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Abstract. In this paper, sufficient conditions for the existence of
(o-finite) invariant measures for a class of Markov chains with random
transition probabilities are given. A special class of Markov chains
with random transition probabilities is also studied here to show the
relevance of attractors for certain iterated function systems to the in-
variant measures for these chains, and some of these results are illus-
trated with computer-generated pictures.

1. Introduction. One of the aims of this paper is to generalize the model of
Markov chains with random transition probabilities, extensively studied by
Cogburn in a series of papers (here we mention only [5]) and later by Orey
[16], to a locally compact Hausdorff state space. We provide a sufficient con-
dition for the existence of a non-trivial o-finite and locally finite (i.e. finite on
compact subsets) invariant measure for the above-mentioned (skew) chains. In
Section 3, where we present this result, the method and other details are de-
scribed.

In Section 4, we consider a special class of the Markov chains we studied
in Section 3. These chains are induced by a number of affine maps on R?. The
Markov random walks (with values in these affine maps) from these Markov
systems give rise to what has been called “attractors” in the literature. Such
attractors in the context of iterated function systems, in various situations, have
been studied extensively in recent years by M. Barnsley and his co-workers in
numerous papers. Also, recently in [13], in the iid. context, such attractors
were studied in connection with invariant measures. The main purpose of this
section is to establish a connection between these attractors and the invariant
measures for the class of Markov chains that we study here. Our results in
Section 4 are then illustrated by appropriate computer-generated pictures of
attractors.

In Section 2, we present a result necessary and sufficient for the existence
of invariant probability measures for general Markov chains that have the Fel-
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ler property (i.e. takes bounded continuous functions into bounded continuous
functions) and also the property of taking continuous functions vanishing at
infinity into continuous functions vanishing at infinity.

2. Invariant measure for general Markov chains. In this section, we present
a general theorem on the existence of an invariant probability measure for
a Markov chain (X,) with locally compact second countable state space X.

Let P(x, A), xe X and A < X, be a Markov transition probability func-
tion so that, for each Borel subset 4 = X, P(-, A) i$ a Borel measurable func-
tion of x and, for each xe X, P(x, ) is a probability measure on the Borel
subsets of X. _

In the rest of this section, we make the following two assumptions:

(i) If A is a compact subset of X, then the function x — P(x, A) vanishes
at infinity.

(ii) P has the Feller property, that is, for each bounded continuous func-
tion f on X, the function Pf(x)= | f(y)P(x, dy) is continuous.

Let us remark that in the context of random matrices we are often in
situations where the conditions (i) and (ii) hold. For instance, if u is a (Borel)
probability measure on X, the set of d x d non-negative matrices (with usual
topology) which have no zero rows or zero columns, then the Markov kernel
P(x, A), defined by

P(x,A)=p{yeX: y-xeA},

satisfies both (i) and (ii).

THEOREM 2.1. Suppose that conditions (i) and (ii) hold. Then the following are
equivalent:

(@) There is an invariant probability measure A for P, that is,

A(d) = [P(x, A)A(dx)

for every Borel subset A — X.

(b) There is a compact subset K < X such that sup,n~'Y,_, P*(x, K)
does not converge to 0 as n— 0.

() sup limsupsupn™t' ) P*(x,4)=1.

A: compact n— o x k=1
For the equivalence of (b) and (c), we do not need condition (ii).

Remark. Note that once we have established that (a) and (b) are equiva-
lent, (c) follows trivially from (a). However, in the absence of condition (ii), the
equivalence of (b) and (c) does not seem to be trivial. Let us also mention that
our proof will show that the quantity on the left in.(c) with “lim sup” there
replaced by “lim inf” is also either 0 or 1, in the presence of condition (i).
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Proof of Theorem 2.1. (a) = (b). This is easy since if A is an invariant
probability measure for P, then

A(4) = [ P(x, A) A(dx) = | P"(x, A) A(dx) = j%kzl P (x, A)A(dx).

(b) = (a). Note that (b) implies that there is a compact set K such that, for
some subsequence (n), there exist elements x, X such that

ni
l,_ Y. P(x,,K)})>6>0 for all i>1.
- Myg=1

Define the probability measures (v,) by
Vi, )"'_ Z Pk(xms'
Big=1

Then there exists a subsequence (n;) such that (v,, ) converges (weak) to some
measure v, v(X) < 1. It follows that v(K) = 4.
Now we observe that, for any Borel set A,
§ Py, A)vn, (dy)— Vs, (4)]
ny n
1L =y P*l(x,, A)— Z P*(x,,, A)| >0 as n;— 0.
ik=1 n;y=1
Now, writing 4,,(4) = [ P(y, A) v, (dy), we have: for any bounded continuous
function f vanishing at infinity,
§fdd,, = ([ f@ Py, d2)] vo,(dy) > S [[ f @ P (v, d2)] v (dy),
since the function Pf(y) also vanishes at infinity. Thus, since
|f fdAs,~( fdv,| >0 as i—> o0,
we have

S f@ PG, dzy] v(dy) = | fdv.

Now, given any compact set B < X, the set B being a G,-set, there exists
f, (continuous with compact support) such that f, I, so that
v(B) = [ P(y, B)v(dy). Thus, (b) = (a).

(b) = (c). Suppose that a > 0, where

1) _ sup hmsupsup Z Pk(x, A) = a.

