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Abstract. Let {Y,,n>1} be a sequence of independent and
positive randomr vanables defined on a probability space (Q, <, P),
with a common distribution function F. Put

=inf(Y, Y,.., %), m>1, S,=Y Y n>2, 8, =0.
m=1

In this paper a convergence rate in the invariance principle for
the sums S,, n > 1, is obtained.

1. Introduction and results. Let {Y, n > 1} be a sequence of independent
and positive random variables (i.p.r.vs.) with a common distribution -function
F such that

1 : . .
(1) fIF(x)—x/b|x~?dx < o0  for some b, 0 <b < 0.
0

Let us put
Y¥=inf(Y}, Y,,..., ¥,

m.

), m>1, and S,= Y Y nx2 85 =0.

Several authors ([2]-[4], [6]-[10]) have investigated the asymptotic conver-
gence S, as n — o0 in probability, almost sure and in law. The almost sure and
Donsker’s invariance principles of sums S, were investigated in [7] and [9]. In
this paper we examine the rate of convergence in the Donsker’s invariance
principle for the sums S,.

Let {Y,,n> 1} be a sequence of ip.r.vs. with a common distribution
function F such that (1) holds. Let us define

Yk = (%*—b/k)/b2logn)'?, 1<k<n,n>1, Y =0,
and write .
(2) Sn,k= Z Yn’.kma 1<k$n, n;l
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Put
3) F,(%) = P[ max IS, < 1.

1<k<n

Under the assumption (1) it follows from the Donsker’s invariance principle
that, for each A >0,

lim F,(4) = T(%),

where - '
. ’ © __1y ‘
4 = —_ — 2.2 12 ,
@ T®W P[OIE?JIIW(t)I <Al=_ kZO 2k+lexp{ (2k+1)*n*/84%}
and {W(t), 0 <t<1} is a standard Wiener process (cf. [7], Corollaries 1

and 2). The purpose of this paper is to study the rate of convergence of F, to T.
The main result 'is. the followmg

THEOREM 1. Under the assumption (1) we have
5) sup |PL max [8,. < 41~ T (4] = 0 (logn ™),
. 1<k<n
where {Sux, 1 <k <n,n21} and T(4) are given by (2) and (4), respectively.
2. Proof of the result. In the proof of Theorem 1 we apply some lemmas
given by Dehéuvels [3], Hoglund [10] and Sawyer [15]. Moreover, we use the

Skorokhod representation theorem. For the sake of completeness we present
them in Section 3.

Proof of Theorem 1. At the beginning suppose that {X,, n>1} is

.a sequence of independent random variables uniformly distributed on [0, 1]

(ir.vs.ud). (In this case b= 1) Put

. ~ n
X:=inf(X,, X,,...., X0, m=1, §,= Y Xi, n=1,

and define

(6) gn,k = (§k_

i

1iy@logn2, 1 <k<n, n>1, S, =0.

tvjw

1

We are going to prove that

a o sup IP[ max S, < 21— T (%) = O((logn)~ 7).
1€k€n
Let us set
® V= [Tk+1_7k'—E(Tk+1_Tk)]/k(2103")”2a‘ I<k<n nz2,
I/l,l = 05 ‘
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and puf

k
U= Y Vams 1<k<n, n>1,
m=1

where the random variables 7,, n> 1, are given in Section 3 by (3.1)
(e(m)=n"1).

Now, let us observe that V,,, 1<k <n, are independent random
variables (Lemma 3.2) and

9) max [V, ] < (1+4)log,n/(2logn)'? as.

1€ksn
for sufficiently large n, where log,n = log,-(logn), p > 2, log, n = log(logn).
In fact, by (3.12) for all 4 >0 we have '
Te+1— T —B(tes1—1) < (1+A)klog, k as.
for sufficiently large k, 's‘p':.“by the' definition (8) we get
< 1+ A)log, k < (1+A)log,n

D; = ~= ol G
N 2logn /2logn .

for sufficiently large n.

