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mN@EN% SEQUALmFY FOR SCHWARE M U S  
FN VON lC"d1E:UMANN UGEBRAS* 

Abstract. This note ggivas a non-commutative venlaa of Jemm" ijnquaEty for 
Schwm maps in voa Neurnann algebras wi th  a fdtbfrzl normal 

hamy operator versions of the classied JensenSs inquality have h e n  
proved rmnt1y and piay an importaot role in marry fields of mathema~cs, in 
pafticulatn; in quantum sta~sticaf mechmics. One of the most generd results in 
kbis cantext is tbe fallovving ineqaalIty for positive conttashons on, aperator 
d~ebras. 

Let: A be a van Neumann algebra with a, faitMuI nomal semifinite term z, 
Let a: A -+ A be a unit preserving positive linear map %iad let ( be a selfadjoint 
dement: of A. Let: 8:  I -+ R be a canvex function, tclhere I is an open interval 
carardrrjng the spstmrrr of e. Then the inequality 

I+) ,(a@Cl] a ~(@C@tl) 
holds, provided that both sides are: defmed. 

"do e1ucl.idate the %ast fomulal_ion let us recall that the trace z admits an 
iextemasiiola to a linear functional on the ideal m, linearly spanned by the set 
p, = {x E A + : r(x) e oo) . Let - r ,  - 5 ,  be the Jordan decowpasi~orm of 
a seuadjoint agerator 4 E A .  We say tlmr ~ ( 5 3  is dt:fined if ~ ( 4 ~ )  < oo or 
~ ( f , )  < m {and then \we set T({) = T({~)-%({,$$, sa the case "a--a" 'is exdudeif. 
ag in the classical theory af inegraticrn, 

The inequdity (9) was proved by Petz C2-j when is a p~i t ive  opratoa 
and by myself [la in the general case of an swbitrary selfadjoint {= 

Our m&n god is to prove: a sirnilas result for Selrwarz maps, is . ,  linear 
maps a: A 4 A sati6fyjng the inequality 

ar(x*x)3m(x)*atCx"E for all XEA,  

30. the sequel, W*fx, ...I denotes the van Neummn algebra pneralied by x's. 
A' is the camnnutant sf A. 

a This papr  vwas presented during the Probability Senrmtm in khr: Iat~rnulrios~d Stc1;iild 
Bana~tch Coots, Waraxw, May 1930. 



T ~ C ~ W M .  Let A Be a wn Nearnzmuz algebl-a with a faithful normal sf;.m@~it-L. 
EPncre t. Let 61: A - + A  be a anit presarviizg Scfrwarz map and let [ G R .  Jf 
g: I -+ R is a nondeereasing conutax fafunctiolz (where I is an open interbra! 
containing tfae swctrum {I", rherz clze following bzcrquc;alr*ty holds provided t h r  

both sides are defined: 
r(afg15l2I) 3 ~(sl(I@t1~3)~ 

Proof. Let (a,)! and (b,) be sequexlces of red numbers (a, 3 0) such &at 

g(u)=sup(a,zb+b,3 for u ~ l .  
n 

Then we have 
g(u) 2 a,u+b,, U E J ,  a =  1,2, 

Tkre spcttal theorem For ]el2 gives the inequality 

and, consquently, by the properties of a,. 

Let laclz = f &(&A) be the spectral representation of la{]'. 
In the sque5 we shall need the following 
LEMMA. Let [ be a se4fwdjoint clpercatw in A with &he sgect;vab representatSon 

Let Ifl, , ', f;rS be a systetn of real caainuotas funceio~s defined an the int~rual 
[as PI. Assume that 

P 
&(TI = $ f ~ l A l E l ~ ~ J  n) Dj = 3 z9 -. nl 

B 

for sam operator D G A .  Let B be a mtl Nmmanlz algebra such that 

and r j B B se!~$fi"inine on B. Thmz 
P 

max f ,(A)E(dA) ,)B Er(l)j, 
a 16140 

Preoif af the Lemma, Let e > O .  Take a finite Bore1 g a r ~ ~ o n  
(Z,, Z,, ..,, 3,) nF [tx,Q] and c S j e R  (s = 1, 2,  - , # ,  n;  j = 1, 2, ..., na) such 
that, putting p*, = B(Zj) ,  we have 



and 

Thus we have 

which completes the proof of the kmma.  
Going back to the proof of the Tlaeomm, we specify the kctiom (A) 

appearing, in the L e m a ,  putting &(A) = $A f ( j  .= 1 ,  2, . . .), In the sequel, 
we sbdl keep the notation conwrning the appro~mation of (via the partition 
(2,) etc,), For Zf with t(gJ - ~ r ,  we fix ~ Z M  increasi~lg aef Ki of' prajectiom q in 
A with q g pi, ~ f q )  -c m and lim,, q = p,. If $(pi) .r m,  then we pub foi)~ Hi the 
empty set. Let B be a van &urnam dgebra of A generated by pi and K, 
( 8  = 1, 2, m). EGdently3 the trace t restri~ted to B is sem%nite. Con%= 
qraenlly, there 8 a fkthful norm4 eoaditional axpweation EB &urn A onaa 
B presewbg T. 

Eel: usl fix O < E, -4 OI take a suitable padition (z$)) and find the correspondllng 
casraditionaB apectation EEn. Put D, = EBmctg(l{ia). Than we have gmEJ,f[~(jz) 
$ DB+ 2s. (n = 1,2,  . . .). There is a net (a,) such that Doc convagcs weakly to 
same positive operator D. By the weak*-lawer semicontrsuity of t we obtain 

Moreaver, g,(largl" 4 gB()cxgf2] in the unifom operator topology, so D 2 g(lo1t1~) 
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and, cortsequendy, ~(ag(1t1~)) 3 z(g(lclglZ)), Now, it i s  enou& to prove our 
inquality wider the assumptian that the set af =rays sf g is a one-point set [if 
not ernpryh say, g ( l , )  =. 0. Xf z(g(~a{j%)) < a, then .e(e(lZ)) .= so for every Sore1 
Z r=: 4 with discan= ( Z ,  A@) 0 .  Mareover, if z(e((R,))) < a, then 
z ] Wift(lar;ll? )is semifinite, Jn the case of z(e((A,])) =: ca, we fix an increasing nd 
K of projections q in A with g 4 &((A,)), ~ ( q )  4 co and lirn,q = e((R,)). Let. 
B Ix .t: asn Neumann slibizlgebra of A gneratd by [cx(12 and K . Then z 1 23 is 
semifinite and t h e  exists a s-pwserving conditioaal expecution EB sf A snta 
B and we obtain easily 

EBg9(1tI" 2 gClat!2rs 

which ipnplies the inequality 

when bath sides are finite. 
It remains to mnsider the case t(ag(lcEZ)) =. - ca and r(g(la{12)) = + m.. 
Assume z(g()a(fz)) = + m, which means that 2(9(25),) = +a. Madi- 

fying (mutat-is mutadis) our reasoning in the wse of positive g we construct 
z suitable operator D and take its posi-rive part D , , atp ing  the notation of 
this part of our proog we have 

NOW the standard reasoning concludes the proof. 
The case T ( E ~ ( ~ ~ ~ ~ ) )  = - ao is left to the reader. 

El] W- Jaj te, A non-con~mut&tiue uersiorr of Jense8t7s &equality, preprink. 
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