A: compact n—>w® x k—

If possible, let a < 1. Choose ¢ > 0,a<c< 1, such that & < cf4,0<e<c—a,
O<a<c—e<c<l,c(l+c)2 <a. Let A be a given compact set and xe X.
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There exists a positive integer m, such that, for m > m,,

22) | sup~ 3 P*(y, A) < c—e.
y Me=1
Using the condition (i), we can now find a compact set E such that
(2.3) Py, A)<e, 1<s<m,y,
whenever y ¢ E. Now we have from (2.1): There exists r, such that, for r > r,,
- © 1 mordmo cc+1) 3
24 - WHEHP"(x, E)y<c—e and ( 2+ )+a<a

There exists a positive integer s,, 1 < s, < m,, depending on r such that, for
r=ry,,

1 r

(2.5) =Y Prmotso(x F) < c—e.
Tg=1

To see this, just write

mor +mg
1 Y. Px,E)= —ml r{P"‘°“(x, E)+ P*™*1(x, E)+ ... + P™*1(x, E)
0

MoT k=mo+1
+P™*2(x, E)+P*™*2(x, E)+ ... + P™*2(x, E)+ ...
+ Pmotmo(x, E)+ P2motmo(x, E)+ ... +P™tmo(x, E)}.

Now, let n > my(r,+1) and write n = my(r+1)+t, 0 <t < m,, where r > r,.
Let s, be such that (2.5) holds for this s,.
We will now use (2.2), (2.3) and (2.5. Now we have: for 4 in (2.2),

1s prex, 4)
Br=1
1
= ;[P (x, A)+ ... + Pmotso(x, A)

+H{] X PO, AP, d+ | 3 P, A)Prto(x, dy)

Ek=1 Eck=1

+{] S P, APt dy | S P¥(y, A)P2™*% (x, dy)}+ ...

Ek=1 Eck=1

+{[ 3 P, APt dy) | F PR, ) Pe ey, dy)

Ek=1 Eck=1

t+mg

+ Z P"'°'+"(x, A)]

k=1+3p
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< %[Smo +my {(c—g) Pprotso(y, E)+(-§-—s)(1 — pmotso(x, E))}
+m, {(C_E)P2m0+so (x, E)+(§—8) (1—P2"'°+5°(x, E))}+ ]

1 ’ ma+ Sg 2mo + 5o
S;[3m°+mo{2 2P ovso(x, E)}+mo{2+2P (x, E)} ]

1
ml:3mo+mor2+mo2 Y Phmotso(x, E)]

< 3my, myr I: ( 3)]
mo(r+1)+t my(r+1)+t|2

3 c(+o) <
o 2

2

which is a contradiction. This proves that (b) = (c).
Notice that (c) = (b) trivially. The proof of the theorem is now complete. &

3. Invariant measures for Markov chains with random transition probabili-
ties. In this section, we generalize the model of Markov chains with random
transition probabilities initially and extensively investigated by Cogburn [5]
and later by Orey [16] to a Hausdorff topological state space. Cogburn points
out in [5] that “the existence of a o-finite invariant measure v<€ y (U =KX T
a given distribution) is a more difficult question” and leaves this problem open.
Orey also mentions this problem (see Problem 1.3.1 on p. 916 in [16]) as one of
his open problems. We present here a sufficient condition for the existence of
a non-trivial, o-finite, and locally finite invariant measure for Cogburn’s Mar-
kov chains. Under appropriate conditions (mentioned at the end of this sec-
tion), this invariant measure will be absolutely continuous with respect to
a given B.

We exploit here the method given by Skorokhod in [18]. Also, in the final
step of the proof of the theorem in this section, the formula for the invariant
measure v in terms of the invariant measure A for P, that we use here was given
in [18], and thus perhaps could have been omitted at the expense of creating,
however, a hard-to-follow proof. Skorokhod’s concern in his paper was to
establish the uniqueness of the invariant measure, whereas our concern here is
simply to establish the existence of a non-trivial, o-finite, and locally finite
invariant measure. Our idea is simply to find an appropnatc function g so that
{{ P2((x, ), ) B(d(x, B))} is a tight sequence for a given distribution B, thus
yielding an invariant probability measure for P,, and then finding an invariant
measure for P through Skorokhod’s formula. We feel that the condition for the
existence of a o-finite invariant measure that we present here is new. Final-
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ly, even though we say our approach is as given in [18], Skorokhod’s approach
is essentially the same as Foguel’s in [[7] and Skorokhod’s formula (that we use
in Step V) is essentially the same as Harris’ (see [7], equation (3.10)).

We now present our theorem. A reader, familiar with [18], can skip easily
Steps I, II, and V in the proof of Theorem 3.2.

Let (X, o) be a locally compact Hausdorff second countable topological
space and (@, #) be a complete metric separable space. We will write

Q=Xx6, F=Ax%,

wheie 6 = @7 and & = [|iz B, #; = # with product topology in & and Q.

Let {Py(","): 6e®} be a given family of transition probabilities on
(X, o), and Y, = (X,, £) be the Markov chain with initial distribution § and
transition probability P{(x, §), F) given by

P((xs g)a F) = Poo(xa (F)Té');
where (F)rz is defined by
(F)rg = {yeX: (v, TO)eF},

T being the left shift on &.
Notice that if X is discrete, then

P((x, 8), y x B) = Py, (x, ) I5(TF),
and _
P((xi E)’ F) = Z Pﬂo(xs y)I(F)y(Te)-

yeX

This is exactly the Markov chain investigated by Cogburn [5] and later by
Orey [16]. o