By the Skorokhod representation result applied to the sequence V,
= (Vi1» Vo2s ---» Von) there is a standard Wiener process {W(z), te<0, 1)}
together with a sequence of nonnegative .independent random variables
Z,, Z3, ..., Z, ON a new probability space such that

1<k<n,

o8

(10 {Unis Unas ooos Una} & Wz, Way+25)s oo, W(

]

z)}s

i=1

n> 1, where & means the equivalence in joint distribution,
(11 . Ez, = EY},

for each real number r > 1

(12) Elz) < C,E(Y, ¥, 1<k<n,
where’ C,=2(8/n?y'r(r+1), and

k k—1
(13) You=W(Y z)-W(Y z) 2 Ve
. i=1 i=1
- Now we shall prove that
(14) sup [F(A)— T ()} = O((logn)~17),
A
where ' .
(15) FM()=P[max |U,l<a], i=0.
1<k<n
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Let us observe that by (13) and (9) we obtain
F(J) = P[ max [W(z,+... +2)| < 1]

1<k<n

k k—1
< P[ max |W(zy+ ... +z-1)l— max |[W( Z z)=W( Y z) <]
1<k<n 1€k<n i=1 i=1 )

) n—1
< P[max {|W(5) < A+(1+A)(log, n)(2logn) ™12, 0 <t < Y z}]
‘ i=1
-and, analogously,
' : : n—1
FO() > P[max (W) < A— (1 + A)(log,m)2logn) % 0< i< ¥ z}].
i=1

Let us put o :
‘g, = (14 A)(log, n)2logn) 12,  n>2.

Thus from the above we get
(16) F(A) < P[max{{W(®)| < i+ <t< Z A Z z, —1| < g(n)]
+P[| Z z; —1| g(n)]

<P[ max [W@)I< l+a]+P[|ZZ—1| gm],

0<t<1 —g(n)

where g() is a positive function decreasing to zero as n— o, slower than
(log n) 1/2 .

We first estlmate the second part of the extreme rlght hand side of (16)
From the construction of z; and the relations (11)13) and (3.2), (3.7) we have

P[| zl 21 > gw] < P[] z: (z,.—Ezi)|+|:;i Ez,—1] > o))
- P[| ;1 (z,—Ez) +|;1 EY2—1| > g(n)]
= P[| i (zi—Ezi)|+|(legn)'1 ;Zi i"t—1| = g(n)]
< P[] g (z:—Ez)| = g(m)—O(1)/logn]

< E["i (z;—Ez)]*(g(n)— O(1)/log n)i2
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n—1
= Y [Ez?—(Ez)*](g(n)—O(1)/logn) >
i=1 .

n—1

< ¥ [C,EV4—(EV2)(g(n)—0(1)logn)

< 41C,(logn)[(2 log n)(g(m)—O(1)/logn)] *
= O(((log m{gm)?) ),

where C, is a positive constant defined in (12). Putting g(n) = (log n) 3 we
obtain :

17 P[| "il z—1| > (logn)—ifs] = O((logn)~173).

As for the first term of the right-hand 31de of (16), from the scaling property of
the Wiener process we - get
P[ max |W() <i+a] = P[ max |W 1 g(n)t | < l+a]

0st<1~g(n) osts1

= P[ max |W(t)| (/1+a)(1 g(n)) 2],

ost<1

Thus from (16) and (17) we have

(18) FOU) < T(G+a)(1 —gm)” %)+ 0((ogn) 7).
We can also obtain, by a similar argument, the relation
(19) Fgli)(i) = T((A—a")(l +g(n))_ 1/2)+ 0((10g n)—1/3)'

If (logn)~'® <%, then we easily find that
(A+a)(1—g(m) 2 —(A—a)(1 +g(n) " < 24g(n)+4a,
= 2A(logn)~1? +4(1+ A)(log, n)(2logn)~ /2. .
Hence, by Lemma 3.7 (cf. [15]), for (logn)~'® <% we have
T((A+a)(1—gm) ) —T(A—a)(1+g(m)™*?) .
< \/F(z;tq(n)+4a Jexp{— %((/l—a,,)/(1+g(n))1/2) }
8/m(24g(n)+4a,)exp{—3(1—a,)*}
\/3/?4901 )+/8/n(4+2g(m)a, = O(logn)™*7).

