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ASYMPTOTIC BEHAVIOR
FOR THE SURVIVING BROWNIAN MOTION
ON THE SIERPINSKI GASKET WITH POISSON OBSTACLES

BY

KATARZYNA PIETRUSKA—PALUBA* {WARSZAWA)

Abstract. A Brownian motion on the Sierpifiski gasket gets
absorbed at the boundary of a cloud of balls with centers distributed
according to an independent Poisson law. The aim of this paper is to
investigate the asymptotic behavior of the probability that up to time
t the process in question has traveled far provided it has not been
absorbed.

1. INTRODUCTION

The resuits of this paper are a continuation of [6]. We consider Poisson
cloud of points .4 falling onto the Sierpinski gasket 4. It is defined on some
probability space (2, .#, P) and has intensity vdy (v > 0 is a fixed positive
parameter, u is the x%-Hausdorff measure on the gasket). Let (Z,),» o denote the
Brownian motion on the gasket. Assume that the Brownian motion in question
and the Poisson cloud are independent.

The Poisson points are understood as centers of balls with fixed radius
a > 0; the Brownian motion gets absorbed at the boundary of these balls (this
corresponds to Dirichlet boundary conditions imposed on the boundary of the
balls). ; ' -

In [6] it is proved that

logE —vu(Z
(1) — Cy3ds+2) < ]]E:an 0g Ly [ejizlfds:;l)‘( [0,t])}:|
log E, [exp { — Vi (Z[O.t])}]
R R

< limsup < —DyEs+2)

2~ o)
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where C and D are some positive constants, Z;o ; denotes the Brownian trajec-
tory from time 0 to ¢, and 4, (= (2log3)/(log5)) is the spectral dimension of the
gasket.

E,[exp {—vu(Zi9)}] corresponds to the Brownian motion evolving in
the environment with random Poisson obstacles (“traps”). When a = 0, the
obstacles reduce to single points. As the Brownian motion on ¥ is point-
-recurrent, this assumption is not a qualitative change. It is elementary to see
that

-Egc [CXP {—vlu(z[ﬂ,r])}] = P®Px [T > t]:

where T denotes the hitting time of the obstacles. A similar relation holds for
obstacles with positive radius:

PRP, [T > t] = E.[exp{—vu(Z{p n}],

where Zf; , is the Wiener sausage modeled on the trajectory from time O to t.
By introducing minor changes into the proof of (1) we get

log E, [exp {—vu(Zfo,9)}]

(2) — Cy2lEs+2) < liminf Ty

t—+oo

log E, [exp { —vi(Z{5 )} ] < — Dy2ldat2)

< lim sup f4sl(ds +2)

t—+ a0

These inequalities are a gasket counterpart of the famous Wiener sausage
asymptotics due to Donsker and Varadhan (see [2]).

The goal of this work is to investigate the asymptotic behavior of the
probability that up to time ¢ the process has traveled “far” (at distance ~ t%
provided it has not been killed. The results we obtain are similar to those in the
Euclidean space (see Sznitman [9]). We were able to modify the methods from
the Euclidean case to the present setting.

To state the results we need the following

DEerINITION 1. For ¢, x, a > 0, ze¥% let us define
Fa(t, z, X) = P®Pz [T >1, Supd(zss ZO) = xta]
s<t

In this paper we investigate the asymptotics of F,. Since different phenome-
na prevail for a in various regimes, the asymptotics will depend on « (which
was also true in the Euclidean space). We obtain the following:

L If ae(0, dy/(d,+2)), then
logF,(t, z, x)

2/(ds ..
) — 2D < liminf — 552
t~+ o0
. logF,(t, z, x
< llmsup_-g__“_(—) < —C,y vt

dsl{ds+2)

t—+ oo
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2. If o =d/(ds+2), then
logF,(t, z, x)

2/(ds+2) __
—2v D, x < lim inf proTESy

| amdls 4]
log F,(t, z, x)

2/(ds+2 ds—1
RS TR —(C v * D+ 3at " vx).

