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Abstract. Given a Harris chain (M,),»o on any state space
(¥, ©) with essentially unique stationary measure ¢, let (X,),»0 be
a sequence of real-valued random variables which are conditionally
independent, given (M,),0, and satisfy

P(XI:E' | {Mn)nao) =Q(My-1, My, )

for some stochastic kernel Q: 2 x 98 — [0, 1] and all k > 1. Denote
by S, the n-th partial sum of this sequence. Then (M,, S,).>0 forms
a so-called Markov random walk with driving chain (M), 0. Its sta-
tionary mean drift is given by 4 = E; X, and assumed to be positive in
which case the associated (strictly ascending) ladder epochs

ao = inf{k > 0: §; > 0},
o,=inf{k >0,_4: S >8S,,_,} fornzl1,

and the ladder heights S¥ =S, for n > 0 are a.s. positive and finite
random variables. Put M¥ = M, . The main result of this paper is that
(M¥, S¥),»¢ and (M}, 6,),>0 are again Markov random walks (with
positive increments, thus so-called Markov renewal processes) with
Harris recurrent driving chain (M}),>.. The difficult part is to verify
the Harris recurrence of (M#),5,. Denoting by &* its stationary mea-
sure, we also give necessary and sufficient conditions for the finiteness
of ExS}, E;St and Exo, in terms of u or the recurrence-type of
(M,)rz0 or (M¥)z0- - - -
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1. Introduction and main result. The main purpose of this paper is the
derivation of a fundamental result on the probabilistic structure of the sequence
of ladder variables associated with a Markov random walk (MRW) with posi-
tive drift. The result is used in [3] to provide a coupling proof of the Markov
renewal theorem that in some respects improves on the one given in [1], and
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further in [4] for the derivation of renewal theorems for a certain class of
random walks with m-dependent increments.

For an ordinary zero-delayed random walk (S,),»o with i.i.d. increments
X,, X,, ... with positive mean, we know that the sequence

6o=0 and og,=inf{k>0,_;: Sy >S,, ,} forn>1

of strictly ascending ladder epochs and the associated sequence (S, ),»o of
ladder heights both have again ii.d. increments. In Markov renewal theory,
where (S,,),,>0 is governed by a temporally homogeneous Markov chain
(M,.),,>0, one can also easily conclude that (M ons On)nzo and (M, , S, )u>0 both
constitufe MRW’s with positive increments, called Markov renewal processes
(MRPs), providing all o, are a.s. finite. However, its central result, the Markov
renewal theorem, additionally assumes the Harris recurrence of (M,),>o, and
the use of ladder variables for its proof in order to reduce to the case of positive
increments further requires the Harris recurrence of (M, ), ¢, Which, surpris-
ingly, does not seem to follow by straightforward arguments and which to show
is the major purpose of the present paper.

A precise statement of the main result, Theorem 1 below, requires de-
scribing the basic setup in more detail: Given a measurable space (¥, &) with
countably generated o-field € and a transition kernel P: & x (S®B) - [0, 1],
B the Borel o-field on R, let (M,, X,).>o be an associated Markov chain,
defined on a probability space (2, o/, P), with state space & xR, i.e.

(11) P(Mn+IEA, Xn+1eB I (Mjs Xj)OSjsn) = P(Mm A XB) a.5.

forall n>0 and AeS, Be®B. Thus (M, +1, X,+,) depends on the past only
through M,, and (M,),>o forms a Markov chain with state space &% and
a transition kernel P (x, 4) = o P(x, A xR). It can be shown that, given (M});> o,
the X,, n > 0, are conditionally independent with

(1.2) ‘ P(X €B I (MJ j;g) = Q(M,l%]_, Mn, B) a.s.
for all n > 1, BeB and an appropriate kernel Q: #*xB - [0, 1]. Let through-

. out a canonical model be given with probability measures P.,, xe¥, yeR,

on (2, /) such that P, (M, =x, Xo=y)=1. For any distribution (or
o-finite measure) 1 on & xR put

