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ASYMPTOTIC NONPARAMETRIC SPLINE DENSITY ESTIMATION*

BY

Z. CIESIELSKI (SoroT)

Abstract. In [5] we have announced a linear spline method for
nonparametric density and distribution estimation on the real line. In
this paper, asymptotic properties of a large family of such estimators
are discussed. It is interesting that the results do not require the
existence of derivatives of the density in question. For the asymptotic
results on distribufion functions, knowledge of the behavior of the
second modulus of smoothness in the L®-norm is sufficient, and in the
case of density estimation — knowledge of the behavior of the second
modulus of smoothness in the I'-norm and of the tail function is
needed. The method of estimation is a kernel method which is not of
convolution type. In the case of densities and of the I*-norm it is as
good as the optimal kernel methods (of convolution type) ir an
essentially larger class of density functions. Moreover, at the same time
we get for free the estimator for the distribution function correspond-
ing to the density in question. At the end we have derived, for a given
sample, an explicit function of the window parameter. It is called
a window function and it makes possible in each case to determine the
size of the optimal window parameter. In obtaining the results the
techniques of approximation theory, in particular by splines, are used
following the same guidelines as presented in [7], [6] and [8].

1. Introduction. Density estimation is very much related to approximation
of L*-functions on the real line by positive linear operators. The nonparametric
kernel estimators for densities correspond to approximation by operator given
by kernels (cf. [15], [9], [11]). For densities with support in [0, 1] the
asymptotic properties of the kernel estimators constructed by means of the
Bernstein-like polynomial operators are discussed in [7], [6]. An asymptotic
nonparametric . kernel density estimator for densities supported on the
d-dimensional cube [0, 1]? is discussed in [8], where the kernel is the Dirichlet
kernel corresponding to the multidimensional Haar orthogonal system. Since
in the polynomial case we deal with degenerate B-splines, ie., the basic
Bernstein polynomials, and in the Haar case with B-splines of the lowest order,
i.e., of order 1, it was natural to ask for kernel estimators constructed by means
of more smooth B-splines. Our method corresponds to a kernel, i.e., a kernel

* While this paper was in print its extension to several variables was presented by the author in
the Multivariate Approximation and Interpolation, ISNM 94 (1990), Birkhauser-Verlag, Basel, pp. 25-53.
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function constructed by means of B-splines with equally spaced knots and it
relies very much on the approximation theorem established in a particular but
important case in [5]. In this note we present theorems on asymptotic order of
approximation of the theoretical density (distribution) by the spline estimatars
and we discuss, given a simple finite sample, a method for optimal choice of the
window width parameter.

2. The splines with equally spaced knots. In what follows we consider
splines of order r =2, ie, of degree r—1, of maximal smothness and
corresponding to the uniform mesh

(2.1) Hh.ﬂ = {t; = h(l+ B), lEZ}

with step h > 0 and the real parameter 6 which may depend on r, where Z is
the set of all integers. It is assumed that all the knots are simple. For the

c properties listed ‘below we refer to [13], [2] and [14].

All the B-splines corresponding to the mesh (2.1) can be defined by means
of the cardinal B-spline of order r

NO(x) =r[0, ..., r; ( = x)7],
where [so, vves 8,3 f] denotes the divided difference of f taken at the points

S, +++, 8, Namely,
M9 = v (255
It is well known that

(2.2) Y Nfje(x) =1 for xek,

leZ

where R =(— o0, o). For a later convenience we introduce
M{) 6(x) = h™* N} 5(x).
Now, since
[NO(x)dx =1,
R

it follows that

(2.3) [ M} o(x)dx = 1.

R
For the derivative of the cardinal B-spline we have the formula
(24) DN**D(x) = M®(x)— M®(x—1) = NO(x)— N (x—1),
whence » .
(2'5) DN?ITGI) = Mm o—Mﬂ 1,h,0"

PROPOSITION 2.6. Let 1 <m<r and let g =Y ,a;N{} . Then
2.7 h"D"g = Z(Amai)N?:i-mm



Spline density estimation 3

and

(2.8) 4539 = Y.(4"a)N{j,,

where Aa, = a;,1—a;, 4,9(x) = g(x+h)—g(x) and 4™ = A™(4).

Proof. It is sufficient to apply (2.5) and the definition of N} ,.

In what follows, for given positive functions f(t), te T, and g(2), teT, we
write f ~ g whenever there are two positive constants C,, C, such that the

inequalities C,g(t) <:f(t) < C,g(t) hold for all te T
The following result is given in [12]:

PROPOSITION 2.9. Let g=),a;N{}¢o and let 1<p<co. Then |gl,
~ h'®||a|,, where the constants in these inequalities depend only on r,

lal, -(Z |ai|ﬂ)1/p for fi fmte p and ||a|| =sup{la;|: ieZ}.
In order to state the next result we recall the definition of the modulus of
smoothness of order m of felL?(R) in the LP-norm, 1 < p < 0,

(2.10) Om,p(f; 6).= sup | 47" f1l 5

[t]<d

where 47" is the m-th order progressive difference with step-¢, i.e.,

a7 £ = _io(—l)“'"(']’.') fle+jo)

and
(JIf@Pd)? i 1<p<oo,
171, = {esssup{|f| xeR} if p= o0.
 COROLLARY 2.11. Let 1 Sm<r,1<p< oo,and let g =Y ,a;N{),. Then,
for h> 0,

O, p(g; B) ~ K" |D"gl, ~ | AR gll, ~ RYP (314" a?) P,

and the constants in these inequalities depend on r only.