Combining this with (18) and (19) we obtain (14).
Now let us put

m—(ZX* S logn) 2, I<k<m n>2, Sin =0,

t=1
where 7, is defined in (3.1).
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Let us denote
FSIZ)(;{,) = P[ max lg'n,tkl < j‘]

1<k<n

By (3.9) and the fact that 7, =1 and S, = X% <1 as. we obtain
FP(2) < P[ max |U,ul— max |5, — U, < 4]

1<k<n . 1<€k<n ‘
< P[ max |Uyy—S,,2logn)" 12 < 4] < FP(+(2logn)~ 7).
. 1<ksn .

Analogously, by (3.4), (3.9) and (3.8), we obtain
FP(2) > P[ max |U, |+ max |S,.,—Und < 4]

1<k<n 1<k<n

max 12U ,l]

= P| max |U,,kl+

| t<ksn ogn \/210gn

' U U,
= P| max |U,|+

| 1sk<n ,/2logn _./210gn:|

i U-U, 2 U-U, C
max Uy |+—= 2 ]

< A— , — <
[ 1<k<n 4 /2logn J2logn’ \/2logn (logn)'”®
Uu,-U, C
—P L L >
[« /2logn  (log ")1/3] .
C 2 a*(U,—Uy)
> FO( A— . _ n n)
F < (logn)'® (2log n)”2> 2C%*(logn)*/3
> FP(A—C'(logn)"'?)—0O((logn)~17),
where C and C' are positive constants independent of n such that
C(logn)~13+2(2logn)~ 12 < C'(logn)~ 3.

A\
~

Hence, by (14), we get
(20 sup [FP(1)— T (4) = O((logn)~*73).
A

Now, let {$, ., 1 <k <n,n> 1} be a triangular array of sums of random
variables defined by (6).

By a similar argument to that in the proof of Theorem 1 (see [7]) (relations
(9)(12)) we obtain

P[ max |$,,—S,.] > C'(10gn)‘”3]

1<k<n

= P[ max |3 Xf— Y. X#|> /2C (ogn)"*]
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SO 20
SP[ max IS,(—S,,J?‘/_ (logn)”G:I

1<k<N(n) 2

s o -A/2C
+P|: max |§,—S; ZJT(logn)”G],

i
N(ny<k<n

where

T
M=

S, =

13

-X;ks S.rkIZ-X:ky
i=1 .

1

and N(n) is a sequence of integers. '
We note that for k such that k > 7, by the definition (3.1) we have

inf(X,, X,,..., X, +)<ek)=1/k for all-i > 0.
In this case we get - LA
- . k
S;=8.+ Y Xk .
. i=tu+1
and so S, -8, | < ke(k) = 1. If k <1, then

S.— Y Xr

i=k+1

o~

Si

Put N(n) = (logn)'/*~%, 0 < & < 1/6. Then

PR C
@) P[ max |Sk—sr,(|>f (1ogn)”6}

1<k<N(n) 2

- o 2C
<P|: max Y X;"z\/’T(logn)W]

1<kStusSN®) i=k+1

hC 1 : logn)'/®
<P|:N(n)X’f ;#(IOg,-,)us:l =P[X1 > \/gc (oAg,ZZ) :|=0

for all n such that n > n,, where n, is the largest integer such that
2C '
\/—T(log n)/N(n) > 1.
Now we are going to estimate

P[ max |§,,—S,.|> C(ogn)~*3]. -

N(n)<k<n
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Analogously as previously and by Lemmas 3.4 and 3.5 for sufficiently large n,
we have

P I: max |S,x—S,.l > %(Iog n~ ”3}

Nm<k<n

<P max Y X2 \/ic (log ")1/6]

| Ny <k<t.<n i=k+1 2

1+ A)1 k 2C
<P| max (T AE L /2 (logn)”ﬂ

| N(m) <k Scsn k 2
[ 1+A)log, k 1+A)log, k
<P| max [(‘rk—rk-l)( tA)logsk - (1+A)log,
LNm<ksusnl k k
2 7
—(1+4)log, k:l > \[26 (log n)1/6:|

