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Abswnct. We prove upper estimates for the tail prebabibties: of 
quadratic and bilinear forms in independent subgaussian randarn 
vslriabb. These inequalities are used to get upper esthatcs in thc law 
diteratd logarith. It is shown &at iterated Iomsithm khaviaur i a  
the elms of wndorn quadratje and bsinear bms is heterogeneous. 
Exmp1es show that the results are sharp. 

6), h&aIdPmcGom, We start with some notation and definitions, kt A = (aij), 
i, j = 6 , 2 , .  . ., be an army of reds, A, =- (aij), i , j  = 1, ..., a, md (Xn), (V,) 
be indegelzdenil sequences .of independent wndorn variables ( ~ r - v ~ ' ~ ) ~  Put 
X, -. (XI, . . . , x,)", 5 ',-- ( J T , ,  .. . , u , ) ~  and deff-ne the quadratic farms (q.f.'s) 
Q, = %,T A, X, and the bilinear foms (b.f.'s) T, = X,T A, PT, . ]in the case d q3.3 Q,, 
we may without loss of gncrality assume that A is smmetllic. Ear a matrix 
El - i(biJ), a", j = 1, . , . , n, 191 11 and p(B) denote the Frcrbenius and spclrl.11 lsoms 
of B, mspctively, i.e. 

pZ()S) is. the Bargest eigenvalua of B ~ B ,  Moreovea; trB and rkB stand fnr 
tram af B and raenk of B, r~pectjvely, and diag(a,, . . . , ad derxla ties the diagond 
anatsix with diagonal elements a, , . , , , lcl,. Fur some further theory of matrices 
we refer tia Id]. 

An r.u. X is called szkbgaa?st.af% if there exists a ~ o n s h n l  a 3 Q such that 
EeUX 4 @xp(a2u2/2) far dl ma1 cd. Tlre minimum of such numbers G is denoted 
by a(X) Specliall wses of subg&ussl&n rr.v,?s include Gaussian I.-.v,\ with EX =. 6 
stad centered s.v,'s which are bounded almost surely (as,) by a constant. T~EEX 
arc twa important dassas; of r.v.%. A subgatrssian r.v, X alwaytys satisfies the 
relations EX = 0, axad EX" a2(IY). If even EX" a2(X) then X is called 



strictly stdbg~~ssian. Further Information about subgaussian r,v,'ti i s  e,g. 
contained in [3Q. 

Exponential estimates fez q-f's sin Gaussian r.v.'s are proved in [I, 2, 6-8, 
11-13Q. 

One of the main ao~ls of these W O X ~ S  is the representation 

where tApl)t ,  are the cigenvalues of Q, is the cova~ance matrix of X, 
md (ZPS,, are independent identically dist~buted (i.i.6.) Gaussian r.v,'s 
with E Z ~ )  = 0, E(ZY)j2 = 1 (in short, N ( 0 ,  I) r,v,%s), Such a represenu~on is 
not valid for q.f.'s En non - Gaussiaa r.gv.\, but for q.Ek sin subgaussian r.v.'g lone 
can estimate the mment generatilzg function of Q, by that of an apprapsate 
q.f. in auss ian  r,v.'s, This %n&les one ta derive exponential estimates for 
P@,, > X) and PCT, x). These inequalities will be applied then to obtain 
results of bounded iterated logarithm type, i.e. 

for suitable ~anstmts b,, c ~ : , ,  

1, Expanengal estfmases far tail proba&ligrl@, Throughout (X,,) is s se- 
qlrerpce of iaclewndent subgaussian r.vUys. Put a, = a(XJ, q, = ddiag(at,, . . . , .rr,Q, 
EF, 211%A,Kl12, P, - tt(&'',A,Vn), Q$ Qm-trSF/nAnT/I,)- 

P R O ~ O S I T I ~  1.1. Assume that (A,) is a czseqHeuzcs of positive semidefi~it~ 
symmetric motrdces. Givmz 6 E (0, 11, the foFlowi~ag inequalities are true for ail n: 

.for ~0712~1 con~talitt CIS) T 0 and: uli y > 0. 

Pr oaf. We start with an auxiliary result. 

1 "  
Eexp(lz&,) G exp -- InC.1 --2F3di) 

2 



Proof of Lemma 1.2. Assum that rkA,, = k 3 0. There c ~ s t s  an 
orthogonal matrix U such that A, = UTI;U3 L L-- diag(A,, , . . , kk, 0, , . . , 01, 
where lX,, . .., 1, are positive eige:envdu@s. of A,. Then 

X:dnxR =f v' LQ 

with 

Y- ( (VX, , ) l  ,..., (UXn)k)Tp L,=diarg(l,,.,.,Ak). 