< lim sup

{—w

3. If ae(dy/(d;+2), 1), then

-1

log F,(t, z, x) < lim sup log F,(t, z, x) —C, vxat
a = t

4 —Dy X < lim inf

B Sng- o] =0

4. If « =1, then

—Dy x—Dy x4~  lim inf

1=

log F,(t, z, x)
t!

log F,(t, z, x
ga,(m )s

< lim sup —Cyvxa® ™t = C, xiwldw=1)

t—o0
where C,, C,, C3, D, and D, are arbitrary positive constants, d,, = log, 5 is the
dimension of the walk, d, = (2log3)/(log5) is the spectral dimension of the
gasket.

The critical values of the parameter o are gasket counterparts of the crit-
ical values in R? with spectral dimension replacing the Hausdorff dimension
d; (as in all problems of this sort; in R? there is no distinction between them,
d,=d; = d). )

The lower and the upper bounds are dealt with separately. Let us now
describe how the bounds are obtained.

To get the lower estimate we impose some additional properties on the
process and then estimate the resulting probability. To get the proper asymp-
totics one makes the process rush through a long “cylindrical tube” of length
proportional to ¢, and then stay in a “big ball” with radius of order /")
(d, is the dimension of the walk, log 5/log 2). The difficulty one had to deal with
is the absence of translation invariance of state- -space and consequently the
lack of any Girsanov-type formula which was used in the Euclidean space.
Instead we discretize the problem and then use some hitting time estimates.
This is done in Section 3.

To get the upper bound, we need a process on a compact state-space, but
with no restrictions regarding its size. Therefore the approach from [6] — project-
ing the process onto the unit triangle — would not work. Instead we require the
process stay up to time ¢ in a “big ball” — of size comparable to C - t}/@s*4w) The
exponential contribution of this assumption is asymptotically insignificant
(see Theorem 2). Moreover, we were able to adapt the notion of “clearings”
(where the process moves freely) and “forest” (where it risks to be killed
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with a big probability) from [9] and without any change in the exponential
asymptotics one can assume that it kept clear from the forest for a reasonably
long time and did not enter it deeper than ¢!/ *9) too often. After we assume
this, the proof of the upper bound goes like in [6] and [9].

Before we get down to any estimates, we must single out the behavior
in v — this is done by an appropriate scaling beforehand (see Section 4.1). Also,
not all the numbers are permitted in the scaling (which is, basically, binary)
— we again have to substitute some close binary number for the number we
would llke to have for the scaling factor.

Let me ﬁnally thank Professor Alain-Sol Sznitman for conjecturmg the
gasket counterpart of the Fuclidean space-results and for encouraging discus-
sions.

2. A SURVEY OF THE PROPERTIES
OF THE BROWNIAN MOTION ON THE SIERPINSKI GASKET

Let us summarize the notation used and list the properties of the Brow-
nian motion on the Sierpinski gasket we shall make use of (see [1]).
Let

a=0,0), a,=©0,1, a,= (Zs 2) Vo= {ao, a;, az},

where a,, a,, a, are the vertices of an equilateral triangle of unit size. Let .#, be
this equilateral triangle. We define inductively

VM+1 = VMU{ZMGI + VM}U{ZM a+ VM}

and we put

Yo = U Vv U Vs
. M=0
where V), denotes the symmetric image of ¥, in the symmetry with respect to
the y-axis. Now we let
Guy=2"%,, MeZ, and Y,.= ) %m
M<0

% . is called the (infinite) Sierpiniski pre-gasket. Its closure (in the Euclidean
topology) is the 2-dimensional Sierpinski gasket and it will be denoted by 4.

More notation: a %, -triangle is the closed set of points in ¥ that lie inside
an equilateral triangle, which is the translation of 2M.#,, and whose vertices are
the three neighboring points in ¥, The collection of all closed % ,-triangles
will be denoted by 7 ,,.

The gasket can be endowed with the natural shortest path metric (which
better suits our purposes): for x, ye %, define d(x, y) to be the infimum over
the Euclidean length of all paths joining x and y on the gasket.
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It extends uniquely (the limit procedure) to the whole gasket %. This
metric in equivalent to the Euclidean metric on the plane, in fact

be—yl <d(x, y) <2|x—yl.

