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APPROXIMATION SCHEMES
FOR TWO-PARAMETER STOCHASTIC EQUATIONS

BY

M. TUDOR (BUCHAREST)

Abstract. In this paper we introduce several approximation
schemes for Itd equations with two parameters which are suggested by
the Lie-Trotter product formula from the theory of nonlinear semi-
groups. ’

By using the splitting up method the equation is decomposed
into two simpler equations. The convergence and speed of convergence
of schemes are discussed.

1. Introduction and notation. Approximation schemes for one-parameter
It6 equations have been considered by Glorenecc [3], Milstein [4], Pardoux
and Talay [5], Platen [6], Rao et al. [7], Rumelin [9]. For the two-parameter
case Ermoliev and Tsarenco [2] have proved the convergence of finite
differences, and in [10] some approximation schemes are considered for the
infinite dimensional case. Recently in [8] several approximation schemes
suggested by the Lie-Trotter formula are proposed (see also [1] for the case of
parabolic stochastic equations). The method consists in a separation of the
diffusion and the drift terms and obtaining in this way two simpler equations,
one of them is deterministic and the other one is stochastic.

In the present paper we give similar schemes for two-parameter It
equations. Next T is a positive number, m and n are positive integers, and 1 is
the Lebesgue measure on R?. We introduce the following notation: -

I=[0,TV, hy=Tm, hy=Tn, h=(hy h,),
si=ih1,i=0,1,...,ﬁ1, ti=jhy, j=0,1,...,n
zij = (55 ty), Iy = [si sie 1) X [0, 2],

= [0, sIx[t;, t;+1), Ry =10, 5)x [0, 7).

For a rectangle D =[s, ) x[u, v) and a two- parameter process (f;,) W
define the increment of f on D by

f(D) = ﬁ,v ’—ft|,u _f;,v +f.;,u .
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Let a(p, g, x): IxR?—>R? and b(p, q, x): I xR* > R*Q@R™ be measurable
mappings. We consider the following hypotheses on a, b:

(X) la(p, 4, X)I* < K;(1+1x1%),  |b(p, 4, x)I* < Ky(1+Ix{?)

for all (p, q)el, xeRY;
la(p, 9, x)—a(p, q, y)|

|b(p, g, x)—b(p, q, y)|

for all (p, q)el, x, yeR°.

Let (Ws,)s,ner be an R™-valued two-parameter Wiener process, i.e., (W;,) is
continuous, w vanishes on {0} x[0, TJU[0, T] x {0} for every rectangle D,
w(D) has Gaussian distribution with mean 0 and covariance A(D)I,,, and for all
disjoint rectangles D, ..., D, the increments w(D,), ..., w(D,) are independent.
Let %, = B(w,,; u<s,v<t) be the canonical filtration associated with w.
We consider the two-parameter [t6 equation

. 2 <L1-IX—}’|2a
L)
<

2 Lzlx_YIz

st st
(1) Xsp =X+ [a(p, q, X, )dpdg+ [ [b(p, q, X,.0)dW,.4,
00 00

where xeR? and { [Lbdw is the Itd integral as defined for example in [11].

Remark 1. Under (K) and (L) the equation (1) has a pathwise unique
continuous solution (x; ) »er (se€ [11]). The initial condition x can be replaced
by a process (#;,)sner Which is % -adapted and continuous.

2. Main results. First we introduce two approximation schemes for (1)
with adapted and continuous approximating processes. We define recursively
the approximating processes u”, x*, @*, %* for (s, t)eR,, , by

st .
(2) ) u:,t =X+ a‘(p, q, Up, q)dpdqa x.l;,t = ug,r+ Ijb(p: q, xg,q)dwp,qs

(3) a’sl,t =X+ b(P, qa ﬁg.q)dwp,qv x’s!t - u I+I_[a(p, qs xs t)dpdq
The processes u*, x", 4", * with the time parameter R, , are well defined,
adapted and continuous (in fact, 4" is deterministic). Suppose that for some (i, j)
we defined on R;, , the above processes which are continuous and adapted and,
moreover, u!, is f _,measurableif (s, t)el;, jand ul, is Z, 4, ,-measurable if
(S t) € ‘Il,_] —-1-