_ProPOSITION 3.1. (i) P{&, =T"0| Y,=(x,6)} = 1.
(i) P"((x, ), F) = Pq,...Po,_, (%, (F)rng).
Proof. We have .
P{& =TH| Y, =(x, )} = P((x, F), X x {T0}) = Py, (x, X) = 1.
First, we use induction to prove (ii). For n = 1, by definition, we have
P((x! g): F) = PGo(x’ (F)Tb.)
Suppose that, for k > 1,
Pk((xa 9.): F)= POn'--PGk-l(xs (F)T"(_).);
then for k+1 we havé
P**Y((x, 8)), F) = [ P*((y, &), F)P((x, 9), d(y, 7))
= [ P*((y, TB), F)P((x, 8), dyx {TG})
= [Py,... Po (¥, (F)pe+17) Poy (X, dy) = Pg, ... Py, (x, (F)1e+15).
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Therefore (ii) is true. Now, we have
P =TT Y, =(x,0)} = P{Y,eXx{T"0} | Y, = (x, 0)}

= P*((x, 8), Xx{T"0}) = Py,...Py,_,(x, X) =1,
which is (i). ®

Let B = m x m, where m is a probability measure on X and = is a probabili-
ty measure on &. Let C,(f) be the class of all bounded real continuous func-
tions on 2 that vanish at infinity and ge C,(©2), 0 < g < 1. In what follows, we
define the function: P, (-, -); as in [18], on (2, #) as follows:

(3.1) P,(x,0),F)

- B [0 (B (0 + 3, (1=0(8)-..(1 =0 (%) g () L5 (]
Note that for any sequence q;, 0 < g; < 1,
a;+(1—a)a,+(1—a,)(1—ajz)az+...= 1——f[1(1—a,.) =1 iff Z a; = ©.
Thus, it is clear that P, is a transition probability on (2, #) if
(3.2) Posy [ ilg(Y,,) =ow]=1 for all (x,d)eQ.

We can now state our results.

THEOREM 3.2. Suppose that there exists a strictly positive function ge C, (£2),
0<g <1, such that
() Py (Cne; 9(%) = ) =1 for all (x, 8);
(ii) for B almost (x, §), there exists a Borel subset B((x, §)) of @, containing
(x, ), such that

P (Y, e B*((x, 6)) i0.) = 0;

(i) limpoeo f... fTTi=1 (1 =9 s, T' ) Py, (x', dyy)... Pg,_ (-1, dy,) =0
uniformly for (x', &) in each B((x, 9));
(iv) for any bounded continuous function f on Q,

Pf(x,0)=[f0, D) P(x, 8), dy, )
is continuous.
Then there exists a non-trivial o-finite and locally finite (that is, finite on
compact subsets) invariant measure y on (Q, %) for the transition kernel P.

Remark. Let us remark that in [7] Foguel proved the above theorem for
a Markov process (with non-random transition probabilities) under the Feller
condition (our assumption (ii) above) and an assumption (assumption (2.1)
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in [7]) which implies our conditions (i), (ii) and (iii} above for some bounded
continuous function with compact support with B((x, g )) = @ for each (x, 6).
[His function B in his Section 3 (see his limit statement (3.3)) happens to be this
continuous function with compact support.] Note that our Theorem 3.2 under
assumptions (i)(iv) for some continuous g with compact support (when @ is
a singleton set) follows easily if we observe that the transition probability P, in
this case, acts on a compact space and, as such, has an invariant probability
measure, which, in turn, gives a o-finite invariant measure for P.

_Proof of Theorem 3.2. Notice that condition (i) implies that P, is
a transition probability on Q. Now we separate the proof into several steps.

Step L. Let (Y) be a copy of the Markov Chain (Y,) with the same tran-
sition probability P. Then we have

Ee [f(Yy, ., B Ey, (h(Y, ..., T)]
= E(x.@’) [f(Yla sevy Yn)h(Yn+ls caey Yn+m)]a

where f and h are bounded Borel measurable functions on Q. To prove this
notice that

Eeq [f(Yy, s L) Ey, ((Yy, ..., T))]

= J[f (1 TO), .., (3 T"6))]
X Ey,, 15y (B(Yy, .5 T,)) Poy (X, dyy) Py, (¥, @Y3). .. Po,_, (a1, 4Y,)

= [ J SO0 TO), oy O TP -- [ 5O 1> T ), s Gt T ")
X Pg, (Vs AYn+1)-++ Pops s Ot m—15 @Yn+m] Poo (X, dy1) Po, (v, dy3) ...

Py On-1,4y,) = By Lf (Y, -, B)R(Yass, - Yol

This establishes Step I
Step II. In this step, we show that for m>1

Py((x, ), F) = Et Z_ [ H (¥ g (-
M (":l:il (1 g(Y"1+ gy - 1+k)))g(Yn1+ +nm)IF(Ku+ +nm)]

To prove this, let (Y) be a copy of the Markov chain (Y,) so that ¥, has also
P as its transition probability. Now we use induction to establish the expres-
sion for P7. Using induction, then we have
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Pr+Y((x, §), F) = Pr(P,I5)(x, )

n—1

=Eepy 2 (1 (1—g(W)g(%)...

ny,e.tm k=1

o (TT =9y toitmme s 48) 9 Tt Py I (Yay 44

k=1

n—1 Nym=—1

=Ewn Y, (II (1—9% ))gml)..-( T (0=9 Xt tmm s ) 9 Tt )

_ E k=1

© Mm+1—1

[Evnrnns 5 (T (1= Fore ) T (Tors )]

am+1=1 k=1

which, by Step I, is equal to

n—1

E0 Z (kl=_[1 (l—g(Yk)))g(Ym)---

Bigeeey fm+1

Am+1—1

( 1_[ (1 _g(Ym+...+n,..+k)))g(Ym+...+nm+1)IF(Ym Fob s )

k=1
This establishes Step IL
Step III. In this step, we establish that the sequence of probability measures