By B, we shall denote the closed ball in the gasket metric, of radius 2¥,
centered at zero, and by %, we denote the intersection -

Bun{(x, y)eR?*: x > 0}.
The Sierpinski gasket supports the following characteristic numbers:

. log3 . .
dy= Tog2 ~ 1.58496... (fractal dimension of %),
3
d,= 2log = 1.36521... (spectral dimension of %),
log5
1
d, =2 _185 103, (dimension of the walk).
d, log2

These numbers fulfill:
dp  d d, 2
dy+d, d.+2  dy+d, d+2

Let py be the measure which puts mass (3)3™™ at each point in % _,,.
Now we state the following (Lemma 1.1 of [1]): ‘

©)

LeMMA 1. 1. There exists a unique measure y on (R*, % (R?)), supported on
% such that pu(Ay) =3"M for all Ae Ty, MeZ,

2. {uy} converges to p in the vague topology;

3. u is a multiple of the Hausdorff x*-measure on ¥%;

4 w(Fy) = 1.

Barlow and Perkins [1] give a construction of the process Z,, called the
Brownian motion on the Sierpinski gasket (the construction of the Brownian
motion on the Sierpinski gasket was carried on earlier by Goldstein [4] and
Kusuoka [5], but in [1] very precise estimates on the transition density were
given, therefore we choose the approach from that paper). It is a strongly
Markov Feller process which has a continuous symmetric density p(z, x, y),
satisfying (Theorem 1.5 of [1])

6) ct™*2exp{—c(d(x, y)t~ M) ™ETD < p(t, x, y)
< et~ exp {—c(d (x, y) = Yiw)inldn =1}

(bere and in the sequel, lower case ¢ denotes a generic positive constant).
The process admits a discrete scaling: for I'e Z(9),

P.[Z,el] = Py [3ZseT].

9 — PAMS 172
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In particular, for the process starting from the origin,
L@Z)=%GZs).

All this translates into terms of density as (Theorem 7.8 of [1])

() p(t, 2x, 2y) = $p(t/5, %, y).

The last properties we need are the following sample path and hitting time
estimates from [1]:

® For. all xe¥% and all ¢, §€(0, o0)
®) P.[supd(Z,, Zo) > 51 < cexp { — ¢ (3t~ Howymltin=D}
s€1t

@ If T is the hitting time of the g-grid (the grid with mesh r = 29), then for
A>0 and ze¥,

) E [exp{—AT?}] > exp {—c5'*¢}.

3. ASYMPTOTIC LOWER BOUND

This section is devoted to establishing the lower-bound asymptotics for F,.

THEOREM 1. Let xeR, z€¥%. Then:
1. If ae(0, d/(d.+2)), then

log F,{t, z, x)

— y2/ds+2)
{3s/(ds + 2) > —2v .

(10) lim inf

1=

2. If a=df(ds+2), then

. . JogF,(t, z,
ey hfnlnfC)gTJ(SI_#_)>_%v2/(ds+2)_D1x.
-

3. If ae(dy/(ds+2), 1), then

10gF,,(t,z,x)> D x
-~ = T U1 A

12)  liminf

t—= w0
4. If a =1, then
Fl(t, Z’ x)

IG

(13) lim inf

=

> _L)1 x_D2 xdwl(dw_l)’

where D, and D, are arbitrary positive constants.

Proof. The idea that lies behind the proof is as follows: we shall force the
process to move to the end of a long cylindrical “tube” in a relatively small
time, and then to rest in a “big ball” attached to this “tube,” its sizes being
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properly balanced. We should also assume that no Poisson point fell onto the
a-neighborhood of this set.

To begin with, let us define the set where the process will be living up to
time t. Let :

1
d,+d,

be a fixed number. Define ! to be the union of two half-lines, meeting at the
origin (see Fig. 1): .

14 . ﬁe(O, oA

' v3
RZ ldef {(‘xi’ xz)' x2 =2 x]_ fOI‘ x1 2 0,
= . 3
(xl, xz). Xy = —"3X; for X £ 0.