Now, if (s, t)el;;, we define

5t st
@) ub,=xt_ .+ g a(p, q, up )dpdg,  xt, =ul,+| g b(p, 4, x} AW, 4,
5i Si

st

(6) @, =%_,_+{falp, q, 3 )dw,,, fi',—usz+Ha(p,q, s )dpdg,

50 510
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where
f;_"_ = pzl'}xl}llztqu
If (s, )eJ;;, we define
(6) ub,=x1- t,-+Ha(p, q, wp)dpdg,  xi. = us,+Hb(p, q, pq)dw”,
Oty 0y

(M ﬁ;‘,t = x-gi_,tj_ +I j. b(p, g, iz';v,q)dwp,q’ x:,t = ﬁg,t"‘jsa(p: q, X5,9)dpdq.

0ty 01y
If s=Tor t=T, then we define
h _ b B __ Jh ~h o __ sh ~h __ oh
(8) Ugy =Us— gy Xgg = Xg— g Ugy =Us_ 1—~» Xgt = Xs— 1

The approximating processes u”, x", 4", " are defined for all (s, )e[ as
follows: by (2), (3) if (s, )€ R,, ,; by @), (5)if (s, )€ I1.1; by (6), (7) if (5, H)eJa1;
by (4), (5) if (5, )€ I5.2; by (6), () if (s, )€ J5.0; by (), (5) if (s, )€ I3 5, ...; and
by ® if s=Tort=T

Remark 2. The processes u”, x", i", * are continuous and adapted and,
moreover, uf, is %, measurable if (s t)yel;; and u?, is ,,-measurable if
(s, )e ;.

LeMMA 1. The following equations hold:

. st ' [s/h1lhy t '
© Ues = x+(5) (5) a(p, g, ub )dpdg + (I) fb(p, q, xb Jdw,,
if (s,t)eR,, , i+j is odd;

) st - 5 [tfhalka
(10) gf (v, 4, u’;,q)dpdq+£ (I) b(p, q, X} )dw,,,
0
if (s, )R, i+]j is even;
st st
(11) xst = x+”‘a(1” q, upq)dde"'j‘jb(pa q, qu)dwpq’
[sthalhy t ’
(12) at,=x+ [ [al(p,q, ip,q)dpdq+”b(p, g, i Jdw, 4
0 (1] | 00
if (s, t)eR,,,, i+] is odd;
5 [t/h2lh2 st ‘
(13) @, =x+{ | a(p,q, % )dpdq+[[blp, q, @ )dw,,
o 0 00

if (s, t)eR,, ,, i+j is even;

st st
(14) x~?,t = x+_”“(l’» q’ fp,q)dpdq+jjb(p’ q’ ﬁgsq)dwp-q'
00 00



180 M. Tudor

Proof On R,,, the equations are obvious. Assume that they hold on
R;,, and let us prove their validity on I;; and J,;. By hypothesis, for
(s, t)el;_;,; we have

(15) Xt =x+

O ey 1
[ S———

st
a(p, q, “Z,q)dpd‘I‘l‘”lb(Ps q, x;,q)dwp.q'
. 00

Then, usihg (15) and the induction hypothesis, we have
st

e, = xb_ .+ [ {a(p, q, ul )dpdq

S,'O

sit
*x+Ha(p, 4, pq)dpdqﬂ"fb(p, g, pq)dw‘q+Ha(p, 4, Up,q)dpdy
:s t . [S/hl]h]_ t v
=x+[{alp, ¢, up)dpdg+ | [b(p, q, x)dw,.,,
00 ’ o - k

0

11

_ust+ J' j'b(pa q: pq)dw
Lo . [s/h1lhy1 O :

[.s/h1]h1 t

="x+na(p,q,uﬁ,q)dpdq+ I 100, 4 g+ [ b0, 4> xh)dwyy
0 [s/h1]hy O
st .

= X+Ha(p, g, pq)dpdq+Hb(p, q, ,,q)dwpq

Similarly one > obtains the equatlons for (s, tyeJ;; and for ", %*.
LeEMMA 2. The following estimates hold:

(16)  5up E(lz, ) < C,:= 6(xf + T*K, + T2 K )exp{6THT?K, +K.)}

for z=1u", x*, " 3*; .