Pl() = 5 Px.y(')l(dxr dy)
FXR
in which case (M,, X,) has initial distribution A under P;. For xe.% and
o-finite measures v on &, we write for short E,, E, instead of E, o, E,gs,,
respectively, where 8, is Dirac measure at 0. Finally, P and E are used for
probabilities and expectations, respectively, that do not depend at all on initial
conditions.
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The MRW associated with (M, X,),>¢ is defined by (M,, S,).=0, Where
S, =Xg+...+X, for each n > 0. We always assume that (M,),, is Harris
recurrent (see Section 2) with (essentially unique) stationary measure ¢ and
p=E:X; >0, in which case §,— oo P,,-as. for every (x, y)e & xR. Con-
sequently, the strictly ascending ladder epochs

oo =inf{n > 0: S, > 0} and
—‘inf{k>0',, i- Sk>Sa,, 1} for nx=1

are as. finite under each P,, and the associated ladder heights S* h
well-defined posmve random variables. The slightly different defimtlon for
o, appears in order to have oy = 0 in the zero-delayed case S, = 0. We put
M} = M,_for each n > 0 and denote by v, and X}* the increments of (d,),30
and (S}),»o, respectively. The essentially unique stationary measure of
(M¥), >0, the existence of which follows from Theorem 1 (i) below, is denoted
by £*.

Finally, we have to define the lattice-type-of (M,, S,),>¢. Following Shuren-
kov [10], the latter as well as P are called d-arithmetic if d > 0 is the maximal
number for which there exists a function y: & — [0, d), called a shift function,
such that

(1.4) P(X,e7(x)—y(0)+dZ | My =x, My = y) = 1 (@P-as,

where (@P is given through ¢®P (4 x B) = [, P(x, B)¢(dx) for A, Be ¥. If
no such d exists, (M,, S,).>0 and P are called nonarithmetic. Our main result
now reads as follows:

(1.3)

THEOREM 1. Given an MRW (M, S,),> o with Harris recurrent driving chain

(M,)s>0 and positive drift = E:X,, the following assertions hold:
() (M*),»0 forms a Harris chain which is further positive recurrent if the

same holds true for (M,),>¢.

(i) (M, 6)ns0 and (M, SF),» 0 are MRP’s, their lattice-type being that of
(M,, n),»0 and (M., S,)u> 0, respectively, with the same shift functlon if arithmetic.

(i) E; ST < o iff EaST < 0 iff p< 0. oo

(iv) Enxcy < oo iff (M,),>¢ is positive recurrent. -

In view of (ii) it is natural to ask for the lattice-span of (M, n),»q, Which
turns out to be the period of the driving chain (M,),»¢ as will be shown in the
final section including the definition of the shift function. In case where (M,),> o
is aperiodic the latter is 0, so that (M,, n),»o and (M}, 7,),>0 then constitute
1-arithmetic MRP’s with shift function 0.

The subsequent corollary collects a number of convergence results that
follow directly from Theorem 1 in combination with well-known ergodic theo-
rems for Harris chains or stationary sequences (see also Remark (b) below). It is
thus stated without proof. )
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COROLLARY 1. Given the situation of Theorem 1, if (M¥),», (or even
- (Mp)s=0) is positive recurrent with stationary distribution &*, then, as n— oo,

(i) n~18¥ > ExST P,-as. for all xe ¥,
(i) Epln='S*—EnSH -0 if p < o0;
(i) n"'o, > Epo, P-as. for all xe &;
(iv) Ex|n~'o,—Epa,| - 0.
If (M}, is further aperiodic (and thus ergodic), then additionally
W) ||P«((vns X¥) €)= Pa((ty, X)e’)| >0 for all xe & _.
holds true-as n — oo, where 1, = 6,— 0,1 and ||-|| denotes total variation norm.

Remarks. (a) All previous results remain true if the ladder epochs a, are
replaced by oo(a) =0, and o,(a) =inf{k > 6,1 (a): Sy—S.,_, > a} for
n>=1 and arbitrary ae(0, oo).