Proof. Apply Propositions 2.9 and 2.6, definition (2.10) and the inequalify

Omp(g5 1) < B D7 gl

It is well known and it follows by mductlon with the help of (2.2) and (2.5)
that the nontrivial B-splines over a given interval are linearly independent over
that interval. In particular, every polynomial of degree not exceeding r—1 is
a linear combination of the B-splines. In addition, we have

=3 " = X biro0)Nfho() for x, yeR,
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where .
i) = —ting)e e = tiero 1)y Brie() = 1.

Comparing the coefficients on both sides of the last but one formula at the
powers of y gives for O<m<r

2.12) X" = Z(

1
Z Livj ---ti+jm) Ngi)-.a(x)-
(r—l) 0<ji<..<jm<r
m

It is also important to recall the formula for the moments of the spline
density Mﬂ.a. Namely, for a nonnegative integer m we have

T+M\ 0<ji<.. Sjm<r
m

In our estimation method the following properties of the spline densities
and distributions are important. For a given spline probability density g such
that

(2.14) g(9) = 2, g:N{e(x),

ti+j1 e ti+jm'

(213) [ MELo0)ymdy =

we obtain by (2.5) for the probability distribution function
G(x)= [ gW)dy

the formula

(2.15) . G(x) = ), G;N{yg  (x),
where _
ji<i

It is important that the values g(x) and G(x) can easily be calculated by the
numerically stable algorithm due to C. de Boor, M. G. Cox and L. Mansfield-

(see, e.g., | [2]). :

3. The directAapproximation theorem by local spline operators. The ap-
proximating operators can now be defined for the integers k > 0, r > 0 and for
any felLl,(R) as follows: '

(3.1) Qi’,’tf)(f 3X) = Z (f, M?Ql,h,a)N Sf)n,a(x)a

ieZ



Spline density estimation 5

where [ is a nonnegative integer such that k+2/=r and

(f.9)= 1{ fx)g(x)dx.

A pair (r, k) of positive integers is called admissible if r >k and r—k is
even. Since the coefficient functional (the restriction r >k is not essen-
tial) f—(f, M, ,6) is local for admissible (k,!) and h >0, ie, its sup-
port is contained in the support of N¥},, these operators are local spline
operators in de Boor’s terminology [2]. These operators are not projections
except for the case r = k = 1 (se¢ [8]) but their L’-norms are equal to 1, 1e
forall 1<p<w .

(3.2) eI, < ufn,, for feLi'(R).

It also follows by (3.1), (2.2) and (2 3) that these operators have in addition the
following properties: e

1° QIP(f) = 0 for f=

2 o) =1

3° For feI'(R)

1{ f=1 implies |QIP(f)=1.

Consequently, the operator Qf#: I'(R)— L['(R) takes probability densities
into probability densities, and its kernel will be used for constructing
nonparametric density estimators.

PROPOSITION 3.3. Let (r, k) be admissible. Then for any linear function f,
we have

4 (fo) = fo-

Proof. Since the operator has property 2° it is enough to check the
statement for f,(x) = x, but this is implied by formulas (2 12) and (2.13) with
=1

To prove the main direct approximation theorem the following is needed:

LEMMA 3.4. Let (r, k) be admissible. Moreover, let the function f be defined
on R and let it satisfy the Lipschitz condition

W1,0(f;0) <6 for (5>0
Then

I f-05d I <£;—kh for h>0.
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Proof. For given xeR let i be such that ¢, < x < t;,,. Now,

itttk
=P )= Y NOex) [ MPue()(f)—f)dy.
i—r<j<i tj+1
tivi+k
f)-QP(f 0 < Y NDox) [ M%ue()ix—yldy
i—r<j<i ti+1
r+ k Li+t+k r+ k
—h Z NL’L o(x) f lhﬂ(y)dy'—ih
i—r<j<i t; +1
In what follows W;*(R) and W,}..(R) denote the usual Sobolev spaces over
‘R with the index of smoothness m and the exponent of integration p.

| The next lemma was earlier applied in [1] in the case of Bernstein
‘polynomials and as appears it is natural to use the same 1dea in the case of our
local spline opcrators

Lemma 3.5. Let fe W2(R) and let suppD*f < [a, b] for some finite
a,beR. Then for all xeR we have

100 =222 e+ 3= ity - IKab(x 9 D*f ()dy,

where D = d/dx and
1
a,,(x y)——mm(x a, y—a)min(b—x, b—y).

Proof. Apply Peano’s formula for the second order divided differences.

In the space L*(R) we consider its separable subspace C_ ,(R) of all
functions continuous with finite limits at + oo and at —oo.

We are ready now to prove the basic direct result on the order of
approximation by the local spline Qf3’ operators.

THEOREM 3.6. Let (r, k) be admissible with r > 1. Then, for f e IP(R) in the
case 1 <p< oo and for feC_ (R) in the case p = co, we have

If= Q5PN < Crawap(fs ) for h>0,

where C,, = 8+2(r +k)>. Moreover, if f € L1,.(R) and x € R is a strong Lebesgue
point of f, then

QPN » f(x)  as h—>0,.