{{ P*((x, 8), ) B(d(x, O)): m>1}
is tight, that is, for ¢ > 0 there is a compact set F < @ such that for all m > 1
[ P™((x, §), F)B(d(x, 8)) > 1—s.
To prove this, notice that for a sequence (a), 0 < a;< 1,
n o
[[d-a)=3% ¥ (1—a)aj.,.
i=1 j=ni=1

Therefore, with probability one, by assumption (i),

w n—1 [+5)
(33) g+ T ([T 1-9(%)g(X) =1-T] (1—g(R)=1.
n=2 k=1 k=1

Let ¢ > 0. For each positive integer N, define the set Qy(g) by
Q) = {(x, 6): P(x,g')(Y,,eB((x, (7)) for all n > N) > 1—g,
N
. €
and ,"I 1_[ (l_g(y“v Tlel))Poa(x,’ d)’1)---Pa;,_, (yN—la dyN) < 5
i=1

for every (x', @)e B((x, ﬁ))}.
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It is clear that Qy(e) = 2y+,(¢) and that
lim B(Qy(e) =1
N-wo

by condition (ii), where Q(¢) is the closure of @, (¢). This means that there
exists N, such that

ﬁ(‘QNo(a)) >1—e.

Now, by condition (iii), for (x, &) Qy (¢), whenever (x', &) e B((x, &), we have

3] n—1

Eeal ¥ ([1(1-g(R)g(t)] <3.

n=N+1 k=1

Choose ¢ < ¢/[2(N,+1)]; since ge C,(L), there is a compact subset F c Q
such that g(x,#) <é for (x, §)¢F. Note that for (x, f)eQy, () and all

- (', #)e B((x, §)), we have

) 1
(34  Ewsm [0 Ie(Y)+ Y ( 1(1~g(Y,J))g(Y,.)IF=(Y,)]<e-

n=2 k=
Let m > N,+1. We have, for (x, §)eQy,(e),

n—1

Py, O)F)=Eepy X (I1 (1—9(T)g(%)...

nm—1

X Eyn1+...+nm—1 Z kl;ll (1 _g(Yk))g(Ynm)IFC(Y;lm)

n—1

=Ews Y. (I1 (1—g(%)g(%)...

Myeeim-1 k=1

nmpm-1—1

( kl:[l (1 _Q(Xu+...+n,,._z+k))g(Ku+...+n,,._1))

X Upe,dy (Yag+... +nm- ) F B,y (Yng + ... +nm_ )]

mm—1

XEypyeen 2 11 (1=9(%) g (%) Ire(%,,)

k=1
<&+ Py gy (%, 0)  (by (34)).
Let ’
D = {w: Y, (w)eB*((x, §)) for some n > N,}.
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By (3.3), we obtain
Py~ Ipeiuy (%, 0) < Ewy (Ip)

since (x, 0)e 2y, (e). Therefore,
P?((x, §), F) < e+ P5y(D) < 2e.
Now we show that, for m > 1 and any (x, §)eQy, (),
P7((x, §), F) > 1—3e.

To this end, we need the Feller property for the transition kernel P, that we
will establish in Step IV. Notice that the compact subset F above has the
property that F is a Gyset and that, for any (x, §)eQy, (e,

Pr((x, 0), F) > 1-2e.

Let us suppose that there is some (x,, ;) € Qy, (€)— Ry, (€) such that, for a posi-
tive integer m,
P™((xo, B,), F) < 1-3e.

This means that there is an open set ¥, F < ¥V, such that
P ((xg, Bp), V) < 1-3e.
Let f be a continuous function on Q such that 0< f<1,f=1on F and 0
on V°. Then we have
[ £, )P ((xo, B,), d(, F) < 1—3e.

Since the transition kernel Pj has also the Feller property, this means that
there must exist some (x, §)eQy,(e) such that

7 [f, BV P ((x, ), d(y, T) < 1-3e,
which implies that
P7((x, 0), F) < 1-3e.
This is a contradiction.
The rest of the proof of Step III now follows easily.

Step IV. In this step, we show that there exists an invariant probability
measure for P,.
First, notice that for any bounded continuous function f on €, f > 0,

© n—1

P f((x, 0)=Ewqy [ Y [1(1—9(X)a(X)f (%],

n=1k=1

which is an infinite sum of non-negative bounded continuous functions (be-
cause of condition (iv)) and, as such, is lower semicontinuous. Also, notice that if
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f above is bounded by M, then
P,IM—f1(x, )= M—P,f((x, §)),

which is also lower semicontinuous so that P, fis also upper semicontinuous.
It follows that, for any bounded continuous f, P, fis also continuous. Now we
define, for any probability measure 4 on Q, the probability measure P,1 by

P,i(B)={P,((x, §), B)A(d(x, 8)).

Notice that if A, - 4 weakly in P (€2), then for any bounded continuous function
fon Q we have

ffd@,A) = ([ fl@, O)P,((x, F), d, )] A (d(x, 9))
- [[f £, ®)P,{Cx, B), dy, D)) A(d(x, D) = [ fd(P,A),

so that P 4, — P, 4 weakly as n— oo.
Let us now write, for any Borel subset F < Q,

o (F) = %k); (PX(x, 8), F)B(d(x, B).
Notice that B

J v = 3 1556, DBy, 0), 0y, B Bla e, B) ] fv;

also,

Py ) = o 3 0170, P, B, dy, DB, D) 1 (B0,

It is now clear that, for any bounded continuous function f on Q,

ffdvy = [ fd(P,v,).
Since Q is a metric space, given any compact subset F < @, F is also a G;-set so

that there is a sequence of continuous functions uniformly bounded by 1,
converging pointwise to I. This means that, for every compact set Fef,

Vo (F) = P,vo (F).
By regularity of the measures, it follows that vy = P,v,. This completes the
proof of Step IV.