(17) sup E(Ix.’slt_u?,tlz) < Cylhy+hy), C,=TK,(14+C,);

s suwp B2~ ) < Gyl 44D,  Cy = K, T*(1+C)
St el

Proof. Define Kj=3(x*+T*K,;+T?K,) and K, =3(T?K,+K,).
Using Lemma 1 and (K) for (s, t)el we obtain

st '
(19) B’ < 30+ 372 [ {B(alp, g, s )F)dpdg
. : . 00 .

st
+3 [ {E(1b(p, g, x} )I*)dpdg
0

0
st
S K3+ K, | [[E(lu,*) +E(x},*)1dpdg. -
00
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Similarly we obtain

st
(20) E(lxt %) < K3+ K, [ [ [E(hq*) + E(1xp,4/*)1dpdy.
00

Summing (19), (20) and using Gronwall’s lemma we obtain
E(I“?,:|2)+E(|x§',t|2)< 2K36Xp(2T2 K4)-‘
Similarly we deduce (16) for i*, %%
Next, if (s, t)eR,,, and i+j is odd, we have

- E(lxt,—ul ) = I I E(Ib(p g, pq)l )dpdq

[s/h1]h1 O

< j jK2[1+E(|x,,,,|2)]dpdq K2(1+C1)Th

[s/h1]lA1 O
Similarly, if i+j is even, we have
E(jxi.—uid?) < Ky(14+Cy)Th,.
An analogous argument works for %*—i".

THEOREM 1. Assume (K) and (L) are satisfied. Then

(21) sup E("‘g,:_xs,t'z) < Cy(hy+hy),

(s,t)el
where C, = 3T?L,C,exp{3T*(T*L,+L,)};
(22) sup E(|%8,—x;, :| )< C.(hi+h3),

(s,t)el
where C, = 3L,C5exp {3T*(T?L, +L2)}.
Proof. We justify only (21) (similarly for (22)).. We have

st
—Xs,t ™ jf[a(p, q, x};y,q)_a(pa q, xp,q)]dpdq
00

[b(p7 q, x:‘;,q) - b(Pa q, xp,q)] dwp,q

O ey

+f
° st
+£ g [a(, 4, up)—a(p, 4, xp.)]dpdq.
Then, using (L) and Lemma 2 (the second estimate), we obtain
E(lxt:— X% < 3(T?Ly +Ly) i }E(Ix}';,q—xp,qll)dpdq
+3T%L, sup. E(|up =Xk %)

(p.9)e.

st
< 3T2LyCy(hy +hy)+3(T?Ly + Lz) j j E(|x’;:,q—xp,q|2)dpdq
00 :
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and with Gronwall’s lemma we get
E(Ix’sl,t—xs.tlz) < Cylhy +hy),

where C, = 3T*L, C,exp {3T*(T?>L, + L,)}. In the same manner we estimate
E(|%*,—x,,|*). Thus the proof is complete. '

Next we introduce other approximating processes v*, y*, #, 7 which are
more appropriate for the numerical treatment. For (s, #)eR,, , we define

st . st
3) vh.=x+([alp,q, vp)dpdg, yi,=vh_4-+[[b(D, q, ¥ )dwW,
00 00

st

st )
(4) o, =x+{(bp, q, 0h)dw,q T2 = _4,- +[[a(p, q. 7 dpdg.
00 i 00 ’ .

For some (i, j) we defined the processes v", y*, #, * on R,,, such that:
Ve., O¢, are % ,-measurable, !, is %, , -measurable if (s,t)el;—, , v},
is %, ,-measurable if (s,f)eJ;;—;, and J, is &, -measurable if
(s, )el;—y,;0J; 1. Now, if (s,f)el;;, we define (with the convention
y’é_,,=y§',o- = Xx) '

. st
| =Ya-a-+[[alp, q, v} )dpdy,
(25) » S"OS ;
- y:l.t = vgi+1—,tj— +Ij.b(p’ Qa y:,q)dwp,q;

si 0

st
' : ﬁ:,t = i.:li"-.t— +_’.Ib(p, q, 17;';,q)de.q’
(26) 50 i

st

j;.:l,t = 5;'¢+|—,t3—+jj‘a(ps Q= fg.q)dde;
50

and if (s, t)eJ;;, we define

st
ves = Yi-- +[ [ alp, q, v} )dpdq,
@7 Yy

y:‘,t = v?i—,tjfl— +_‘.5b(p! ‘L y:;,q)dwp,q;