Proof. Assume at first that p < co. Since the IP-norms of the operators
Ofr? are equal to 1 and w, ,(f; h) < 4| f|,, it is sufficient to prove the result
for feI?’(R) with compact support. Using Steklov means we define in a
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standard way the smoothing of f of order m, ie.,

1

gx)=— i (—1)“"‘(';.1) }...jf(x’+jh(s1+ s d5,))dsg . ds,,.
j=1 0

0

The function g is in W (R). If the support of f is contained in [a’, b'], then the

support of g is contained in [a, b] with b’ = b and a = a'—m?h. Moreover,
1 1

F)=g() = ... [ A, s b5y [ (X)dSy .. dS,,
0 0
whence
(3.7 . : ”f_g”p < M" W, p(f; ).
It also follows that

o= - % (-1 ('J'.’)"Z';":f(x).

(R
Thus ‘
(3.8) K" |D™gll, < 27 om,p(f5 h)-
In what follows it is enough to take m = 2. The next step is to prove
r+k)?,
69) lo—td @, < g,

The locality of the operators Qfs", Proposition 3.3 and Lemma 3.5 give
(3.10)  QfP(g; x)—g(x)

= j (Ka,b(x: y)_QSI';bk)(Kn.b(', y)5 x))ng(y)dy :
|x—y| <h(r+k)/2 .

Now, the function K, (-, y) for fixed ye[a, b] satisfies a Lipschitz condition in
the L®-norm with constant 1. Lemma 3.4 and (3.10) then give

(r+k)? 1
h? Ing )Idyv
2 (r+k)h |x—y|<{(r+k)/2 , v

and this implies (3.9). Applying now the triangle inequality to the identity
=P = (f—9)+(g— 00 @)+ P —1)

104 (g; x)—g(¥)] <

we obtain

(3.11) 1= Q5P NN, < 21 f—gll,+1g—QEP @) ,-
Now, (3.11), (3.7), (3.9) and (3.8) give the inequality stated in the theorem. In the
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case p = oo we reduce the proof to f€ W} 1..(R) with finite supp Df, and then
proceed like in the previous case. The proof of the convergence at the Lebesgue
point is standard and it is omitted.

Since we are interested in estimating simultaneously the densities and the
probability distribution functions, it is convenient to introduce the operators

(3.12) TP (F; x) =3, | MB1sedF | N{je()dy.

ieZ R

ProrosiTioN 3.13. Let (r, k) be admissible. Then
G149 T C- +(R) > C_ . (R),

and it preserves the limits at + oo and at —co. For F bounded and defined
everywhere on R we have

(3.15) SR T FN o < IF
where the ||- || . -norm in the case k = 1 has to be replaced by the customary max
norm. Now, if k> 1, then for FeC_ (R) and h >0 we have
(3.16) IF — T&O(F)l o < 2(4+(r+ k) 02,0 (F; B),
and if k=1, then '
(3.17) IF— TP (F), < o1 w(F ’;k h).
Proof. Let r—k = 2l. Note that for k > 1
(3.18) TP (F) = Qfrg V¥~ D(F),

and therefore (3.16) follows from Theorem 3.6. The proof of (3.17) is direct.
Namely,

(3.19) T% k)(F) Y F(tin+)NE?  with k=1,1=(r—1)12.

ieZ
Now, for xe(t;, tj+1) we get _
(320) - k)(F x)—F (x) Z (F (tix141)—F (x))N Erh+91)(x),
j-r<isj
whence (3.17) follows.

ProposiTiON 3.21. Let (r, k) be admiSsible and let F be a function on R

of bounded total variation on each finite interval. Then at each continuity point
x of F

T%(F; x)> F(x) as h—~0,.

Proof. In the case k > 1 we use (3.18) and apply Theorem 3.6. For k = 1
the statement follows directly from (3.20). -
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4. The saturation theorem. The aim of this section is to show that the
- order of approximation in Theorem 3.6 cannot be improved by increasing the
smoothness of the approximating function.

ProrosiTION 4.1. Let (r, k) be admissible with r > 1. Then for a continuous
concave function f on R we have the inequality

fx) = 00P(f; x) for xeR, h>0.

Proof. Using the definition of Qf#(f), (2.13) and (2.12) we find by
Jensen’s inequality that '

QP (fs x) < Zf(h(l+9+r/2))N5 () <f(2h(1+9+r/2)Nf (X)) = fx).
PROPOSITION 4.2. Let (r, k) be admissible with r > 1 and let fn(x) = x2.

Then

QL (s D—fo) _ r+k
h? 12

for xeR.

Proof. Proposition 3.3 implies that for the proof the modified
fo(x) = (x—h6)* can be used. According to (2.13), for r = k+2l we have

[ M2Q14,00) fo0)dy = h*((i+7/2)* + k/12).

Moreover, (2.12) gives
fo = SR ((i+7/2)% —1/12) N},

and this completes the proof.
We are now ready to prove the main result of this section.
THEOREM 4.3. Let (r, k) be admissible with r > 1. Let f e W ,.(R) and let
xeR be the strong Lebesgue point of D*f. Then

i QDT 1tk s

h—0;

Proof. For the proof let a4, b be some finite numbers such that
A< x<B, where A =a+(b—a)/4 and B=b—(b—a)/4. Let us define the
function  of class C%*(R) as follows:

Y(x) = {(1) :i izzi,b';,)’ ¥(x) > 0 elsewhere in R.