Let ze % be fixed. Then d = dist(z, /) is well defined and finite. Let Ze! be
the point on ! which realizes this distance (if there are more than one such
points, pick the one that lies closer to the origin). As d is finite and does not
vary in ¢, and we will be interested in the long-time asymptotics, we can
without loss of generality assume that z itself lies on I, and hence z = Z.

z+ 1P

Fig. 1. The set [

I, will then be a “subinterval” of I (the distance is now measured along , see
Fig. 1) such that
151, Z (218, 2+ +xt9.
Suppose that r = 2% is a positive number (9 — an integer) and define

o U,d;f{xeg: dist (x, ) < r}.

In the sequel U, will be called the cylinder.
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To the cylinder U, we attach the ball (in gasket sense), centered at the
point I3 p(t)défz-}—xt", with radius 2", where n is the unique integer satis-
fying
(15) 21 (ty)Hlderae) < gt

By V, = ¥ we denote the resulting set (the union of the cylinder and the

ball), and by V® < ¢ its a-neighborhood.
For sufficiently large ¢ the Hausdorff measure of ¥;* will not exceed

" u(U)+u(B(p(), 2"+a))

( 28+ xt*

< ——2[1032(' i + 4) (2[logz(r +a)]+ l)df + (2n)d 5 U ( B ( P (t) /2n , 1+a /211))

< 621 +x1) (r +af' " + 4+ 3(r + @) +(2+ ) (t/y)lér i

(¢ corresponds to having radius 1+4a/2" rather than 1 — a disturbance
which can be made arbitrarily small by letting ¢t — co, which we will do
anyway).

The last quantity will be denoted by v, Recalling that

i 4
d;+d, d.+2

we see that when t— oo, v, asymptotically behaves as

2 (t/v)/ds+ D if ae(0, dy/(d,+2)),
(16) {15+ 2) [6x (r 4+ @)y~ 1 4 2y~ /4D if o = df(dy+2),
6xt* (r+a)’s if ae(d/d,+2), 1].

We are now ready to get the estimates (10)13). Let now s = At* < ¢, with
a positive A whose value will be chosen later on. :
The event

{T > t}n{supd(Z;, Zo) > xt*}

sst

will hold if we assume that the process does not exit ¥; up to time ¢t and moves
in the following way: first it goes to the right end of the cylinder in time smaller
than s < t and then does not leave the ball up to time ¢, provided no Poisson

" points fell onto V°.

Let # be the right end of the cyhnder

def

R= {er, d(z, x) = tﬁ+xt“+r}.
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From the strong Markov property of the process and the definition of v, we
obtain ‘

(17)  F,(t,z, x) = PQP,[T> t, supd(Z,, Zo) > xt*]

s<t

= CXP{—WJ,} Pz [TEU:)C > TB?! TB? < S] ;ggpy [T'B(p(r),Z") > t]’

where T, denotes the hitting time of the set A.

If yed, then d( v, 0B(p(t), 2")) > 2"—r—t#, behaving asymptotically
as 2" (this follows from the way in which n and B were defined — from (14)
and (15)). Consequently, using now the scaling of the principal eigenvalue of the
Laplacian (A(2U) = 1 4(U)) we get (c is some constant which can be made
arbitrarily close to 1 by using ¢ large enough)

log ing{ Py [Tap,2m > ] 2 —cd (B (P ®, 2")) L
yE.

- —%A(B(p(t)ﬂ", 1)1 > — S¢ fhldet2) 2t 5

where S; = supgy)4(B) < oo, with £ (1) standing for the collection of all open
balls with radius 1. ‘
To estimate

P,[] = P.[Tuy > Ta, Ta < 5],
we will analyze the journey of the process along the g-grid (recall that
¢ = logr). As the distance of z from the g-grid is bounded by r, we can and will
assume that z itself belongs to %,.

To be more precise, we will be looking only at the moves along L. Let g be
the “first” point from the g-grid that lies on [, no closer than £ along I (possibly

qe%). Formally,
tf+xt*
g=1z+ . +1)r

(the distance measured along ! all the time, see Fig. 2).

