fIafc2i(4l" Var 61;1'3;N2)(k]3 + /b [ f ~ ~ ; N a ~ ( a a ) J \ 2  
as wefl as from relations (20), (211, (301, (11) and the assumption &at 
h = h(N19 N,) h.(IV1NEV,)-fn"'"2) as N I 2  N +a. 
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