1+A)log, k  1,_
sPI: max l:(rk—rk_l)( ;ng +klgg1k(1+A)(log2k)2]
2 N

Nm)<k<stsn

> @Cl (logm)*/®+(1+4)log, N(n)]

T, — Th—
<P max —~* %71 (14 4)%(log, k)
[N(n)<kstksn(1+A)kIng k( : 2

S \/g c (logn)/¢ + (1 + A)log, N(n)—(1'+ 4)*(log, n)z]

T — Tg— C,(logn)'/®
<P max ko kTl L
I:N(n)<kStk$n(1 + A)klog, k= (1+ A4)*(log, n)*

< Y Plo—m-y = (1+A)k(og, b)4,],

k=Nm+1
where .
A, = C,(logn)"/5/(1+ A)*(log, n)?,

and C, is a positive constant such that

ﬁC (logn)*¢ +(1 + A)log, N(n)—(1+ A4)? (log, n)?> = C, (log n)*/¢.
2 2 5
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Now, by (3.3), we obtain

(22) Pl: max |§n,k_§n,rk' = g(lOg n)l/S]

N(m) <k<n
n 1 1 (1 + A)k(logzk)An— 1
< i |
<.z k( k)

k=N(n)+1

i " 1
T4+— —exp{—(1+A4)A4,log, k
( N(n))k 3 e (~(1+A14,l05,4

1 n 1
={1+—= - = -1/3),
( +N (")) k=N%)+ 1 k(log k){* 44 0((108 n)~'F)

The last equality is a consequence of the integrable type criterion of series
convergence. Hence by (200+22), we get (7).

Now, let {Y, 1} be. a. séquence of i.p.r.vs. with the same distribution
function F sat1sfy1ng 1y and let, as previously, {X,, n > 1} be a sequence of
irvs.ud. on [0, 1]. .

Put :

' G(t)=inf{x > 0: F(x) > t}.
Then, by [4], the sequences {G(X,), n > 1} and {Y,, n = 1} are the same in law.
Furthermore, the sums
= ) %*,  where R*=inf(Y,, Y,,..., X)), k>1,
) =1
can be represented as

= Y G(X#), where X} =inf(X,, X,,.... X)), k> 1.
=1

Let us define {S,;, 1 <k <n,n>1} as follows:
Snx = (S,—blogk)/b(2logn)*?, 1<k<n, n>2, 8§ ,;=0.

By Lemma 3.6 we can deduce that

S,—bS,
(23) . —"b—S" =0(1) as.
for all sequences {b,, n > 1} of real numbers such that b, # 00, as n — o0. In

fact, for some 4, 0<5<1 and n > 1, putting J, —11fX <6 and 6, =0 if
X, >0, we get . .

IS,—bS,| < Y. 8,IG(X¥)—bX¥+ Y (1—5i)|G(X;*)—bX;"|.
i=1 - i=1 . -
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With probability one all but finitely many J, are equal to one, so if b, / 0, as
n— oo, then

Y. (1-6)IG(X})—bX}|/b,—~0 as. as n— .
i=1 .
Moreover, if M is a positive constant, we see that
Y. G|G(X¥)—bX¥|
P[sup =1 > M]
nzk bn

<P[Y 5,|G(X¥)—bX¥* > Mb] = 0((b)"!)~»0 as k— oo,
i=1

because
E[ Y 616(XN—bXH] < 0.
i=1 _

Consequently, we get (23). Now, we obtain

F,(3) = P[ max |3,,] < 4] < P[ max [S,,]— max |3, ,— 5, <]

1<k<n 1<k<n 1<k<n
i 1S—bSil
= P| max |S,.— <A
| 1<k<n * 1<k<nb«/210gn
i - S, —bS,
< P| max [S,,]— b max 1S, u < l:l
| 1<ksn b./2logn isk<n  Da
i ~ o)b
< P| max |8, < i~+ﬁ],
| 1<k<n b./2logn

and analogously

F, 4> PI: max |S,,] <A— 0(1)b, ]

1<ksn bﬁl;g—n '

By (7) and Lemma 3.7, putting b, = logzn we obtain (5), and the proof of
Theorem 1 is complete.