Moreover, let g = fir. Then by (3.10) we get
oh(g; x)—g(x) _ (L,

44 (x, y)D?*g(y)dy,

h? R
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where
1
Lh(xs _V) = F[Ka,b(xa J’)—Qﬁ',bk)(Ka.b(U J’), x)] '

The kernel L, is an approximate identity. It has the following properties:
L,(x,y) =20 for x, yeR.
2° L.(x,y)=0 for [x—y| > h(r+k)/2.
3° L,(x, y) < (r+k)/2h for x, yeR.
4° For small h >0 we have

e
jL,,(x y)dy—;-—4 for xeR.

Property 1° follows from Proposition 4.1. The locality of the operator Qf3? and
Proposition 3.3 imply 2°, and Proposition 3.4 gives 3°. To see the last property

~ we note that (4.4) implies

Qrb(f; 9)—f (%)

4.5 > = jL,,(x y)D*f(y)dy for small h >0,
which in particular for f(x) = f,(x) = x* in combination with Proposmon 42
gives 4°. :
Now, since the point x is strong Lebesgue, we have
1

D*f(y)—D*f(ldy = o(1) as h—0,.
(r+k)h |y—x|<£(r+k)/2l 70) flx)ldy =o(l)  as

Thus, properties 1°-4° and (4.5) give for h >0,

2 [Q?.’ P(f; )—f (x)] ——-sz () < 1{ Ly(x, Y)ID*f(y)—D*f(x)ldy = o(1)

and this completes the proof.
COROLLARY 4.6. Let (r, k) be admissible with r > 1. Assume that f € W2(R)
for some p, 1 < p < o, or that feC_ . (R)n C*(R) in the case p = co. Then

If= Q5PN = o)  as k>0,

_implies that f =0.

5. The inverse approximation theorem. For the given set of simple knots
(2.1) we introduce the linear spaces

S;.6(R) = span{N{)},: ieZ},
for finite p > 1 ‘
Sh3(R) = She(R) N LP(R),
and .
Sk (R) = Se(R)n C- 4 (R).
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For each function feL?(R) the best approximation by S} ¢(R) is the number
EVP(f) = inf{ll f~gl,: geSLER)}.

The inverse approximation theorems are statements in which the moduli of
smoothness w,, ,(f; k) are estimated from above by some means of &(f).
One way of handling the best approximations (/) is comparing them with
approximations by orthogonal projections. To this end we introduce the
orthogonal projection Py of I*(R) onto S;3(R) and wnte

(5.1) Pi(f; x) = }{ Ki(x, y) fO)dy,

where K{} is the uniquely determined kernel. We have proved in [4]

PROPOSITION 5.2. The kernel Kﬁ,'%, for h > 0 and for O R has the following
properties:

(5.3) Kaf’ "(:é,' ¥ = Ksn,(y, x) for x, yeR,
(5.4) K{h(x, )eSyB(R)  for xeR, 1 <p < o,
(55) KEh(x, ) < Cg= ™ for x, yeR,

where C >0 and q, 0 < g < 1, depend on r only. Moreover, we have

(5.6) [ Kih(x, y)y'dy =x' for xeR, i=0,...,r—1.
R

COROLLARY 5.7. The operators P{%: LP(R)— L*(R) are projections onto
SiB(R). For each integer r 2 1 there is a constant C, depending on r only such
that

(5.8) 1PN, < Cllfl, for 1<p< oo, h>0, 6eR.

To prove the inverse result the following well-known elementary in-
equality for progressive differences (see, e.g., [3]) is needed:

LEMMA 5.9. Let the integersi > 0,j > 0 be given and let f € Wi(R) for some
p, 1 <p< 0. Then
(510 145" fh, < B ID'A} f1l, for k> 0.

Moreover, the following Bernstein type inequality for splines with equally
spaced knots (cf. [3]) will be used:

LemMMA 5.11. Letr=2 1,1 < p< o0, 0€eR, 6 > 0 and h > 0 be given. Then
there is C, < oo depending on r only such that for f e Sp5(R) we have for integer
mz=0

(5.12) 143 f1, < C6/myPIfl, for O<m<r
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and
(5.13) 145 F 11, < C(6/hy V2| f1,.

COROLLARY 5.14. The inequality in (5.12) in the case p = 1 holds true for
m=r as well

To state the main inverse result we need some more notation. In what
follows we are interested in the approximation by splines corresponding to the
parameter 6 = r/2 in (2.1). Let us introduce the number

(5.15) i {Jz‘ if r is even, .

1 if r is odd.

We are now in a position to state the main result of this section. The proof
follows the same argument as presented in [3] but it differs in some detail and
for the sake of completeness it is outlined below.

THEOREM 5.16. Let r > 1, 1 < p < o0 and let 0 and » be defined as above.
Moreover, let m be an integer such that 1 < m <r and let 6 > Q. Then there is
a finite constant C, depending on r only such that

(5.17) Om,p(f; 8) < C,0™(If 1l + Z x~mETB(f)),

N
(5-18) @,,p(f50) < C O HTUR(|I £+ Z x~ 1“"”é”f,’,‘;’(f)),

where N = [log,,.(1/0)].

Proof. The argument will be outlined only in the case of finite p. Let us
introduce

Ji =P8
Then

N—-1
f=fo+ Z (fi+1_fi)+(f_f1v),
i=0 .
and by Lemma 5.11 with h=1 we have
(5.19) 145 foll, < Cr™ I foll, < C,0™ 1 f 1,5

145 foll, < CLIm 1P| foll, < CT TR S]],

Now, the operators P(” are, by (5.8), bounded projections onto SnF, and, by

the choice of % and 0 we have made, it follows that S; < Siv1s where S = S;{’e
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Clearlf, fi€S;, and therefore by Lemma 5.11 we have
(5200 1 43(fir1 =N, < CUS/EV | frv 1 —Fill, < C (/Y ECD(S),
1 45(fi+ 1=, < CLO/Y ™ 1P| frr s —fill, < C(8/y =2 THPEED( ).
Finally,
(5.21) I f=full, < C,E58 ().
The combination of (5.19), (5.20) and of (5.21) gives (5.17) and (5.18).