0ty

st
ﬁ:,t = .}7:—.:,-— +Ijb(P, q, ﬁg,q)dwp.qa

(28) | Yy
i:,t = ﬁ:i_,‘j+1_ +jj‘a(pa q, J’;,q)dpdq
Oty

Also, if s=T or t=T, we set vi,=vi_,, yt, =yt ., ot =d"_,,
B
ys,: - ys—,t—'
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The definition of v", y*, #*, 7" on the whole I is obtained as follows: we start
with ze R, , and define the processes by (23), (24), and then alternatively on
I.: by (25), (26), on J,; by (27), (28), on I, by (25), (26), etc.
Remark 3. The processes y* and 3" are % ,-adapted; of, is
%, -measurable if (s,t)el;;; of, is %, -measurable if (s, t)eJ;; e, is
%, . . -measurable if (s, t)el;; and y¢, is &,,,, ,-measurable if (s, t)eJ, ;.

Si+ 1.0

LEMMA 3. The following estimates hold:

(s,0)el

(29) sup E(z, /)< D, for z=1" y" ", 3",
where D, = (4+|x|*) exp {5T*(1 +KV1 +K,)};

(30) sup E(lyl:—ved?) < Dy(hy+hy+hyhy+hi+h),
where D, = (3K,+6T*K,+ TK,)(1+D,);

(1) sup B(|9%,—%|%) < Dy(hy +hy+hi + B3 +hihd),

where D, = (6K, +12TK,+2T?*K,)(1 +D,).
Proof. By Itd’s formula for {[v},1*}s,<s<si,s0 0 < T <t is fixed, we have

5t
'Ug.tlz = |y:.-—,1—|2+2_f j a(p, 4, Ug,q): v’;,,t>dpdq

Si0‘

st
< WP+ [ [ Lalp. g, vh)I> +1vh4*1dpdg
Si 0

st
< ly;'i—,t»lz +K;Th, + _{ §(K1 Ivﬁ,qlz + Iv;',,,lz)dpdq;
5 0

‘ ' st
E(jvh?) < E(lyk- o~ 1)+ TK by + [ [ [K, E(6}4*) + Elv;,4*)]dpdg.
. 5: 0

Then we obtain

(32 sup E(oid*) < sup E(ys-:-I) N
+TK b+ T(1+K,) | sup E(" /?)dp,
<ty

s.-q

so that, by Gronwall’s lemma,

(33) fB?E(IU?,:lz) < [§1<1P E(ly- -1+ TK hJexp {T(1+ K )h,}.
Since vf,,- ;- is %, r-measurable and if s<s', t <, and

s't o
E[j j h(pa q)dwp,q/g(gjs',TUﬁT,t)] = 0:
5t
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we obtain, for 5; <s <s;4q, 0Kt <y,

st
E(yed?) = E(vk,. . -.;,- )+ { [ E(Ib(D, ¢, y}.)I*)dpdq

ng

st
< E(v5. ;- - )+ K, [ [ [1+E(y5,4)1dpdg,

$i0
so that
O B0 < Btk o)+ TRy + Ko [ EQ )b
band, by Gronwall’s lemma,
(35) E(ysd?) < [E(lvf,, - .,-1)+ TK, b Jexp(TK , hy).

If we take s.7s;., in (33) and we use Fatou’s lemma, we deduce

(36)  SUpE(Wh,, -~ < [sup E(yh,- .- )+ TK, hyJexp{T(1+K )by},

t<tj
and using (36) in (35) we get
(37 supE(y:d)
<ty

< {TK2h1 +[TK b, +tSBP E(ly} - .- ))Jexp{T(1 +K1)h1}}eXp(TK2h1)-

Taking s /7 s5;4; in (37) and applying Fatou’s lemma we obtain
(38)  supE(ys,,- I
< [T(K;+Ky)hy +§EP E(U’.:‘i—,w'z)]eXp{T(l +K,+K,)h,}

and inductively we get
(39) supE(y4,, - .- ?) < (L +|xP)exp {2T*(14+ K, + K,)}.

t<t;
Using (39) in (36) we obtain
sup E(of,.,, - 4*) < [TK by +(1+[xP)exp{2T*(1+ K + K )} 1exp{T(1 + K )h,},

I<IJ-

so that

(40) sup E(oh,, - /%) < Q+Ix)exp(3T(1+ K +K,)}.
t<tj

‘Replacing (40) in (35) we obtain
(41) E(y.%) < B+[xP)exp{(4T2(1+ K, + K,)},
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which together with (33) implies
(42) E(jvs,*) < (4+[x|*) exp {ST*(1+ K +K,)}.