(b) It is a trivial consequence of the transition structure of (M,, X,),>0
that, given the Harris recurrence of (M,),»o, the same holds true for
(M, X, +1)n>0.- Moreover, if £ is the essentially unique stationary measure of
(My)s>0, then (M, X, 1 1)n>0 is stationary under P, (in the measure-theoretic
sense if P; is not a probability distribution), and thus P,((M,, X)€") the
essentially unique stationary measure of (M,, X, {),>0. Consequently, the
validity of Theorem 1 (i) further gives the Harris recurrence of (M}, v,1 \)u>0,
(M, X3y )nzoand (M7, X1, Vot 1)azo as well as their stationarity under Pg.
This can be used in combination with certain ergodic theorems for such se-
quences to prove the convergence results of Corollary 1.

(¢) According to part (i) of Theorem 1, the positive recurrence of (M), o
entails the same for (M}),»o. The following simple example shows that the
converse may fail: Let (M,),>, be any irreducible, null-recurrent Markov chain
on N, with stationary measure £ = (£));» and X, = 1i5;(M,). Then (M,,, S;).>0
constitutes an MRW with drift z = EgX 1 = &o > 0. Its ladder epochs occur each
time the driving chain hits state 0, ie, M* =0 for every n > 1.

(d) Let us further point out that (My),>, does not need to be aperiodic.
--A counterexample is given in [7] where strictly ascending ladder epochs for
sums of 1-dependent indicator functions are investigated. More precisely, given
iid. Bernoulli variables Y, Y3, ... with P(Yy, = 1) = 1 —-P (Y, = 0) = p, where
pe(0, 1),let X, = Ly, +v,,,; and M, = (Y,, Y, ) for n > 0. Then (X,),» o forms
a stationary 1-dependent sequence, (M,),>o an ergodic (positive recurrent and
aperiodic) Harris chain (see Section 2 for details), and (M,, S,),>0 an MRW.
Now observe that a ladder epoch occurs at n iff M, =(Y,, Y,.{) = (0, 1) or
(1, 0), and that these two states are attained in alternating order at consecutive
ladder epochs. Hence (M}),», is a 2-peri0dic discrete Markov chain with state
space {(0, 1), (1, 0)} and transition matrix (! ). As a consequence, unless p = 3,
the distribution of 7, under P, ;, as well as P o, does not converge to a station-
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ary limit, but is either geometric with parameter p or with parameter 1—p, in
alternating order for each n > 1. The ladder height increments X are, of
course, always equal to 1 here.

(e) The hypotheses that (M,),» ¢ is positive recurrent and y = E; X; < o
are not enough to imply E.0; < oo as demonstrated by these two examples:
Let (W,),>, be a 1-arithmetic discrete renewal process with positive increments
Y,, which are thus 1ndependent for n > 0 and further identically distributed for
n > 1. Suppose v EY, (0, o) and EY? = oo. Let (M,),> ¢ be the associated
sequence of _forward recurrence tlmes ie. M,=W,,—n, where
7(n) = inf {k > 0: W, > n}. It is well known, see e.g. [5], that (M), forms an
ergodic discrete Markov chain with state space N and stationary distribution
& = (&> defined by & =v 1 P(Y; > k—1). Note that My = W, and that
& has infinite mean because

Y k& = (@) 'EYy(Y;+1) =

k=1
We will now consider two different MRW’s with the same driving chain
(M,),> o as just defined. In the first example, E; ¢, is finite while being infinite in
the second one.

