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Abstract. h this paper some inaqualities For sums of independent rttndom 
variables blonping to exponentid OIrlicz spaces are obtiiined, 

Q), Imtradurgoo. Let (a, d, 9)) be a non-atomic- probability space and 
p 8 ,  "Phe exponential Orlicr! spam LcPE(Q) consists of all random va~alsles 
X defind on (a, d, P)  such that E exp IA- ' XIB < m for some I > 0. The 
norm is defined by the formula (see [4]) 

ProkabiIity proMems connected with the exponezltid IIBrlicz spms were 
considered by many atathers (see, e.g, [211 [q). 

The fallawing result is well known, For the psonf see, e+g., [6]. 

~ " R O P W ~ O N  1. The -foiiowr'n$ condieians are equiuafent : 
(1) Eexp(tX1 G exg(B,ErlP"j (It[ 2 A,) for some A , ,  £2, > 0, where p' = 

P/@-  11; 
(2) E exp(A, lX\p) G B, far wrt~izin A,, Bz r 0; 
(3) PCIXj B x] 6 A30xpQB3x3 for E O ~  As ,  Bj =- Q and all x ,O .  
Moreowl; in each implientian (i) l=. ( J ]  the constaflts A,, Bj depet?d oa[y sra 

A,, B,. 
1, R e ~ ~ i b  
~ ~ R E M  1. Thers exists a constant A =: A @) such that for each set of 

indcperdent rcrnaFnm varia1)i; {X',)e, cr Lbl(GJr B Xk = 0 ,  

This rasuit is an a a l o g ~ ~ e  of the well-known inequalities of von Bahr and 
Esseen 123 a d  Rosentkral c83. 

We denote by R, the expresgions of the right-hand sidc of (1) and (21, 
Using Prczpesidotr 1 we conclude that the islequdities ( I )  and (2) BrE: equivalmt 



for the esllimarte 
ts 

where B,  6 =. 0 dewad only on p. 
Let ('lks,f ra, be a sequme of iadepmderat identically disliributd gymmet- 

rie random variables such that 

far all x > 0. We write, as usad, for a - (a,):,, 

Let rfp)=p"if p a 2  and r 0 = 2  i f"1.<p<2.  

"E"I.rmw~ 2. There exist positi~e clar%sta.csnrs C,(;p) and C,&) such that fir 
each wctrrr a = {ali)$= 1 

This result shows that the power p' in (u )is the best. The v e s ~ o n  ab6ut 
the best powr in (2) is opened. 

2. Some heqlu~lrks far cbameterhtic fmc~aons. According to Prsposi- 
tion 1, if X E L@,(9, then the corresponding characterislic funchon J[tjr is 
extended to the whole function. Put 

LEMMA 1. Let X E Ltpj(ajl. If = l m = [ p q  and kt- f(z) b~ the 
ci7~r~spo~tding characteristic juaction. men 

and sup{1R{z)l: fzl G ot) <  pi^, m for" all rt > 0, whws a) d e p e d  o d y  
an p a d  a. 

P r s o By Tayiois fornula and the weU-known qza&ty EX" ikf kJ&8) 
we get 

fC4 - 1 -P Q,(%, 4 4- a"(4 = 

The remainder term 39 rqrmented in the farm T(z )  = f @""" ""(u(z))r"" '/(m + I)!, 
where u(z) belongs to the s e w n €  j o ~ n g  O and 2, Using the bmds 
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where F(x) = P [ X  < XI, a d  by Psopasitiao 1 we get the estimate 

where ful 4 a and y(py cl) depends only oa p and ol, %tting 

we obtain the required representation. Thus the Eema is pravad. 

for all t > 0, where C depends only on r , ,  .. . , r,. This implies the: inquality 
H 

171 E lxp G c f ~  ~x? + E 1xp). 
k =  L 

LEMMA 2. Let X E L{,(,)(IJZ), EX = 0, 1 < p < 2. Then fir ail co~tplex; z 

Proof. Assume jaX/lt,, - 1. Then, by Braposition I, 

far 121 3 Ab) ,  where A@], B(p) > 0 are constiants. b t  1 p < 2, Since 
BX = 0, by (5) and (7) we get 

m 

IQ,(X, z)! G 5. c ~ z x ( J ~  t S. E~ZX(@ G C(E{ZX~~ -t- EIZXIP). 
j = Z  

There exists a constant D =.; D(g)  gulch that E I I Y I P '  6 D)lYilfij for ftll TEL{ ,~ (~ ) .  
Hen= 

I&,(& 41 s C1 ( ~ l f l z s ~  ex2 1- IzlP' IIXIIPd!.). 
Using the cunGtian ElXSl = I ,  kmma I and the ioequdiq 1 + x < exp x we 
obtain 

If(f.ldl expC62ltp3il.ala EX2 4 i2Ip'.)3 (14 ACPI]. 