We may now conclude this section with the basic characterization of
Lipschitz classes in the L'-norm by méans of the orders of approximation by
the operators Q4+, where 0 = r/2.

THEOREM 5.22. Let 7> 2, 0 < o < 2 and let feL(R). Then the followmg
conditions are equivalent:
(523 I/~ Q5PN = 00 as k-0,
(5.24) w21 (f; =00 as h-0,,
where (r, k) is an admissible pair. Moreover, for o« =2 the relatzon (5 24) im-
© plies (5.23).
Proof. Using the obvious inequality

(5.25) EP ) < If— QR (),

we find by Theorem 5.16 that (5.23) implies (5.24) for « < 2. The remaining part
- is a consequence of Theorem 3.6.

6. The estimators and their consistency. We now assume that a probability
space (2, %, Pr) is given. The mean value with respect to Pr is denoted by E
We also assume that a simple sample of size n, i.e., a sequence (X, ..., X,) of
iid. real-valued random variables, is given. Their common distribution is
denoted by F. For the empirical distribution we use the standard notation

l{i: X; <x,1<i<n}
F,,(x)={ " }

In what follows it is asgumed that the pair (r, k) is admissible and that 0 = r/2.
DEFINITION 6.1. The estimator for F(x) is defined as follows:
FgP = TGO(F,)  with h>0,

where the right-hand side is defined by (3.18) for ¥ > 1 and by (3.19) for k = 1.
If there will be no misunderstanding the upper mdex (r, k) at F,, will be
suppressed.

It follows immediately that
62 - - EF,, = T%P(F,;x) for h>0.
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‘"THEOREM 6.3. Let F be a continuous probability distribution function on R.
Then

Pr{|F—F,ullo =0 as h—>0,,n— 0} =1.
Proof. For k = 1, Definition 6.1, (6.2), (3.19) and (3.17) imply

64 NF=Fusle < IF- T8O+ TPE - TP E
k
<wm(F =- )+||F Fullo:

Since F is continuous, w; (F; h) — 0 as h — 0, and by Glivenko’s theorem we
have

Pr{|F-F,|,—0 as n> oo} =1.
Similarly, for k > 1 we obtain riow, by (3.18), (3.17) and by (3.2) with p = 0,
(6.5) IF—=Fuplle € Crp®2,0(F; B+ F—Fyll o,
and this completes the proof.

For a later use let 2 denote the set of all densities on R.

DEFINITION 6.6. For an absolutely continuous probability distribution
function F let f = DF. The density estimator is now defined by the formula

f(r k) — DF(" k)

It then follows that f,,€2. The upper index (r, k) will usually be
suppressed unless it could cause a confusion.

PROPOSITION 6.7. For the admissible (r, k) we- have

(6.8) Jonl®) = 1{ Qi (y, x)dF,(y)
with
(6.9) ) P, x) = 2 M 56N, a(x)

ieZ
with r = 2l+k and for h > 0. In particular,
(6.10) Ef,4(x) = Q8P (f; ).

The simple proof is left out.
For the absolutely continuous probability distributions the natural
distance is the total variation over R. Since :

(6.11) IF—Fupllo < VIF—Fup; R) = || f=funllss

where V(g; R) is the total variation of g over R, the I'-metric on the space
9 seems to be natural. For more arguments for the [!-metric we refer to [9].
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PROPOSITION 6.12, Let h> 0 and let v > 0. Then there is a constant C,,
depending on r only, such that for any absolutely continuous F, f = DF, we have

6.13) | f~fuulls < (IIf—-Qi.’J"fllﬁ IF=F.lo+ § f(X)dx)

|x| 2%

Proof. Introducing Qf = Q¢¥(f) we find

(6.14) |~Foally S NS~ s+ 1Q ol
We write the last term as follows: _

- (615) 107 ~fualls = T 107=hualt ] 107 ~Foa:
Using the fact that both Qf and f, , are densities, for the latter term’ we obtain
(6.16) § IQf—f..hI Flof—fa+2 § o

x|z« Jx| <z |x| =z
Moreover,
f o< [ 1lo-f1+ | r<ig—ris+ § f
|x[Ze |x[Zz x|z x| Z+
This, (6.16), (6.15) and (6.14) give
(6.17) I f=fanlls < 31Qf =Sl +2 II 1Qf ~faul +2 II I
Ix[<z |x|=Z¢

It now follows by the definitions of Of and f,, that Qf—f,, = Dg, where .
g = TY(F—F,)e 8.