Step V. Let A be the invariant probability measure for P,. Define v on
(2, #) by
' o n—1

v(F) = [Egg [Te(Y)+ Y, [T (1—g(R) (Y)] 2(d(x, 9)).
‘ n=2k=1

The formula for this v is actually a formula that probably was first considered
by Harris (see [7]). We have taken it from [18]. Notice that Q is 6-compact and

v(@) = [P,(x, F), QA(d(x, §) = 1;
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also, if F is a compact subset of Q, there is a positive number M such that
I(Y) < Mg(¥),
since g is strictly positive and continuous on £, so that
vIF) S M[P,((x,0), QA(d(x, §) < M.

This means that v is a ¢-finite, non-trivial and locally finite measure on Q.
Let us now establish that v is invariant for P. (Our proof here is quite
different from that given in Lemma 6 of [18].) Observe that :

V) = [ By I (1) dAt [ B f T (1-0 %) ()

k=1

= [P(. 0, FJai+ [ Bun[ 3, {T1 (1-0(5) 1,8

n—2

— 1 (1-g(%)g (Y- I(Y,)}] dA

k=1

o n—1

= [P((x, 9), )dl+IE<m[Z”H (1—g (%) Ip(Yos1)] di

w n—1

~JEen[ X T (1-9(R)g (%) Ix (% 0] d2

o n—1

=[P (x> 0), F)di+[Eepy [ X, 11 (1=9(%) Ev, (I (F)] d

w n—1

—Ewa [ § [[ (1—9 (%) g(Y,) Ey, (Is(Y,)] dA

w n—1

= [P(x, ), F)d“fE(xo)[ZlkH (1—g(%) P(Y,, F)]di
~JEun (3 n (1—9(%)g (%) P (Y, F)] di
w n—1
= [P((x, f), F)dA+jE(x9,[Zlk (1—g(X)P(Y,, F)] di
—[P,(P(-, F))(x, O)dA
—jE<xe)[§1:n (1~ (%) P(Y,, Y] dA = (vP)(F)

(the first and the third expressions above cancel since A is invariant for P )
This completes Step V and the proof of the theorem. =
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Let us remark that we would often like to have the invariant measure
v (for P) to be absolutely continuous with respect to the initial distribution
B for the Markov chain (Y,). This, of course, will necessitate imposing some
conditions on the transition kernels P,(x, -), #€ @. One easy condition is, of
course, that

B(F)=0=>P,(x, Fr5)=0 for all xeX and fe®,

where Frg = {ye X | (y, T8)e F}. If this condition holds, it is obvious that the
invariant measure v obtained in Step V is absolutely continuous with respect to
B. In the remainder of this section, we present two results relevant to the
problem of the existence of a o-finite invariant measure for P (in the context of
Theorems A, C and D in [8], pp. 65-70). These results, even though likely
known to experts, are recorded here (as we have not found them in the litera-
ture in the form we present them here).

Let us first note the following definition. A set Fe % is closed if B(F) > 0
and I, < PI; B as., where B is a given measure (not necessarily finite) on
(Q, #) and

PI.(x, §) = P((x, §), F).

The conservative set C is defined by
C={(x0)| Y uP(x, §) = oo},
k=0

where ue L, (), u strictly positive and {uP,f) = {u, Pf) for feL_(f). The
set C is indep_qndent of u, see [8]. In what follows, we assume, like in [8], p. 2,
for each (x, 8)e R, P((x, ), ) < B.

PrOPOSITION 3.3. Suppose that 2 = C. Then the following are equivalent:
(1) P is B-irreducible, that is, for any F with B(F) >0 B-as.,

Pu5(Y,eF for some n>1)> 0.

Q) F, ={Fe% |1, =PIy B as} is trivial.
(3) P is P-recurrent, that is, for any F with B(F) >0 B-as.,

P(xj')(YnEF 10) =1.

(4) Q is minimal closed, that is, if F = Q and B(2—F)> 0, then F is not
closed.

(5) If Pf=f, feL_(pB), then f is a constant B-a.s.

6) If feL, (B), f#0, then Y, P*f =0 p-as. =

We omit the proof which is not difficult. Note that when Q = C and one of
the conditions in Proposition 3.2 holds, then there exists a o-finite P-invariant

measure on £ equivalent to 8 provided the condition of Theorem D (on p. 70
of [8]) holds. This then leads to the well-known fact that if P satisfies the Harris



Invariant measures and Markov chains 129

condition, then there exists a o-finite P-invariant measure equivalent to f (see
Theorem E on p. 73 in [8]). We close this section with the following result for
the case when X is countable and § = x x « (like in [5], x being the counting
measure on X), m being a given stationary probability measure on (&, %).