The same estimates, (41) and (42), follow if 0 < s <'s;, t; <t < ;4. A similar
h

computation works for %, j".
Next, if 0 <t <t;, 5; <5 <5;41, We have
sty
43) E(lys:,- —yed® = [ [E(b(p, q, y5.)1*)dpdq < K,(1+D,)h h,,
5it
(44)  E(vt —vf %)

S{+1

Si+1ti

< 3E(yh- - —vE_D+3E[| | [alp, q, vh)dpdq|*]
Si 0

st
+3E[|f {a(p, q, U'I',,q)dpdqlz] < 3K,(1+D,)h h,+6T*K,(1+D)h? = D).
5i 0

Since v* —vk, is %, r-measurable for t <t;, 5; <s <s;1q, we have

Si+1 7t~

st
E(lye,— vk %) = E(l0},. , - ;- — 024D+ [ [ E(b(p, 4, ¥}.)|")dpdq
5:0 -

< DY+K,T(1+D))h,.
An analogous computation works for 0 <s <s;, t; <t <{;4. Therefore
E(y",—v"|?) < 3K,(1+D)h h,+6T?K, (14 D,)(h} +h3)+ TK,(14+D,)(h, +h,)
< Dy(hy+hy+hyhy+h3+h3) '
with D, defined as above. We proceed in the same manner for E(|j*,—d% |?).

THEOREM 2. Assume that (K) and (L) are satisfied. Then the following
estimates hold:

(45) sup E(|ye;—X.d?) < Dy(hy +hy+hyhy+hE+h3),
s,t)e. . . .
(46) (Su)PI E(lf:,r_xs,tlz) < D~3 (hy+h,+ hi+ h%):
s,t)e.

where D, and D, are given explicitly in the proof.

Proof. Let (s, t)el;;. From the equality

51
u?,t_vg,t = x.’;—.t— _yg,-—,t— +jj[a(pa q, u:,q)_r—a(pa q, U};,'q)]dpdq
SiO
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we obtain, by It6’s formula, along t = constant,
h b2 h h 2
|us,t_Us,t| = |xs.-——,t— _.V.s,-—,t—‘

+2( [<la(p, g, uh )—a(p, g, v )1, ub,—vh,>dpdq

5: 0

st
< |xg,~—,t-— _y;'i—,t—lz +2L, _f _‘- I”Z,q"‘vg,ql I“Z,t“’vg,tldl’d‘f
Si 0
Then
. . S
sup E(jul, —v,/>) < sup B(x% _ .- —y& - . |)+2TL, | sup E(ju} ,— v} |*)dp,
1<ty t<ij 5 4<t;

and thus, by Gronwall’s lemma,

(47) sup E(Iug,t_ v},l%) < sup E(Ix; —= —yi',._ = [*)exp(2TL, hy).
1<y 1<ty
Next from (44) and (47) we obtain
(48) E(Iu.?,t - v:"i +1 7.t |2) < 2E(Iu.,s',t - Ug,tlz) + ZE(IU;',I - U.’;H 17t~ |2)
< 2Dy +2sup B(xt, - .- —yh- - P)expTL, b)) = d,.
t<ty :

Utilizing the %, r-measurability of u?,, v}, _, - we deduce

st
E(xt, —yt %) = E(ut,—v",, .- .,- 1))+ [ [E(b(p, 4, X} —b(p, 4. y§ )" dpdg

i0

st
S E(ub, -k, - 1P+ L, [ [B(x},—yp.4*)dpdq
. 5i 0

S
<supE(uf,—vh, _,-P)+L, | sup E(xh ,— b )dp.