However, Proposition 2.9 and Corollary 2.11 imply the Bernstein type
inequality

(6.18) IDgll, < C,h™tlgll, for geSih,

- and therefore : i

f 10f~fial < 21Dgl < €7 g

x| <z

Since, by (3.15), ||gll, < |F—F,| ., the proof of (6.13) now follows by (6.17).
THEOREM 6.19. Let r > 1 and let f be a given density on R. Then

Pr{llf—funl, >0 as n—> o0} =1

provided that h depends on n in such a way that |

log n
n

.o(hz)

asn—w, h—»0,.
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Proof. The argument is based on the inequality (6.13). Theorem 3.6
implies that

If=QFP N1 ~0  as h>0,.
Since feL!(R), we have ’
) ,f(x)dx—»O as T— 0.

|x| =t

To estimate the middle term of the right-hand 51de of (6.13) we use the-
inequality

(6.20) PI{HF—F I \%} Cexp(— 2,12), A>0,

which follows by the well-known N V. Smlrnov formula for the distribution of
sup{F x)—F,,( : xeR}
(see [11]). Substituting A = ¢h/n in (6.20), we obtain

(6.21) Pr{h™!|F—F,|,, > & < Cexp(—2&*(*n)).
Now, the elementary convergence properties of Dirichlet series imply
(622) Pr{h|F—F,|,—0 as n—> oo} =1 :

whenever .(log n)/n = o(h?). Choosing

ot = Jh T[F—F,|,

we see that Tt —» o0 as n— o0. Thus
Pr{% |F—F,|, -0 as n—»oo}= 1,

and ;chis completes the proof.

Recently G. Krzykowski has proved Theorem 6.19 under the weaker
condition: nh— o0 as n—> o and h—>0,.

7. Asymbtotic orders of approximatidn by estimators for distributions. It is
assumed in this section that the dependence of h on n is such that.

(7.1) ' _ h~1/nf.
We also assume that 8 is given as in the paragraph following Corollary 5.14.

THEOREM 7.2. Let (r, k) be admissible and let af <%, where 0 < a <2 and
B > 0. Moreover, let F be a contlnuous probability distribution on R Then, for
k>1,

73 . @3,0(F; ) =0 as h—0,
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implies
(7.4) Pr{|F—F&P|, = 0(1/n**) as n— 00} =1.

Conversely, for 0 < a < 2, (7.4) implies (7.3). In the case k = I and 0 < a < 1 the
condition

(7.5) 01,F; H)=0Hh) as h~0,
implies (7.4). Conversely, for 0 < a < 1, (74) implies (1.5).
Proof. Let k> 1. Assuming 0 < a < 2, by (7.3) and (6.5) we obtain
1
(7.6) IIF—Fn,:.IImSCWH{F*F..IIGD-

Now, (6.21) and (6.22) with h = (log n)/\/r; give with probability 1

(.7) |F=F, | = o(logny/n).

Therefore the combination of (7.6) and (7.7) implies (7.4). Conversely, let
0 <o < 2; then by the definition of the best approximation we have

(7.8) Ery™ (F) < |F—Fopll -
Now, (7.4) and (7.8) imply ‘ '
(7.9) &L (F) = O(h%),

whence by (5.17) with m =2 and p = o0 we obtain (7.3). Let now k=1,
0<a<1, and assume that (7.5) is satisfied. Then (6.4) and (7.7) imply
(7.4). Conversely, if 0 <a <1 and (7.4) holds, then by (7.8) and by (5.17)
with p = c0, m =1, we obtain (7.5).

THEOREM 7.10. Let (r, k) be admissible and let aff = %, where 0 < o < 2 and
B > 0. Moreover, let F be a continuous distribution on R. Then, for k > 1, (1.3)
implies

(7.11) E|F—F&Pl, = 0(1//n) as n— .

Conversely, for 0 <o < 2, (7.11) implies (7.3).
In the case k=1 and 0 <a <1, (7.5) implies (7.11). Conversely, for
0<a<1, (7.11) implies (7.5).

Proof Let k>1 and 0<a <2 Inequalities (7. 6) and (6.20) give
(7.11). Assuming (7.11) we find that (7.8) implies (7.9), whence by the same
argument as in the previous proof (7.3) follows. Suppose now that 0 < a < 2.
Then (7.8) and (7.11) imply (7.9), whence by (5.17) with m = 2 and p = o0 we
obtain (7.3). If k=1, 0 < o< 1 and if (7.5) holds, then (6.4) and (6.20) imply
(7.11). Conversely, if 0 < a < 1 and if (7.11) holds, then by (7.8) and by (5 17)
with p =00, m =1, we obtain (7.5).

2 — PAMS 121
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CoroOLLARY 7.12. Let (r, k) be admissible. Then for any probability dis-
tribution F with bounded density we have (7.11) with h®> ~ 1/n, ie, B =14.
Moreover, this is the best possible result for a fairly large subclass of
distributions with bounded densities.

CoROLLARY 7.13. Let (r, k) be admissible and let k> 1. Let the density
f = DF satisfy the Lipschitz condition with exponent 1. Then (7.11) holds with
h* ~1/n, ie, p=1%.

ExaMpLE. Let (r, k) be admissible. The arcsin law is defined as follows:

0 for x <0,
Fy=<(2/m) arcsin\/; for 0<x<1,
1 for x > 1.

One checks easily that ,
- 02,0(Fo3 h) < 201, (Fo3 B < C/h,
and therefore (7.11) takes place with h = 1/n, ie., f=1.