///////‘ the set ¥, @ — points of the p-grid

Fig. 2. Steps on the g-grid
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Let
def d (Z s q)
h r

be the number of g-triangles between z and ¢ along [ (Fig. 2). Let T¢, T%, ... be
consecutive hitting times of the p-grid,
def

T¢ =inf{t > 0: Z,e%,\{Z,}},

def

- Ty =inf{t > T: Z,eG,\{Zre}}.

Observe that the event being investigated, .o/, will hold if the k-th hitting
time T;? occurs at time smaller than s and at each step (by step we mean a step
on the g-grid) we pass to the next-door neighbor on the right (see Fig. 2).

By symmetry,
P[] > () P.[T¢ < 5sl.

To estimate the probability that {T;? < s}, we will use the following
Tauberian theorem which can be found in [1] or [3]:
If Y is a nonnegative random variable, then
E e—AY]_e—lt
P(Y<st= —EIT
for all 4,¢>0.
This can be checked also elementarily.
By (9) we obtain
E [exp{—ATg}] = exp {—cA?5' ¢}
and using A = (2¢-5'*¢ (k/s))" " we get

_ 0 s
P.[%e <> EERIATIY 2 2 i
—e

[\

Recalling that -

d th
s = Af*, y=di and k= (Z;Q)H t""u

we obtain

tﬁ + xt’l dyw/(d@w—1)
At® >,

11 1
=== —_| 2¢c-51te__ "
PL1> g 23"1’{ 2[ ¢ rAr ]

whose logarithm will asymptotically behave as (recall that f < «)

x 1 x \dw/(dw=1)
_ta[(log4);+5[26 . Sl+@]dwl(dw_1) (7) A_lf(dw_l)jl_
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Dividing now by t%/“*2? (when a€(0, d,/(d,+2))) we get an expression
that vanishes exponentially. When dividing by ¢* (the case of a e [d/(d,+2), 1])
we asymptotically contribute with

x c ¢ \dw/dw=1)

For « < 1 we can choose A = (x/r)c™~! (which, in order to get At* <t,
may require looking at big times at once, correct in this setting) contributing
with —(x/r)(log4—1). For « = 1 we are constrained to A < 1; therefore the
best we can-get is° T '

1+1/(dw—1)
(19) ——flog4—(f) c.
r r

Collecting (16)19) we obtain
1. for «e(0, d/(d,+2)),

logF,(t, z, x)

liminf A

t— o0

2. for a =df(d,+2),
logF,(t, z, X)

{Aalds +2)

> — 2v2/(dg+ 2);

lim inf

t-r o0

3. for ae(d,/(d,+2), 1)

> — 2yt D_p, x;

logF, (t, z, .
lim imcﬂé__i(a_z_x) > D, x;
t— o0 t
4 for =1,
lim inflog_F“(tt’z_’x) > —D,x—D, xl+1i/dw=1)
t—w

The constants are equal to

c

_, 1
D, =6(+af ' +_(logd—1), D, =g -

If we pick r = 1, we get exactly the statement of the theorem. The proof is
complete. =

4. THE UPPER BOUND

To obtain the upper bound, we tend to somehow reduce our situation to
the one that involves a process on a compact space. The usual (folding) projec-
tion (see [6]) will not yield much — one will not be able to control how
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far the process would go before time ¢, since the projected process will be
confined to a small set, with size fixed once and forever. Instead, we follow the
approach from [9] and request that the process does not leave a “big ball;” this
procedure will add up an error that will be asymptotically negligible.

Observe that once we know that the process has survived up to time t, we
can conclude that it has spent most of its time in the area where not too many
obstacles were present. In this section, we shall define the areas where the
process moves easily (the “clearings™) and those where it risks to be killed (the
“forest”). We shall see that one can reduce the whole situation to the one where
the process is forced to stay in a big ball 2 and does not enter too deeply nor
too frequently into the forest. As singling out the dependence on v is desired for
our purposes, we rescale the problem first.