For a pasitive definite matrix B of dimensim k x  k the relatian 

i s  satisfied, where q(y) is the densityaof a k-dimensional Gaussian vector wEtb 
expectation zero and vslriaacie matrrit $. Henee 

Using the: subgawssivi'ty of X, with ol, = f we get 

for O G 2h max hi .r 1 .  The matxix 
YSk 

il; positive: defillire. It follows that 

which wove8 the lemma. 



Now we stlaft the proof of the praposi~on. In virtue of the trmsformation 
Xi- X,/si we may assume that ixi = 1 for ail i. 

By L.ewma 1.2, 

I " 
P(Q.* > y )  G e - " ~ e ~ d  4 enp -hC~+ t rA ,~ ) - -  Ln(3.-2hAi) 

2 ,, 1 

where 
n II 

B!, = 2 2 R f ,  trA, = lie 
i=  1 i= l 

Put h = y/B, or h .= (I - 6)/2p, according as y G (( l -  S)/2p,) B, or 
y 2 ((1 - 6)/2pn)BN. Then (A) is immediate. In (B) take h - (1  - a)/-. Then 

'This proves the propositio~~. 

The PoUowirrg is immedirrte from (4. 
CCIRDI,Z,ARY -1.3. Let (A,) be as In Bapasitial~ 1.1. If (y,) is a scqirenee of 

positiue reds with (y,y,/B,)+O, then, gitren t5f=[Q, I), 

for sufl~iiently large n, 

Putting t5 - % in (A) we get 

&?C)RQLT.~~RY 1.4. Let (AJ be as in Propoasadioli% 1. I ,  Then 

Re rn ar  k s. 1. Lower estimates For B(Q$ x) with Gaussian X, show that 
the inequalities of Proposition 1.1, Corollaies 1.3 and 1.4 are sharp [2, 7 ,  f2]. 
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2. I t  should be ilated that the inequalities of (A) in Rogosilion 1.1 are very 
much like the upper esrimsltes for tail probabilities of sums of independent r.v.3 
in Molmogorov" LLIL CZ03. 

3. It is an irnmdiate consequeact: of (B) a d  of one -sided versions of 
rnainaal hequalities with quwi-supcradctitiue structure (e,g. 18, 91) that 

for e a h  Elxed b ~ ( 0 ,  I), some C(S), aEI y > O and n 3 1, 
4. By the martingale maximal inequality we get 

for sufficiently small h > 0. Thus, modifying the proof ef ProposiLion 1.1, we 
P t - 1 

~(mtix(Q, - EQ,) > Y )  G exp 
l6l7 

for 0 f y G ((1 - S)/2p,)Bw, and 

P(maex(Q,-EQJ '> y)  G exg 
i$tX 

far y 3 ((1 - d;)/2jlt,)B,, where 
iI 

= C aii(a? - B ? ) ~  t~: --- EX: for all a, 
i -  1 

Note that t, = 0. far strictly ssubgaussian X,r. 
5. We could not prove sharp mtimates for PE-Qr > y )  if Apl is positive 

senlidefinite and for gerxezaX symmetric matlrieejs A,. But following the ideas asof 
Wlright f14] and Hansun and Wright €51 one can derive the estimate 

for some C > Q, all y 3 0 a d  symmetric A, where I b A ,  5/,1 - (% lav[ aj)i,l; ,, . 
The estimates of Hansoa and Wright are appIisab1e to hdependent r=v.'s 

Xi  satisfying 
IX1 

P(lx,r > y) g M J eLr"dr 
I 

for. dl i, y $ O and gome y, M > 0. For subgaussian X i  with ai 1 this estitnate 
is true with 0 < y .c: 1/2 and some M 0, 

Note that p(I vl A,, F",/) g 11 C,A,  V, I[ suck that 



far sfi~siently large n mil positive y,  satisfying the conditicrn 

As. another consequence of Proposl~on 1.1 we obuin explooential es- 
timates for b.f.% KT,. Bn this ease the symmetry assumption about A womkd be 
restrictive, Assume that (Y;,) is a sequence of independent subgaussian r,v.'s. Put 

cn = diag(a(Yl1, - ' .  , QI(Y,)), = ll t",AflC,t1121 on = E L I K ~ A ~ ' ~ ) ~  
PROPO~RIQN 1.5. Gluen 6 E (0, I), thefolbwltag iunepalieim are true for an n: 