8. Asymptotic orders of approximation by estimators for densities. The
estimators for fe 2 constructed in this section differ from those given by
Definition 6.6 in that they have smaller support controlled by the tail of the

corresponding probability distribution.
For a given probability distribution F we define the tail function as follows:

8.1) &.()=1-F(A)—F(—41) for 1>0.
For F absolutely continuous we set f = DF and
(82) ¢ 5(A):= Pp(4) = II f()dy.

x| 2 4

Along with the operators Q,:= Q¥ we now consider

(83) Onaf 1= 052(f) = Z (s M4,0) N,

: : —XSH<A —rh

where ' = A+h(r+k)/2, (r, k) is admissible, and r = k+21.
ProrosITION 8.4. Let (r, k) be admissible, ' = A+h(r+k)/2 and let f € 9. Then
1° supp(Qn2 f) = (=4, 4D,
21—, A <Ohafll1 <1,
3° MO f=Dnaflly < ¢,().
The easy proof is left out. _
In general, for f €9 the function @, ; f is not necessarily a density. This

leads to a new density estimator.

We recall that 6 = r/2.

DermTiON 8.5. For admissible (r, k) and for a simple sample X, ..., X,
corresponding to the distribution F we define

(8.6) Sanai= ﬂx(.'ii.k;{ = Z (j M Slff)-l.h,adF ..)N 5' 0>
R .

—ASu<A ~rh
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where r=k+2l, # = A+h(r+k)/2, h >0 and 1> 0. Moreover, let
' _ _Juna

o | faall1

It follows by Proposition 8.4, 1°, that supp(fi¥..) = (=4, i).

ProrosiTiON 8.8. Let (r, k) be admissible and let v > 1. Moreover, let h and
/ be as in Definition 8.5. Then for some constant C, depending on r only, we have

8.9) - Ell f~faly < Cloa (fs W+1//n+/Anh+ ¢ (3)].
Proof Using (8.6) and (8.7) we find that
(8.10) I f=feally € I f=famally + Pg,(A).

Moreover, if we use (8.3), then

@11 1f~fonalls < 1f=Cuf 11 £1Qu S~ s SN+ | fona—Efpal .

Now,

(8.12) 19y f—Onsflly < Pp(d) = ¢,(2),
and
(8.13) |Pp()—Pp, (W < 2|F—F,| ».

Thus, combining (8.13), (8.12), (8.11) and (8.10) we get
B.14) I f=fahally S M =Qu Sl +21F = F,ll o +2¢ () + || fapa— Efupalls-

We estimate the mean value of the last term as follows:

1
E|l fap2—Efapilly = 2/1'2—/1, I E| fap,2(x)— Efyp,1(x)|dx
—l'

1 ® 1/2
<2/1’<ﬂ [} Elf;l,h.}.(x)_Efn,h.}.(x)lzdx>
—l’

1 4
= 21 <2_A,/ __’;'E

2% [ 1/2
< \/; (_fx {00 f (‘y)dydx)

< J% (] 010y %S ()dydx)"

-2 R

20 24 r+k
S — -.{_ . + )
nh nh n

==

2 172 l
dx>

3. (044X, ) ~EQui(X,, %)
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whefe
Qh,l(y ) X) = Z M ?2 Lre(V)N' ﬂ,a(x)-

—ASHSA —rh
This, (8.14), (6.21) and Theorem 3.6 give (8.9).
THEOREM 8.15. Let (r, k) be admissible and let r > 1. Moreover, let the
parameters o« and 6 be given such that 0 < a <2, 6 = 0. Define
0 ] b

= d y=—01—
B=5rar25e ™ VT 5iar2oa

Then for fe2 the conditions

(8.16) w,1(f; ) =0 as h—0,
(617) W =00E) asd-oo
ol i

(8.18) Ellf=fehaly = o(1/n**) as n—- oo,

where h ~ l/n”,. and 2 ~ n'. Conversely, for 0 < a < 2, & > 0 the property (8.18)
implies both (8.16) and (8.17).

Proof. Since aff =dy <4, the direct statement follows by Proposi-
tion 8.8. The converse is obtained as follows. The definition of &}§ and (8.18)
give

- 1
b S E|f—fikaly < C-—5< cr,

whence the inequality (8.16) for 0 < a < 2 follows by (5.17) with k =2 if r > 2
and by (5.18) in the case r = 2..To obtain the inequality (8.17) from (8.18)
observe that
EIf~fhaly 2E [ \f~fhd= | F
: Ix] > 2’ [x]> &
whence '
< [ f=o0m?=o0(/n=007%.

[x| > Afa Jx| > A"

COROLLARY 8.19. Let the support of f € D be bounded and let the condition
(8.16) be satisfied. Then B = 1/(142a) (6 = o0) and there is an sy Z determined
by the size of the supp f such that :

(8.20) E| f~fotmsolls = O(n™172%),

The case of a =2 when a/(1+2ax) =% (see [9], p. 37) is particularly
interesting. Moreover, if the density f has not a bounded support but it rapidly
decreases at oo to 0 and at — oo and if it satisfies (8.16), then for each ¢ > 0
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there is 6 > 0 such that
(8.21) E|f=f* ., = O(n-e/a+2ate)

Note that the condition (8.16) is ‘satisfied for large classes of densities:

1° If fe Wi .(R) and Df is of bounded variation on R, then (8.16) holds
with o = 2.

2° If f is of bounded variation on R, then (8.16) holds with « = 1.

ExampLEs. (1) (8.21) applies to the Gaussian law with o = 2.

(2) (8.21) with a = 1 applies to the exponential (and double exponential)
law.

(3) (8.20) with « = 4 applies to the arcsin law.

(4) For the stable law (including nonsymmetric) with exponent u,
0 <p <2 wehave a =2 and 6 = 1+ u. In this case (8.18) can be applied with
of = 2+2w/(7+5p).