4.1. Rescaling. The new space units we would like to have are (¢/v)}/@r+ 9w,
so the resulting time units should be equal to t?/@s*2)y2/d=*+2) (reca]] that
d;d,+d,)=dJ/(d,+2) and d /(d;+d,) = 2/(d,+2)). We face again (see [6])
the nuisance of the lack of continuous scaling: we are permitted to use only the
numbers that are an integer power of 2. Instead, we rescale with a close admis-
sible number and then estimate the error.

What we do is the following: if

2 ()t < L e (¢y)Yr e = 270 () with O(p)e[l, 2),

then we use 2" instead of (t/v)!/¢@r+dw,

This way we will be studying the process starting from the point
z(t) = z/2", evolving up to time ¢/5", among the obstacles with radius a/2",
whose centers constitute the Poisson point process with intensity v- 3" If we
put

§ = S(t) — I/S" = dsilds+2) 2/(ds+2) [0 (t)]dw,

then ¢ and s simultaneously go to +oo. In terms of s, the new intensity v,
(which now depends on time) equals s/[0 (£)]* "% (and s > v, > 5/15), and the
new radius of the obstacles is as~ /% (0 (¢))* **/* with & = av'/%". The process is
studied up to time s.

Once we are done with the scaling, we are ready to-pursue the reduc-
tion step.

4.2. The reduction theorem. For an integer N > 1 and s > 1 we define
P = B(0, 2N - 2Ueesly,

This ball can be partitioned into a number of smaller triangles from 7,
meeting only at the vertices (7, is the collection of the “gasket-triangles” with
vertices from the 0-grid ¥, — each smaller triangle has sides with length 1);
number of those triangles equals 2 - 3" - 31°#2], Without loss of generality we can
and will assume that the Poisson point process does not charge the 0-grid %,
(vertices of the triangles).
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We shall now adapt for our purposes the notions of “clearing-forest” from
[9]. We will use the technique of enlarging the obstacles and then discretizing
the possible obstacle set (see [8]). As the process has good recurrence prop-
erties (see Theorem 5 of [6]) we will not have to distinguish between the
“good” (well surrounded) and “bad” obstacles to be neglected. The microscopic
recurrence makes all the obstacles count for our purposes.

Let us pick one particular O-triangle 4 = #. Fix a binary number b = 2°,
Let us write § for the number 21°826")1 the largest binary number smaller than
s/, We then chop the sides of A into §/b intervals (of length b/§ each), which
yields (§/b)%r smaller triangles.

Intréduce now a binary number r and denote by Cl(4) the event that
“there is a clearing of size r in the triangle A,” which means that the union of
those small triangles where no Poisson points fall has relatively big measure:

Cl(4) = {o: u(U;@) > o),

where U, is the (random) subset of 4 obtained by taking the union of those
small triangles where no Poisson point falls, and

w(r) = ingu(B(x, r).

Let B{(w) denote the union of those 0-triangles 4 from & where clearing is
present. B(w) will be called the clearing, and #\B(w) = F(w) the forest.

Define now the successive excursion times of the process Z,(w) (our Brow-
nian traveler) at distance 1 into the forest as follows:

Ay =0,
D, =inf{t > 0: Z,e(BY)},
A, =inf{t>D,: Z,eB} =D, +Tz00,,

Dpyy = inf{t > Ay Z,e(BY} = Ap+ Tpye0 0,
Ayyy =inf{t > D,yy: Z,eB} = A,+ 4,00, =D,y 1+ T30 0p,,
where B! = {xe%: d(x, B) < 1} is defined to be empty if B is empty, and T}
denotes the hitting time of the set B.

Finally, let N stand for the number of excursions completed by time s, and
L, for the fraction of time spent in the excursions up to time s:

{Ns=k} ={Ac<s <A1} (40=0),
Li=5s"1) (Ains—D;ns).

iz1

We have now prepared the notions and notation for the following reduc-
tion theorem:



334 ‘ K. Pietruska-Paluba

THEOREM 2. For any given 1 >0 and ze %,

(20)  lim lim lim lim lim — ! —1ogP,®P., [{T > s}

N-»wr+0np~+ob—+w0t—+wn s ( )

A({Tp < sho{u(B) > no}U{N, > [ns]}u{L, > n})] = — o,

where s(t) and z (t) were defined in Section 4.1, the limit in r and b is taken over
binary numbers, and P, is the law of the rescaled cloud.