PROPOSITION 3.4. P is f-irreducible iff for any ye X and Be &, n(B) > 0,
Y P(0y...0i—1; x, ) I5(T*G) >0 for (B—) almost all (x, ),
k=1

where P(0,...0k-1;.x, y) means the entry on the x-th row and the y-th column of
the product of the k stochastic matrices Pg,, Pg,, ..., Py,_,. ®

4. Markov random walks, attractors, and invariant measures. In this sec-
tion, we consider a special class of Markov chains with random transition
probabilities involving transformations from R? into R? of the form

4.1 T(x)=A(X)+x, xR,

where x, is a fixed element in R? and A is linear. The reason for including this
section is to provide a concrete example of Cogburn chains and at the same
time to show connections between the invariant measures, left and right attrac-
tors for the Markov random walks that we get from these chains. Similar
results as presented here appeared earlier in [3]; but the discussion involved
only a finite number of transformations and the proofs there are not valid for
an arbitrary family of such transformations.

Let @ be a compact metric space and {W,: € ®} be a family of trans-
formations of the form (4.1) such that

4.2) Wy (x) = Ag(x)+ B,.
Then, if 6,e®, 0 <i<n, for xeR? we have

.
mn VVg"_l ees MO(X) = AgnAg"_l ...Ago(X)

43) ) +Ap,...Ag, Boy+ Ay, ... Ag, Bo,+ ... +Ag, By,_,+By,,
| Wyo Wi, ... Wy, (x) = Ag, Ag, ... A, (X)

| + 40,40, Ao, Bo,+ ... + A0, Bo, + Bo,.

Let (£,) be an indecomposable Markov chain with state space @ and
transition function P such that the (initial) distribution 7, of £, is invariant
with respect to P. Then the stationary process gotten by taking =, as the
distribution of &, is ergodic (see [4], Theorem 7.16, p. 136).

Let 6 = 0%, % = Hiez+ B, B, = B, where & is the class of Borel subsets
of ©. Let n be the probability measure on (&, %) induced by the stationary
ergodic process (£,), so that it is stationary and ergodic with respect to the

9 — PAMS 171
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left shift T on @ given by
Td=(0,,0,,..), where =(0,,0,,0,,...).

Let n* be the unique probability measure on (6, %) such that, for any
finite-dimensional rectangle of the form A® = {0: 6,4, 0 <i<n},

*(A") = n{0: 0,e4,-;,0<i<n}.
Let us assume that
4.4) =#*is statlonary and ergodic.

[Let-us remark that if @ is finite and P is a strongly ergodic stochastic matrix
with a stationary distribution =, such that =,(6) > 0 for each € @, then = in-
duced by n, and P, as well as the corresponding n*, as defined above, is
stationary and ergodic.]

Let us write E=R? and @ = Ex 8. For (x, §)eQ, let

45) & (x, ) = (W, (), D).
Let o be the Borel subsets of E and & = of x %, and for Fe# let
K((x, ), F) = I (®(x, 8)).

Consider the Markov chain (Y,) on 2 with transition function K so that
Y, = @"(Y,). Let us now make the following assumptions:

(i) For some M,, M, >0 and all 0€6,
Aol < My, |Boll <M
@ii) For n >0, xeE, and r > 0, the sets
@.6) {fc@: |W,,...We,(x)| <r} and {Ge@: |Wp,... W x| <1}

are in 4. ,
(iii) There are real numbers b < a <0 such that

b < [log || 4]l e (d6) < a < 0.
Taking f (§) = log ||4,| and using the ergodic theorem (and (4.6)), we infer

that
1n-1 '
(4.7} the limit lim - Y log || Ag,|l exists and is not greater than a <0
n—w k=0
for all §eD < @, where n(D) = n*(D) = 1; moreover, for feD, xeE,
4.8) sup {[| Wy, Wp, ... Wy, (x)||: n =0} < 0.

Thus, it follows from (4.3) and (4.8) that, for feD and x€kE,
(49) Z(0)= lim W, W, ... W,_(x) exists,

and this limit is independent of x because of (4.3) and (4.7).
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Now suppose that Y, has distribution B such that
B(ExB)=n(B), Bc@.
Given ¢ >0, let A be a compact subset of E and r > 0 such that
B(AxB)>1—¢,

and 7* {fe@: |Z@)| <r} > 1-e
Given x,€K, there exists N > 0 such that, for n > N,

- {fe@: Wy, Wy, ... Wy, (xo)ll < 2r} > 1—e.
It follows from the definition of n* that
n{0e@: Wy, Wy, _,... W (xo)ll €2r} >1—¢.
For n sufficiently large we obtain
pO"({yeE: |yl < 3r}x 6)>1-3e.

This means that the sequence f,, given by

n—1
g, =1y pot,

Ni=o
is tight, and converges weakly to some probability measure f, € P(€2) such that
,‘ Bo= By ® ' and
B (4.10) B (ExB)y=n(B), Bcé.

Now notice that if f, is any continuous function on E with compact
support and f(x, 0) = f,(x) for (x, 0)eQ, then

[ fdBo(x, 8) = [ fdB, @ "(x, 0)
= 1im [ £ (W, W, - Woo(x0)) dfo x, 9)

= tim [ £ (W, Wa,_, .. Woy (x0)) m(d)

= Bim [ £ (W, W, - W (x0) n* (40)
= [ f(Z @) n* ().

It follows that, for A < E,

4.11) ﬁo(Ax@)=n*{§e@: Z(g)eA}.

Now, if we give Y, the initial distribution S, then the process Y, = #"(Y,)
becomes stationary. Let f be any continuous function with compact support
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on E. Using the ergodic theorem on (2, #, f,) and @, we infer that the
limit
n—1

@12) im LY £ (W Wi ... Wao (%) = g x, )

ool

exists for B,-almost all (x, #). It is easy to see that g 5 (x, f) is independent of x,
and then since m is ergodic, it is a constant, which is easily seen to be

§ £ (Z@)n*(d0).