9. The optimal width ‘of the window parameter. For a given simple sample
X,, ..., X,) we repeat Definitions 6.1 and 6.6. Namely, for admissible (r, k) we
have

©.1) Fyu:=Fy3) = T°(F,) for h>0,
9.2) ' Joni=f%¥ = DF&P  for h> 0.

The aim of this section is to derive the density estimator called a window
function, i.e., a function of variables b, X |, ..., X, which for a fixed sample will
give the possibility of finding the optimal h by looking at its infimum.

ProroSITION 9.3. Assume that (r, k) is admissible and that k > 1. Then
there is a constant C depending on r only such that :

04 VEF-F,; < Cloz (s D+h™ | TeF ~Foull,l, k>0,
where V(g; R) is the total variation of g over R.
Proof. The Bernstein type inequality (5.12) and Theorem 3.6 give
V(F—Fup; R) = |[DF=Fup)ly < |ID(F =T F)|y + | D(Tho F — Fr i)l

=1/~ Qno S+ I1D(ThooF = Fap)lly < Cloa, 1 (fs H)+h™ T oF — Fpull,].

In the right-hand side of (9.4) we look at the second term. In that term, F is
unknown and we replace it by the known estimator F, ;. Similarly, in the first
term of the right-hand side of (9.4) the f is the unknown and we replace it by
the known estimator f,,. Thus we end up with the following quantity:

9.5) 03,1 (faps W+h" | TgFpp—Fuply.
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We proceed with majorizing of this quantity. According to (3.18) and to
Theorem 3.6 we have
h_i ” n,ﬂFn,h_Fn,hlh =ht! ”Q;:j('il’k_an,h_Fn,h[h
< Ch_lwz,l(Fn,h; h) < CU-’1,1(fn,h§ h),

and the first term in (9.5) is being estimated with the help of the trivial
“inequality @ 1 (fy4 h) < 201,1(fy4; h). Thus, up to a multiplicative constant,
(9.5) is majorized by &, 1(f,4; k). However, by Corollary 2.11 we have

96) " 0u(fuss B ~ B ),

where the a/s are given by the formula

Jon =Y a:N{L
i

or, more explicitly, according to (6.8)

n

-1 Z Mg’flzl,h,ﬂ(Xj)'
i=1

"Thus the right-hand side of (9.6), by using (2.5), can be written as
Yty g X/,
i j=1

and therefore it is useful to introduce the function

9.7 F®(h; x): 2|n i g®(x;/h—1)|,
i=1

where x =(x,, ..., x,)€éR" and
9.8) g¥(x) = N®(x —k/2)— N®(x +1—k/2).

DermNiTION 9.9. For k> 1, keZ, h > 0 and for a given simple sample
X =(X,,..., X,) we define the window function as follows:

(9.10) F(h):= F¥(h; X),
where the right-hand side is given by formulas (9.7) and (9.8).

Since the window function is majorizing in the sense described above the
error of estimating the distribution in the total variation norm or equivalently
in estimating the density in the L'-norm, we call the smallest h, > 0 at which
& (h) attains its absolute minimum the optimal width of the wmdow parameter
_h in the estimation process.
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To state the main result on the window function we need the following
periodic function:

(6.11) : GY(x) = Y lg®(x—i)l.

ieZ

Since k > 1, the functlon is continuous and it is also positive and periodic. We
also 1ntroduce the constant

9.12) . m, = min G®,

R

It is also helpful to introduce the notation
%, = max(lx,|, ..., Ix,),
6(x) = min{|x;—x;|: x; #x;, i,j=1,...,n},
where x = (x;, ..., x,)ER".

PROPOSITION 9.13..Let k'> 1 keZ and let X € R" be a given simple sample.
Then % (*) is continuous, positive and bounded by 2 on the positive real axis.
Moreover,

(9.14) ﬁ(h)=~'1;i (’*)( )ka for h¢(z(fi 2|lX|lw),

and with probability one
9.15) liminf # (h) =
h—04

Proof. For the function g® given by (9.6) we observe that
suppg® = (—k/2, k/2+1)

and 1 is the only zero of g® in {—k/2, k/2+1). Now, for fixed i, if h is such ‘
that h > 2|X|,, then X;,/h—ie(—3—i,3—i) for j=1,...,n and either -
g®(X,/h—i) > 0 for all j or g®(X ;/h—i) < 0 for all j. Thus, h > 2||X||,, implies
(9.14). Let now

Since [supp g®| = k+1, it follows that X; # X, implies that at least one of the
numbers g(’"(X i/h—1), g®(X ;. /h—i) is zero. In addition, if X; = X, for j #J,
then the previous numbers are equal. Both these facts give by deﬁnltlons the
identity in (9.14). On the other hand, we always have

i=1 |
Since |G®|| , < 2, we conclude by (9.16) that # (h) < 2. Suppose now that, for |
some hy > 0, # (hy) = 0. This implies that w(f, 4,; ho) = 0, whence f, 4, should
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be a constant function with bounded support but this is impossible since f, ;, is
a density. To prove (9.15) consider the function

F(xy,...,x)=n"1% G¥(x).
j=1

It is periodic ih each variable, and therefore by a theorem of S. Mazur and
W. Orlicz (see [10], p. 15) the equality (9.15) follows.

10. Comments. The procedure of finding the optimal size of the window
parameter as described in the previous section has been implemented by
L. Chanko, T. Figiel and the author on the IBM PC, and the ESTIMPACK
package of programs is available.
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