CoMMeNT 1. The theorem states that if the process is known to have
survived up to time s, then, asymptotically up to exponential error it has stayed
in the big ball, and the process kept clear from the forest for a reasonably long
time. Excursions at distance 1 for the rescaled process correspond to the excur-
sions at distance comparable with t1/¢s*dw) of the initial process. The constant
n can be understood as a small number — in the next section it will be made
going to zero.

The proof is similar to the proof of the reduction theorem from [9], so we
omit it. m

4.3. Asymptotic upper bound. In this section we will derive an upper bound
estimate for the probability that the Brownian motion gets at distance at least
xt* provided it has survived up to time t. These bounds will provide a counter-
part to the lower bounds from Section 1.

Recall that for t, x, «a > 0 and ze¥% we defined F, by

F,(t, z, x) = PQP.[T > t, supd(Z,, Z,) > xt*].

s<t
We will estimate

1
—logP®P [T > t, supd(Z,, Zo) > xte] = 28Fellr2:%)

a
us<t L

Let us start with the case o = d,/(d;+2), which is more complicated than
other cases and requires subtler methods. We are now in a position to prove

THEOREM 3. For any ze%, and xcR*,

1 1
hmsupm}?‘dsms”)(t z, X) < (Clvzl(d"”)-i‘gadf_lvx),

where the constant C, neither depends on z nor on x and is given by
C, =5 inf [A°(U)+151(U)]
Uelo
(U, is the collection of all open subsets of %y, and A° the principal eigenvalue

of the generator of the reflected Brownian motion on %, killed upon coming
to 0U).
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Proof. Since the proof goes similarly to the one in [8], we give only the
two parts that we had to change in the present setting.

First, rescaling: we begin by rescaling the whole situation in convenient
time and space units, as at the beginning of Section 4.1: If

2_n < (t/v)l/(df+dw) < 2n+1’
ie.,
(21) (¢/v)téstaw = 2" 0(r)  with 6()e[l, 2),
then 2" will be taken as the new space unit. ot
This leads us to studying the process up to time #/5" = s(z), the Poisson
obstacles get the new intensity

n

S
= more

the new radius of obstacles is -
0 = aj2" = @s~ Vs gL¥awids (G = gyllds),

see Section 4.1.
The expression we want to bound from above will then be of the form

y2/ds+2) [0 (t)]dw
——(t)—logP,®sz [T > s, supd(Z,, Zo) > xs' ™ Harylids—2/dst2)]
S uss
where P, is the distribution of the new (rescaled) obstacles, and T is the en-
trance time into those obstacles.
Next, the lemma (a gasket counterpart of Lemma 3.2 from [9]):

LEMMA 2. Let ®: [0, T] — % be a continuous function such that d(® (0), 0)
< 1. Let 2 = B(0, 2V2U°e2sl) [ et ny be a fixed positive integer. Suppose that
& < P is a set constructed from no more than n,, O-triangles. Let I > 0, ¢ > 0 be
given. Then

u(We (B)n(BYY) = o1 (% sup d(B(r), D(0))—6mo(41+1))—g% (12n,—2),
0<t<T
where W (@) = {xe%: d(x, {®(2): te[0, T1}) <o} is the sausage of radius
@ modeled on the trajectory of @ from time t =0 to t =T.

Proof. Let us put @#(0) = x,. Without loss of generality we can assume

that
d(@(T), xo) = sup d(2(r), xo)
0St<T

(reduce the interval if necessary).

The idea is to replace the given function by another one for which the
parts of paths within %% (i.e. the paths that enter into the set whose measure is
to be estimated) are noncomplicated.