Since we have assumed that = and n* are both stationary and ergodic with
respect to the left shift on @, it is known (see [4], Corollary 6.24, p. 116) that
either = = n* or = is orthogonal to #n¥, that is, there is a shift invariant subset
B < 8 such that n(B) = 1 and n*(B) = 0. In the case when @ is finite and the
transition matrix P is symmetric or has identical rows, it is clear that = = n*.

Let us now define the sets 4, and A,(9) as follows:

1. A, cE and 4, is the support of the probability measure B, (- x &),
where f,, is the unique @-invariant measure on (Q, %), satisfying (4.10). We will
call A, the right attractor.

2. 4;(@) < E and it is given by {yeE | given any open subset N (y) con-
taining y, for any x in E there are infinitely many n such that
W, Wao_y--- Was (x)€ N (y)}. We will call 4,(0) the left attractor.

Note that when 7 = =*, it follows from (4.11) that (since E is second
countable) there is a set D, « @ with n(D,) = 1 such that, for each feD,,
A, < A,(#). Also, when n = n*, if y¢ A, then there is an open set N (y) con-
taining y such that

Bo(N(3)x8) = B @ "(N(3)x ) =0 ~for every n
so that, for any xeE,
{8 | Wo, Wy, _,... Wp,(x)eN(y) i.0.} =0,

and, consequently, y¢ A4,(f) n-a.e. Thus, we have proved the following:

THEOREM 4.1. If m and n* are both stationary and ergodic on & with respect
to the left shift T, then under assumption (4.6) there is a unique ®-invariant
probability measure B, on Q, whose G-marginal is n. Furthermore, when m = n*,
there is a set Dy = @ with n(Dy) =1 such that, for any GeDgy, A,F)=A,,
A, being the support of the E-marginal of .

Note that when @ is finite, it is easy to find conditions for = = n*, as we
mentioned earlier. When @ is not finite, it is not so clear when (4.4) holds or
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when 7 = n*. Instead of (4.4), let us now assume that
(4.13) =(D*) =1, where D* is given by

D* = {0eB: sup |W,... Wy, (x)]| < oo for xeE}.

nz=0

[Note that (4.13) holds if for each W,, 8 e @, the corresponding A, has its norm
less than a number p < 1.]
We can now state and prove the following theorem:

THEOREM 4.2. Assume (4.6) and (4.13). Suppose that every basic open set
(that is, every open rectangle) in @ has m-measure positive. Suppose also that, for
0@, each entry in W, (as a matrix with respect to a fixed basis) is a real
continuous function of 0. Then there exists D = @ such that n(D) = 1 and, for
any 0, @ in D, A,(6) = A,(F); moreover, the left attractor A,(), €D, is the
support of the E-marginal of B,, where B,eP(Q), By = Bo @~ such that its
O-marginal is m.

Proof. We separate the proof into several steps.

Step I Let A,, A,, ..., A, be open subsets of & such that
a=n(A; xA,%X...xA,x@xOx..)>0.

Then there exists D, < &, depending upon the sets 4, A,, ..., 4,, such that
7n(D,) =1 and, for §eD,,

9m+ieAi’ 1<l<n,

for infinitely many m.
To see this, define the sets E, = @ by

E,={0e6: 0,.,€4;,1<i<n},

and let

g(0) = lim sup% Ig, ).
n—ow =1

Then we have

g(T8) = g(b);

moreover,
X 12
{gdr > hmsup; Y n(E,)=a>0.
n=® m=1

Since = is ergodic, g is a positive constant for n-almost all d. This establishes
Step L
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Step IL There exists D < 6 with z(D) = 1 such that D = D*, D* as in
(4.13), and for §e D, (4.8) holds, and also, given any basic open rectangle in & of
the form 4; xA4,x ... x4, x@xOx ...,

9m+1EA,-, ISiSH,

for infinitely many m.
The proof of this step follows from that of Step I if we observe that @ is
a compact metric space and, as such, it is second countable.

Step III. We show in this step that for 8, @ in D, D as in Step II,
4,0) = A4,@)
With no loss of generality, we can assume that, for all eD,

n
H |Agll >0 as n— 0.
i=o0

Let he A,(f). Then there is a subsequence (n,) of positive integers such that, for
xeE,
Wo-- Woo () > h  as k— oo.

Let &eD and 6> 0. Fix an xeE. Let p be so large that ||x|| <p and
sup {W, ... Wy, (x): n>0} <p.
Let U; be the open set {W'eE: |i'—h| < d}. Choose k so large that

Wy Woe)€U;  and ] 4]l < 6/2p).
i=0

Let this k be now fixed. Because of the continuity assumption in the proposi-
tion, there is a basic open set
V=Byx..xB,xOxOx ...

such that for any §”eD such that 6/e®, 0<i< s
Wy, - - Wes(x)eU; and  [] | Agyll < o/(2p).
i=0

By Step I, 0,,+;€B;, 0 < i< n,, for infinitely many m. This means that there
exists a subsequence (m,) such that, for each s> 1,

ms+ng
Oy + s s;m,,k_l-.-%;n,(x)e U; and H | Ag;ll < 6/(2p).
Notice that, for all s> 1, if y, = We,._,--- W, (x), then |y,| <p and
1 Wag - Wy )= W, Wi, (0]

o )
< || A, .- Aoy, O + 40, _, . - Ae;, () < E'IH‘E'P =d.
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This means that, for s > 1,
Oyt ™" W%(x)e Uas»

so that 4, (@) ~ Uy # @. Consequently, we have he 4,(9). Thus, for 8, §eD,
A,(0) = 4,(9).
_ Step IV. Let B,€P(Q) such that Bo® ! = B, and B, (E x &) = n (%) for
% < 6. (Such a P, exists by the same arguments used earlier.) Let
#(A) = Bo(Ax B), A c E. Then, for GeD, A,(6) = supp (). _

To prove this let y ¢ A,(6). Then there is an open ball N , containing y such
that N, A4,(f) = @, and n(C) =0, where for x,€E

C=1{0: W,,... Wy, (x0)eN, i0.}.