(1) Put So =X, =0 and X, = 1, ket }(M,,) for n > 1 and some fixed

k > 1. Then p = E; X; > 0 follows from pk— P(Y1 = k) > 0 for each k > 1 (re-
call that EY? = oo). Plainly, the X, are all equal to 1 if k = 1, in which case
o, =1 and E;a; < oo trivially follow. But the latter holds true also for every
other k > 2. In fact, the ladder epochs are all those renewal times W, that come
with Y., >k (notice My, = Y,.;) so that

01 =Lyt Y, Waci Liyo<ivnoi<ktnzn < Lpozn+K Y nliyo<s,. Yoo 1<k ¥ozh

nz1 nz1

with stationary mean

E:oy < 1+k Z n(1—p)" 1p < ©. T
<
Q) If X, = 13yxn(My—1, M,) for n > 1, then S, has zero jumps except for
those n where a renewal takes place, i.e. when W, = n for some k > 0. But this
means nothing but o, = W,_ for n > 1 providing S, = X, = 0. Hence

Eioy=E;Wy=E;:My, = ), k€, = o
kz1
The further presentation is organized as follows: The proof of Theorem 1
will be given in Section 3 after the derivation of an important auxiliary result
(Theorem 2) on the Harris recurrence of a related excursion chain. Some basic
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facts on Harris recurrence and regeneration are collected in Section 2 in-
cluding the definition of a particular regeneration scheme for (M,),>, which
will be needed thereafter.

2. Harris recurrence and regeneration. For a moment we only consider the
Markov chain (M,),>, with state space (&, €) and r-step transition kernel
P, (P = P;). (M,),»0 is called Harris recurrent or just a Harris chain if it has
a recurrence set R, ie. P,(M,eR i0.) =1 for all xe#, such that for some
ae(0, 1], r 2 1, and a distribution ¢ on & the minorization condition

@y ~ P.(x,)=ap for all xeR

holds true. Given the latter condition, R is called a regeneration set because it
induces a regenerative structure for (M,),>, that divides the chain into station-
ary (possibly except for the first one) 1-dependent cycles. This has been shown
in the fundamental paper by Athreya and Ney [6] for r = 1 in which case the
cycles are even independent; see also [9] for a similar technique. Indeed, (2.1) is
equivalent to the existence of a sequence (t,),> o 0Of regeneration epochs, charac-
terized through the following four conditions:

R1DO=1p<7,<71,<...< 00 as. under each P,.

(R.2) There is a filtration (£,),>0 such that (M,),>, is Markov-adapted
and each 7, a stopping time with respect to (%,),»0.

(R.3) Under each P,, xe &, the M, are independent for n > 0 and further
identically distributed with common distribution ¢ for n = 1.

(RA) P((tnsj—Tus My 1 )jz06" | £.) = PMr“(('rj, M)jso€’) P,as. for each
nz20 and xes.

We note that the construction of (r,),», generally goes along with
a re-definition of (M,),»0 on a possibly enlarged probability space. We note
further that the previous conditions for regeneration epochs are weaker than
those stated in [1] in that we do not require here (t,.+;—Ts, M, +))jz0 to be

independent of 7y, ..., 7, for each n > 0. A more detailed discussion of this can
be found in [2]. o -
* By defining (with { as in (R.3)) o
11— 1
(22) EDZE(Y Loren) AeS,
j=0 :

we obtain the unique (up to multiplicative constants) o-finite stationary measure
of (M)nz0 if 0 < £(A4) < oo for at least one A€ S, in which case we call (t,),>0
regular. Such a regular sequence (7,,),> o always exists and can in fact be obtained
by using Athreya and Ney’s “coin-tossing” procedure. Next, & = ¢/E 7, forms
the unique stationary distribution provided E;t; < co. In that case the chain
is called positive recurrent. It is further called aperiodic if the distribution of
7, under Py is aperiodic (1-arithmetic), and ergodic if it is aperiodic as well as
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positive recurrent. The latter implies that P,(M,e") converges to Z in total
variation for each A.

Returning to Markov renewal theory, suppose we are further given a se-
quence (S,),> o of real-valued random variables such that (M, S,),>o forms an
MRW. Note first that then

t1—1

2.3) Ef X1)=E( ), f(X))
i=0
for every function f: R — R such that E; f(X,) exists. In particular, we have
ki 11'—1
24) p=EX,=E() X)
i=0

for the drift u of (M,, S)).>0 provided E:|X,| < co.