From this and (8) tha required astiinnate is deduced, 
If p 3 2, tbm ~ra ;= 1 .  Sinm EX - 0, we Rave Q,(X, z) = 0. From Lem- 

ma 1 we obtain 
fST4l I + Bbflzt" ~~p(b@)l'p)lzl~) 
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Now we remove the assumption 1[X = 1. Let :r = \jw14p), Y --- t- 'X 
and let g(z) be the cbasactedstic func~t;ion of K ".en gfz) = f (z/t). Using the 
estimates obtained far g(z), we get the r e q ~ r e d  estimate fbr f(z). Thus the 
lemma is proved. 

3, Roaf of Tbeosem 1. Let ( X , ) % ,  , c L,,(O) be independent sadom 
variables, EX, = B and f,(z) be the mnmponding ~haractesistic functions. We 
denoe by /(z) the charactehtie function of the m m  z = , X , .  Then 

Let 1 < p -c 2 and let H, be the expression of the right-hand side in (2). 
Then, by Lemma 2, 

far lzl 2. H i f .  Using Proposition 1 WE obtain (31, which implies (21, 
Let p 3 2 and I ,  = IIXkfl[pi. We can assume, without foss ofgenesdity, that 

From (4) and Lamma 2 we obtain 

SInm t, < 1 and p% z2, we have ti -S t:', Heam 

This inequdity md (la) i@y the estimate 

for [rf 3 1. Using Propsition 1 we get (1). Thus Theorem 1' is  proved. 

4 -0 b m m  The r e s ~ l t ~  of this section will be used in the proof of 
Theowm 2, It is not difieult to show the next prapsitioaa. 

LB~W 9. Ass- tho8 a symmtuk random vsaraiable be has the )"12hEe 
cha%arwbri,vtie funerior>n f(z) and there exist constants p 3 l and a, h 0 such 
that. P [tX( 3 x] 3 B exp( -ax9 for ail x 6. Thea there exist cnnscaaraits 
c, d 3 0, d ~ j ~ ~ ~ d i ~ g  on@ oi? a, b,  p, such that for lit1 3 d l  teR 



LEE~MA 4. Let the conditions of Theorem 2 be fu&fiFled. Tkerx for all 
A ,  B =. O there exists a mnsbant B = D(A, 8, p) such that tf 

for 01111 x > 6 ,  t1r~n I la,rEP) G D. 
Pro of, Let p 2 and j ( z )  be the characteristic function af Y, , Since Y, is 

symmetric, E'J", -. 6 .  Hence f(~) .= 1 -(Zi,Yf,'2)z2+0(1z1" when z -9.0, ~ E C .  
Consequently, $( - it) 2 exp(lar2) for saeiently small t E W, where t6 0 is 
a censtmt. Applying ($1, we get easily the strong inequality f(--it) > 1 for all 
t E R ,  E + 0, Wsi~ lg  Lemma 3 we csnclude that there exists a constant Clp) swcb 
that for dl t c R  

fQ-itJ 3 exp[C@)mirr(t2, I t . IPr) ] .  

Assume that (l 1) holds. The sum cL_, rr, bas the ehara~teristic function 

Pmm (1 1) and Proposjtion 1 we obtain Ig(z)I exg(83, IzlP') for 1x1 3 A,,  where 
A , ,  B, > O depend only on A ,  B ,  p. Using the last ineqwlities we obtain 

C(p) 2 min{(a,t)', la,rlp') 4 B,/r/p' far ~ E R ,  /ti 2 A, .  
k- 1 

If 1 .e= p < 2- then rIt,J =. 2. From (11) we get 

This implies t-he required as'aimate and pmws -ma 4. 

5 PrmP na~tu!rmf 2: The right-hand side inequality in (5) folIuws from 
Theomm 1, Sumsse that the left-hand gide hequality is not true. *Then there 
exist some sets of real nrarabers {apj)"k%)l ( j  = 1,2, ...) such ahat 

Pat mQ3i) =. 0, m[jJ .= n/d)+ . . . +n(jlr I j  3 1) and 



Aawding fa 112) we have ]15,11(,, d 1. Using Rapsition 1 we conclude that 

where A,  B > 0 depend ody on p, By l i e m a  4 we have 

But (12) imp.lks that the sum in the left-hand side b equal ta E. Wenee the last 
estimate carnot. be true far aU I .  This copltradiction proves Theorem 2, 
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