3. Lemmas. In this section we present without proofs lemmas due to
Dehéuvels [3], Hoglund [10], Sawyer [15] and Skorokhod [16], we needed in
the proof of Theorem 1.

Let {&(n), n > 1} be a sequence of pos1t1ve real numbers stnctly decreasing to
zero. By {t, = t(e(n)), n > 1} we denote a sequence of random variables such that

(3.D) 1, = inf {m: inf(X,, X,, ..., X,) < &)},

where {X,, n > 1} is a sequence of ir.vs.ud. on [0, 1].
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LemMA 3.1. The sequence {t,, n > 1} increases with probability one and
T,— 00 4.5. s n— co.

LeMMA 3.2. The random variables 1,,,—1,, n = f, are independeni and if
e(n) =n"1, then

(3.2) E(tyr1—1)=1, 0*(th41—7,) = 2n, mn>x1,
(33) Pltye;—1, > 7] =L(1——.1—)'_1 for any r>0, n3> 1.
n+1 n+1
Let us put .
n—1 1 n—1 1
64 Up=3 Goi=w Us= T (on=w) g
Then o I
(3.5) EU,~logn = 0(l), EU,—logn=0(l),
(3.6) 62U, —2logn = 0(1), o>U,—2logn = O(1),

3.7 Z E(ti+1— 1) /K" ~ Z E(te+1 —1)'/(k+1)F ~ pllogn,
k=1

k=1
(3.8) . E(U,-U)=0(), ¢*U,~U,)=0(1),
where b, = O(1) means that the sequence {b,, n > 1} is bounded as n— oo.
LEmMMA 3.3. Let U,, U, be given by (3.4). Then

o~ P

39 —2+4U, <8, -8, <U, as, n>2,
(3.10) 8., <8,<8.  for me{t,_q, 1),
where

n

S;=YX§, S, =YX, n>l, Xf=if(X,,..., X, k>1.-
k=1 :

LEMMmA 3.4. We have

(3.11) limsupz,/nlog,n=1 as.,
(3.12) limsup[t,4+,—17,—1]/nlog,n=1 as.

LeEMMA 35 For all A >‘0,

[nlognlog,n... (log,n)**4] 1 < X,

< [log, n+logy n+ ... +(1+A4)log,nl/n as.
for sufficiently large n. ‘
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LEMMA 3.6. Under the assumptions of Theorem 1,
Z w(G(XE)—bX}) Z (1-8,)(G(X%)—bX})

b./2logn + b./2logn

20

as n— oo, and
E[ Z 0,|G(X¥)—bX} I] < o0,

where

1 ifX,<o,
= m 1
Opm {0 if X >0, 0<oxl,

. G(f) =inf{x > 0: F(x) > t}.

Lemma 3.7. For any pair of reals 0 < a <b < o0 we have

T(b)—T(a) < \/8/n (b—a)e™ """,

where

T(x)= P[ sup |W(5) <x],
10,1

and {W(t), te{0, 1>} is a standard Brownian motion (see [15]).

LEMMA 3.8 (the Skorokhod representation theorem; see Theorem A.1 in
[5] and Theorem 4 in [14]). Let Y;, Y,, ..., Y, be mutually independent random
variables with zero means and 6> Y, = 62, 1 < i < n. Then there exists a sequence
of nonnegative, mutually independent random variables z,, z,, ..., z, with the
following properties: ,

The joint distributions of the random variables Y,, Y,, ..., Y, are identical to
the joint distributions of the random variables W(z,), W(z,+z,)
—Wizy), ... Wiz + .. +2)— Wz + ... +2,-1), Bz;=0?, and Elzf
< CE(Y)*, k=1, where C, =2(8/n?} 1 I'(k+1).
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