In order to prove Theorem 1 and the auxiliary result — Theorem 2 — sta-
ted in the next section, it is not enough to pick any sequence of regeneration
epochs for (M,),>, but rather to choose one that comes with a number of
further properties concerning the bivariate chain (M,, X,),>o. The existence of
such a sequence (t,),»0 has been shown in [1]; see Lemmata 3.1-3.3 therein.

Given R, r and ¢ as in (2.1), there are ¢-positive subsets C, D of R, some
ce(0, o), a filtration (£,),»o and a sequence (7,),o of regeneration epochs
such that in addition to (R.1)+(R.4):

(R.5) (M,, X,)»>0 is Markov adapted and each 7, —r a stopping time with
respect to (Z)uzo0-

(R.6) (M, +j, X +j+1)j>0 and &, _, are independent for each n > 1.

(R7) P(M,,,eC)=1 for all n>1 and { = P(M,,e") = @ (nD)/e(D).

(R8) |X;,—s+jl<cforeach 1<j<rand n>1.

(R9) If P has lattice-span d >0 with shift function 7y, then
P{S.,—y(Mo)+y(M,)e") is of the same lattice-type and

E, |E(exp (2mit (S.,— So)) | Mo, M,1)| <1 for each 0 <|t|el/d and xe&.
-Indeed, C, D = R and ce(0, oo) are chosen in such a way that
P.(Xi <c,..,|1X,|<c| M, =y) =8 as.

for all (x, y)e Cx D and some B > 0. Condition (R.8) will be crucial for our
considerations in the following section.

Let us finally note that, given any (regular) sequence (7,),>o of regenera-
tion epochs for (M,),>o of the form

fn+1_fn =f((M‘F,.+k)k30: Ln)a nz 09

f a suitable function, and (L,),»>; a sequence of ii.d. random variables (gov-
erning randomization) independent of the “rest of the world”, one can always
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switch to a new one satisfying (R.9) by defining ¢, =0 and

Tnr1—Tn = XnHf (Mo 4 gtz 0, La)y 120,

where the y,, n > 0, are i.i.d. geometric (1/2) variables independent of the “rest
of the world” as well. This is an immediate consequence of Lemma 3 in the final
section and already stated here because we will use it in Section 3 for the proof
of Theorem 1 (ii).

3. An excursion chain and the proof of Theorem 1. The proof of Theorem 1
is essentlally furnished by Theorem 2 below, which states the Harris recurrence
of a further Markov chain (M,, Z,),>, called the chain of (negatwe) excursions
associated with (M,, S,)s>0-

Let Z() = 1(S0>0}+S0 1{30\0} and

1 if S, > max §;,
3.1 Z,= Osi<n
31) " S,— max §; otherwise
0<j<n

for n > 1. Z, =1 means that a strictly ascending ladder epoch occurs at n,
while Z, < 0 denotes a negative excursion of S, from the current record value
of the random walk at n. Notice the recursive structure

1 fZ,,=1,X,>00rZ, ,<0<Z, +X,,
32 Z,=< X, ifZ,-,=1,X,<0,
Zy1+X, Z,,<0,Z,_,+X,<0

for n > 1, which immediately implies that (M, Z,),»o forms a Markov chain
with state space & = & x((— o0, 0]+ {1}). Let € be the associated o-field over
& induced by S®B.

THEOREM 2. (M,,, Z,),> ¢ forms a Harris chain which is positive recurrent iff
the same holds true for (M,),>o. Furthermore, there exists a regular sequence of
~ regeneration epochs (T,),»o for both chains such that Zy, =1 for all n> 1.

Given the Harris recurrence of (M,, Z,),» 0., it is easy to show the existence
of a regular sequence of regeneration epochs (7),> ¢ such that Z; =1 for each
n = 1. It is also easily seen that (T,),, then forms a sequence of regeneration
epochs for (M,),>,. Hence the crucial point of the second assertlon of Theo-
rem 2 is that (T}),»0 is again regular for (M,),>o-

The proof of Theorem 2 will be based on the following two lemmas. Put
ﬁx,z =P(|My=y,Zy=2z)for (x,z)e€ and P, = st,l. Let further (z,),> o be
a sequence of regeneration epochs for (M,),> o such that (R.1}(R.9) hold true. It
then follows from (R.4) that (M, , Z, )50 forms a temporally homogeneous
Markov chain.
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Lemma 1. For all Be€, Q((x, z), B) = (M., Z,,)eB i.0.) does not de-
pend on (x, z)e& and is either 0 or 1.