(A) P(max 'I; > y) g exp 
f s It  

P(max. > y) si exp 
i r l s  

[C) (A) and [B) remain m e  i f  P(max llr;: > yJ- is replaced by 
idfr 

Proof Without loss of generdity assume that efli = 1 and a(q] - 1 for 
all i, By the martingale: maximal inequality far suficientfy small h 0, 

IC9y the subgftussivity of Xzk;,, and by b m a  1-2, fur 19 d hZ < lJp(ArA,J 
we obtain I Pi 
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where ,I,, . ,. , A, are the ~igenvztlues of ATA,. Note that 11: =. ~(ATA, ] .  
Proceeding as 3n the proof of Proposition 1.1 we get 

where 3, = jl A, 11% = tr Af A,, , 
Now put la = yj5, or Fz = (I-8J/on according as y G ((1 -6]/u,)Sq, or 

y 3 ('I - 6)/va)Sn. Then (A) is immediate For (B) put h = (1 - a)/&. In order 
to obtain fC) note that 

and that (A) remahs true for P(max(-Ti) > yj instead of 
i 6 1 t  

C Q R O L L ~ Y  1.6, lrJfQ,) i s  a seq.quer?ce ofpositioe reads with (y,o,/S,)-,O, the~t, 
giuen i i ~ ( e ) ,  13, 

fix setflc~ia~~tly large pa. 

9I:a~oa~r ,ART 1.7. For all y > 10 

Is(max y)  f 2 exp 
i b n  

2 Game appIimtiee~ to the El$. Maxjmd inequalities of expo~re~~tial type 
permit to derive results of baunded E L -  type. The proofs of such results are 
standard, and therefbut: omitted {t;w: EfO], Chapter 10, for some foundations), 

We c;ansidr=-l- sequences [X,) and (x*) of swbgmssiabz r,tb.'~ and use the 
notation of %cGon 1. Put 

;r,(n) = (2B,J)'~'llogil'*B,, 

with log,.x = logIogxp llegx -- max(l, lnx) for x O md ae{1 ,  2). 

PROP~~ITION 2.1. Assme that (A,) is a .yeq.ueme of' psitt'u8 ~c:mdefinite 
symmetric m a t r i c ~ ~  atzd that B ,  -.* es. Then 



Remarks. 1. Condition ( 2 2 )  is satisfied Em sfTictly subgaussiaa r.v.ks. In 
this case, t ,  = 0 for dl n. It should be noted that (2.1) i s  wry similar to 
Kalmogorov% LLI - condition [lQ], 

2. Proposition 2.1 is a consequence of Remczrks 3 and 4 in Section 1. In 
fact, by Remark 3, 

far each Sr(0, I), d 0, and by krnwk 4, (21) and (2.2), 

for each S ~ ( 0 ,  I), d 3 0 sad suficiently l a re  n, 
3. Xxl virtue of Remwk 5,  in the s m  way one gets 

---Iss, - w,r liar ca as, 
x l ( 4  

and if, iin addition, pCo(\&A, KI/,B) - o ( ( ~ , ~ o g , ~ ~ ] ' ~ ~ ) ,  then 

4. The estimates of Propasilkian 2.1 are sharp. This is shown by the 
exarwIes 

rt 

lim ): ( ~ f  - 1)/(2%nlog,n)~Z = l as. 
%=I 

A - 
lim ( XZ)'/(2ralag,n) = 1 as. 

I -  1 

for i.i,d. N(0 ,  1) r-v,". 

Next we consider b.f,% s8, Put 

From Propositlon 1.5, (B) and (0, and Catollary 1-6 we get the f o u o ~ n g  
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PROPP~SI~QN 2.2, A s s w e  that 3,- a. Then 

GPJ- S,(n) G as. 

Remarks. 5. The sharpness of the inequalities in Proposition 2.2 is shown 
by such examples 

- 
lirn ( XJ( ~~/oi(niog,n) = I as. 

i 31  I = l  

and 

for i.i.d. N(O, 1) r.v.'s X, and ;F",. 
6. As an immediate corrsequena of Proposition 2.2 it. fallows that 

if [Xil G l a.s. md 1x1 G 1 a.s. fir  all i, then :nai .S 1, a(XJ 6 1 and 
3, = 11 C,IF G Ij*P,lj ". Hence 

- 
lim IT./ g I as. 

II  &ll 114 11 
and if, in addition, (2.3) is satisfied, then 

In particular, these relatiom are teue for i.i.d. Rademacher r.u,'s X, and & 
(i.c. B(X,  = & 1) - 1/2), since a1 = 1 in this case. 
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