Then u(N,) = Bo(N,x 6) = B, & "(N,x 6) for n > 1; also

ExC = {(x, 0): W,... W, (xo)eN, i0.}

o {(x, 6): W,...Wy,(x)eN), i.0.} = ﬁ G &~ "(N, x 6),

m=1n=m
where N’y is an open ball containing y, but with its diameter half that of N,.
This means that
u(N) > 0= Bo(Ex C) = n(C) > 0,

which is a contradiction. Thus, y ¢ supp (). Thus, the support of u is contained
in A,(f) for eD. The converse is also clear by similar arguments. m

‘We conclude this section with a few computer-generated pictures of left
and right attractors (for a finite ©).

‘ ExampLE 1. Here we take three maps W;, W, and W, from R? into R?,
where W,(x) = A;(x)+ B;, xeR?, given by

02 0 05 1 05 0
4= (0 0.2)’ 4, = (0 0.5)’ 45 = (0.5 0.5)’
50 50 170
B, = (80)’ B, = (200)’ By = (200)'

Here we take three different transition matrices P, one with identical rows (and
symmetric) and the other two non-symmetric. In the picture, instead of giving
P, we take the matrix Z, where Z;; = 0 or 1 according as P;; = 0 or > 0. Note
that if
3
Mij = Zij/( Z Zik),
k=1

then the left attractors corresponding to P and M, but using the same maps
W,, W, and W,, are the same, and the same is true for the right attractors.
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[Let us remark that when @ is finite, then if we define P* by
P%=P; (no)j/(no)i,

where 7, P = 7, and (m,); > 0 for all i, then A4,(P) = A,(P*). Also, if P, ~ P,
(that is, (P,);; > 0 iff (P,);; > 0), then A4,(P,) = 4,(P,) and A4,(P,) = 4,(P,).]

ExampLE 2. Here we take 12 maps W,, 1 <i < 12, such that the corre-
sponding A,s and B,’s are given by

8"5 8.5, 1<ig12;
By = —527’ B = —(1)00’ B = :2(7) Bia = ~§(7)'




!
i
i
V

Invariant measures and Markov chains 137

REFERENCES

[1] K. B. Athreya and P. Ney, A new approach to the limit theory of recurrent Markov chains,
Trans. Amer. Math. Soc. 245 (1978), pp. 493-501.

[2] M. Barnsley, Fractals Everywhere, Academic Press, Inc. 1988.

[3] M. Barnsley et al.,, Recurrent iterated function systems, Constr. Approx. 5 (1989), pp. 3-31.

[4] L. Breiman, Probability, Addison-Wesley, Reading, Massachusetts, 1968.

[5]1 R. Cogburn, The ergodic theory of Markov chains in random environments, Z. Wahrsch.
verw. Gebiete 66 (1984), pp. 109-128.

[6] K. J. Falconer, Random fractals, Math. Proc. Cambridge Philos. Soc. 100 (1986),
pp. 559-582.

[7] S. R. Foguel, Existence of a o-finite invariant measure for a Markov process on a locally
compact space, Isracl J. Math. 6 (1968), pp. 1-4. '

[8] — The Ergodic Theory of Markov Processes, Van Nostrand, New York 1969.

[9] S. Graf, R. D. Mauldin and 8. C. Williams, The exact Hausdorff dimension in random
recursive constructions, Mem. Amer. Math. Soc. 381 (1988).

[10] T. Hattori and K. Hattori, Self-avoiding process on the Sierpinski gasket, Probab. Theory
Related Fields 88 (1991), pp. 405-428.

[11] R. D. Mauldin and S. C. Williams, On the Hausdorff dimension of some graphs, Trans.
Amer. Math. Soc. 298, No. 2 (1986), pp. 793-803.

[12] — Hausdorff dimension in graph directed constructions, ibidem 309, No. 2 (1988), pp. 811-829.

[13] A. Mukherjea, Recurrent random walks in nonnegative matrices. 11, Probab. Theory Related
Fields 96 (1993), pp. 415434,




i
|
x
{
i
1

138 . G. Lu and A. Mukherjea

[14] M. Nakamura, Invariant measures and entropies of random dynamical systems and the varia-
tional principle for random Bernoulli shifts, Hiroshima Math. J. 21 (1991), pp. 187-216.

[15] E. Nummelin, General irreducible Markov chains and non-negative operators, Cambridge
Univ. Press, London 1984. .

[16] S. Orey, Markov chains with stochastically stationary transition probabilities, Ann. Probab.
19, No. 3 (1991), pp. 907-928.

[17] K. R. Parthasarathy, Probability Measures on Metric Spaces, Academic Press, New York
1967.

[18] A. V. Skorokhod, Topologically recurrent Markov chains. Ergodic properties, Theory
Probab. Appl. 31, No. 4 (1986), pp. 563-571. ’

bepa;tment of Mathematics
University of South Florida
Tampa, Florida 33620-5700, U.S.A.

Received on 10.3.1996