Proof. Fixing an arbitrary Be G, it suffices to verify that Q((x, z), B) = Q(B)
does not depend on (x, z) because then, with v(k) denoting the k-th hitting time
of B, the strong Markov property implies

0B = | Py, z,,(M, Z,)eB i0)dPy, = Q(B)P..(v(k) < 0).
{v{k) < 0} '

Thus Q(B) = 0 or P, .(v(k) < ) =1 for all (x, z)e & and k > 1, which is the
same as Q(B) = 1. ;

To prove Q((x, z), B) = Q(B), we use a simple coupling argument: Given
(M,, X,, Z,),»0 With initial conditions (x, y, z) and regeneration sequence
(ta)s=o as previously stated, let (x', y', z) be any other initial state vector. On
a possibly enlarged probability space, we can then construct a chain
(M, X}),>0 with regeneration sequence (7}),>0, the same transition law as

(M,, X,).>0 and initial state (x', y') such that
(33) (Mn’ -Xn+ 1)::?11 = (M;n X;t+1)n?t; and (Tn_Tl)nzl = (T;_Tll)nzl-

Next, given Zp =z, the sequence (Z;),»o is completely determined by
(M}, X,)uz0, which in combination with (3.3) easily shows

(Mna X, Zn)nZT = (M;n X;n Z;l)nBT’,
where T=inf{n > 7,: 5,8, > Z;, v(Z)"}

and T" is similarly defined with (S,—S,)s>+, replaced by (S~ S:,)u>; . Namely,
at T and T ladder epochs occur for (M, S,)s>0 and (M}, S;).» 0, T€SPECctively,
which gives Z; = Z7. = 1. But the “Z”-sequences start from scratch each time
they hit state 1, whence, by (3.3), indeed, Zr ., = Z7 ., for all n > 0 holds true.
Finally, the assertion Q((x, z), B) = Q(B) is now an immediate consequence of
the fact that in particular

(Mt,,s Zt,,)n?v = (M;;,s Z;:;,)nZV:” e

where v=inf{n>1:7,> T} and vV =inf{n > 1: 7, > T'}.
LEMMA 2. There is a constant be(0, c0) such that

P..(Z. > —b io)= P, (iminfZ, > —o0) =1

for all (x, 2)eé.
Proof. We will show the existence of be(0, o) and m > 1 such that
(3.4) EZeoimor—Zegs | Fopor) >0 as.
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on A, ,, = {Z,"_, < —b}. For then combining sup, s, |Z,, — Z,"_,I 1+4rc, by
(R.8), with a straightforward generalization of Theorem 9.4.1 in Meyn and
Tweedie [8], we conclude that

P, .(iminfZ, > —o0) = P, ,(iminfZ, _, > —o0) = 1

for all (x, z)e&, which in turn together with Lemma 1 further glves
P..Z, > —bio)=1 for all (x,z)e# and some _be(0, o).
Fork >0 and 121, put

Te+1—r ”
Y= Y X;j and W,= sup S;—S...
j=wt+1 Rt 1<j<tp4—r

By (R.6), the (Y, W;.), k > 1, are identically distributed under each P, , with dis-
tribution P((Yo,, Wo,)€-). Moreover, p > 0 and (2.3) give E; Yo, < IE: X7 < c0.
Next, by another appeal to (R.8),

(35) E@ Zor| F-) 2 E(Z Z, | F,-)—rc as.