t<t; sp A<

Hence
. s
sup E(lxg,t_y;’,tlz) < sup E(lu;',t-—-l?:” 1 _,tj_lz) +L2 T j- Sup E(Ixz,q _yl;r,qlz)dpﬁ
1<t 1<ty 50 2<1;

so that, by (48) and Gronwall’s lemma,
(49) sup B(lx?,— yt /%) < dy exp (TL,hy).
t<iy

If we take s7s;,; and t 7t in (49), we obtain the recursive inequality

1 =supE(xt, - —y&, - ,-1") <[2D7+2a;exp QTL, h,)]exp (TL,h,)

t<tj
or L X
(50)  otiry < [6K,(14+Dy)h,hy+12T2K, (1+D,)h2 +20] exp {TQL, + L,)h,}.
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By induction we deduce from (50) the inequality

(51) §ggE(|x§'m-,t-—yihl—.t-lz)

< 6K,(1+D,)h, +12T*K (1+D,)h,
h T(2L,+L,)

Utilizing (51) in (49) we obtain

(52) E(xs;—yid®) < dy(hy +hy+hy by +B3),

where |

(53)

dy =6(1 +D1)|:K2+2T2K1+

exp{T*(2L,+L,)}.

2(K,+2T*K,) , .
TeL L, S®{T CLitLy)} |exp(T Ly).
Similarly for (s, t)eJ;; we obtain

(54) E(x!,—ytd® < dy(hy+hy+h hy+h3).

. Now (52), (54), and (21) imply (45) with

(55) D, =2d,+2C,.
Next, for (s, t)el;;, utilizing the equality -

st
ust—vst_xsi-t— ys, 2 +j_“:b(P’ qa ) b(p, q, qu)]dwpq

s 0
and %, ;-measurability of %% _,_ —j%_,_ we deduce
st
E(jd@y,—0e,?) = E(% - .- — 94— -1+ L, § f E(ld},,—,4*)dpdg
5 0
and, by Gronwall’s lemma,
(56)
SupE““st"‘vstl) supE(lxsi - f:;~,t~|2)exP(TLzh1)=ﬁieXP(TL2h1)-

t<lj t\tj
Also we have

SupE(lxst yst ) (1+h1)§utpE(Iﬁg,t_5?i+1—,tj—|2)
<t

t<ty
+(1+1/h)L,Th, jsu? E(x% ,— 7 |*)dp,
S <1y

and hence

(57 .
fu? E(lxst .Vst )< (1+h1)supE(lust s.+1— t,-—|2)eXp {2L, Thy(1+h,)}. -
<t;. .
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On the other hand (by using (K) and (56)), we can write
(58) E(‘“St 5§li+1— tj—lz) - E(Iust_vst+vst 5?i+ 1,tj-|2)

Si+1 t

= E(jas,— 2.)+ [ FE(b(p, g, 75 ,)1*)dpdq

sty
< Bexp(TLyh)+ K, (1+D)h h,.
Next, taking s./7s;.4 in (57) and using (58), we obtain
Biv1 <exp{1+2L, T(1+h,)}h,[Bexp (L, Th)+K,(1+D)h h,],
Bivs < [Bit+Ky(L+Dy)hyhyJexp {hy [1+2L, T(1+h)]+2L, T}.

Hence, by induction and putting

K,(1+D,) ‘
h= L, T(1+h)+2L,T]},
(59) d; 1+2L1T+2L2TCXP{T[1+2 1T(1+hy)+2L, T]}
we get
(60) ' B; < dyh,.

Then (58) becomes
B(jitg, — 05, , - ;- 1?) < dyexp (TLyh)hy + K, (1+D )by by,
which used in (57) implies
(61)  E(%::—Jol®) < (1+hy)[drexp(TLyhh,
+K,(1+D)h hy]exp {2TL1Yh1(1>+.h1)}
<(T+1)[dy+ K, (1+D)](hy+hy+h hy)exp {T(1+ T)L,+2TL,)}.
A similar inequality follows if (s, f)eJ;;. Then from (22), (61) we get

(62) E(|5%:—Xs?) < Dy (hy +hy+hy by +h2+h)
where . | |
(63) Dy =2C,+[dy+K,(1+D,)]exp{T(1 + TYL,+2TL,)}.

The proof is complete.
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