336 . K. Pietruska-Patuba

Let # = U:‘:()Ai, where k < ng, 44, 4,,..., A, being pairwise interior
disjoint O-triangles.
Define now
51 Zinf{0 < v< T: &(u)e B

(with the convention that inf@ = o0).
Then let t; be given by

t, dgsup {s1<v<T: &(v) and H(s,) belong to the same A¥,i=1,..., k}

for some A€ % (note that there can be more than one triangle 4; such that
@ (s;) € 4?"). Repeat the procedure and define

s, =inf{ty <v< T: ®(v)e B>},

and so on. Observe that necessarily & (s,) and ®(s,) belong to 2l-neighborhoods
of two disjoint O-triangles from %,. As # consists of at most n, triangles, after
a finite number of steps — less than n, for sure — we exhaust all the pos-
sibilities. Therefore we obtain a finite sequence

0, S <5 ...€<5<K<T, OSkSnOa

such that for u¢| J;<. [s:, t:], D (u)¢ #%, and & (s;) and & (¢;) belong to the same
4% for some Ae./.

The new function, ¥ (t), will be defined as follows: ¥ (t) agrees with & (t)
outside | J;<x[S;, &;], and on each interval [s;, t;] the function ¥ () follows the
trajectory between @ (s;) and @ (¢;) which realizes the distance between them (if
there is more than one such trajectory, choose any of them).

As for a path ¥ of length d (elementary check)

(d/20)¢™ < p(W*(¥P)) < (d/e+2)(20)",

~we have

(22) H(W“ (P)N(BY) = u(W) (PN (B))—n, [(%H) (29)"f],

(41+1) being the diameter of 4% and n, being the maximal number of triangles
involved; (22) in turn will be greater than (for the same reasons)

w(W2 (¥))— 2m [(4—’}% 2> (2e)"f]

> <————d FD), x0) | 2) o' —2m, [(ﬁ+ 2) (ZQ)df:l
2 Q

="' [3d(¥(T), xo)—6mo (41 +1)] —* (121, -2)
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(where the inequality used the fact that the length of the path is greater than the
distance between the initial and the end points). As the definition of ¥ preserved
the value at the endpoint (i.e. ¥ (T)= @(T)), the lemma holds. =

The conclusion of the proof relies on some estimates for the process with
compact state-space. Recall that the ordinary projection (as in RY) is useless
here — it destroys the Markov property. Therefore we use the “folding projec-
tion” of the Sierpinski gasket (see [6]), which transforms the Brownian motion
on the infinite gasket onto the normally reflected Brownian motion on the unit
gasket triangle (see [7]) and then proceed as in [9]. =

The reduction theorem and the above are needed only for the most delicate
case o = d,/(d;+2). For different « we do not need such subtle methods — one
gets a counterpart of the lower bounds as in Theorem 1 using fairly crude
estimates. We get the following

THEOREM 4. Let F,(t, z, x) be as before. Then:

1. If a€(0, d./(d;+2)), then

— 1
: 2/(ds+2
lim 108 Fu(t, 2, ) < —Cyv ),

2. If ae(d/(ds+2), 1), then
—logF,(t, z, X)

lim < —Cyvxa% 1,
t— o0
3. If « =1, then
—logF,(t, z, x
lim g afa, ’ )g—szxa"f—l—C;.;xd“’/(d‘”"”.
t—w

The constants Cy, C,, C; are positive and neither depend on x nor on z.

Proof. For ae(0, dy/(d;+2)), we use the natural bound from [6]:

—logF,(t, z,x) —1logP,[T > t]
m — s < N

t— o0 t—=> w0

< — C1 v2/(ds+2)

(C, is the same constant as in Theorem 3).
To get the estimate for a > d /(d;+2), we first observe that

F.(t, z, x) < E_ [exp{ —vu(Z{ 1)} - 1 {supd(Z;, Z,) > xt*}]
s<t
and
u(Zio.n) = Casupd(Z;, Zy)

s<t
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with some positive constant C, (see the proof of Lemma 2); therefore (use the
estimate (8))

F,(t, z, x) < exp {—vC, xt*a% 1} P, [supd(Z,, Z,) > xt"]

sst
< exp{—vCyxt*a’’ 1} cexp { —c(xt? £~ HYiwydw/dw=1)1

which, after taking the logarithm and dividing by ¢*, contributes asymptotically
with —C,vxa% ! for @ < 1 and with —C,vxa® ! —Cyx™@~1 for o = 1.
The theorem is established. =
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