Tntm—T Tn4m—F

on A,,., because no ladder epoch occurs at 7,—r+j, 1 <j < r. Aladder epoch
does not either occur at 7,+1, ..., T,4m—7 ON
B, E (Wynim < —Zeps Zey SO U{Wyim <0, Z,, = 1},
implying
(3.6 Z

Tn+tm—T

~Z, =8

rn+m—r—Stn
on that event. On B we will make use of
_-Z-::ﬂ 2 - Kl,n+m,

Tn+m—F

which holds because — Y, ,+,, bounds the maximal possible negatlve excursion

between 1,+1 and t,.,—r. We further have o

-geme

PWonin<0,Zo =1 F,_)=0as. on A,
which together with |Z, —Z, _,| <rc on that event gives
{Wynim S —Z oy =7} N Apye © Byn Apye © {W;Hm < —Z, _,+rcind,,..
By using this we obtain upon setting Z, _, =z

(38) E((Srn+m -r Stn)+ an rn—r)
((Sr,,+m—r_Sr,.)+ 1{W,.,,.+m$wz—rc} I g'—'t,,—r)

= EC S‘r-:,*r I{Wo,,,.s -z—rg &5
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Similarly,
(39 E((Sepum—r—5:)" 15,1 #,, )
< E(Sensm—r—5)" | #—r) = Ec S, 2.,
(310)  E(Zp-r—Z:) 15| #5,)
—EYpntmlwopsms —z-r | Fne) = —E; Yo mdwom> —z—re &5

Next E;S., -, > E;S,,—rc=nu—rc— oo as n— oo allows us to pick a suf-
ficiently large m so that.

(3.11) E,S,,_, > 3rc.

Given such m, we can further fix b > rc large enough such that, by monotone

convergence,

(3.12) E St Vo ms—z—rg = ESa—r—r

and, upon using E; Yom < 0,

(3.13) E Yo mlwy > —2-rg <rc for all z<b.

By combining (3.5)+3.13), we finally obfain on A, < Ay Withz=2_ _,

EZeyonor—Zeyor | Fard) 2 E(Zerioe—Zey | Foro)—rc
2 ESe-r Vwom<—z-rg—EgSepm—r—Et Yom Lo m> —z—ray —7C
> ES,,—»—3rc>0 as,

which is the desired conclusion (3.4).

Proof of Theorem 2. Given (t,).>0 With associated filtration (%,),>0
such that (R.1)<(R.9) hold true, Lemma 2 and x > 0 yield the existence of some
b > 0 such that no = T, = 0 and

=inf{rk> T—1+r: Z,_, > —b},
= inf{k > n,: Sx— S,,">b+rc}

forn = 1°are a.s. finite (./',, > o-times under each P, ,. By (R 8), we then« infer that
Z,,> —b—rc, which in turn implies Zy, = 1 for all n > 1. We further see with
the help of (R.6) that, again under each P, ,, the M, are independent for n > 0
and identically distributed for n > 1 with common d1str1but10n {=PM,e").
The same follows for the bivariate sequence (Mr,, Zr )n>0, the common dis-
tribution for n > 1 being A®J,,

/ldéfP;(M:(Hrc)e')a T(b.H-c)définf{k =1: 8,—So > b+rc}.

From these facts we can easily conclude that (7}), o forms indeed a sequence of
regeneration epochs for (M, Z,),»0, and thus Harris recurrence of the latter
chain.

11 — PAMS 201
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To prove the asserted equivalence choose now any regular sequence
(T)s=0 of regeneration epochs for (M,, Z,),»o so that
Ti1—1
$LE( Y Lonzpe) (S P((Mr, Zr)e),
j=0
forms the pertinent essentially unique o-finite stationary measure. We note that
the previously defined T, need not be regular. Now (T;),>, also forms a se-
quence of regeneration epochs for the marginal sequence (M), for which we
only note concermng (R.2) that M, ,, depends on (M,, Z,) only through M,
As a copsequence, Eg T; must be infinite if (M,),> ¢ is null recurrent. To com-
plete the proof of the equivalence it is therefore enough to show E, T; < o if
(M,),>0 is positive recurrent, which we assume hereafter. We denote by ¢ its
stationary distribution.
Define

N.(4)= Z 1{(M, Zj)eAd}s Ac€,
i=1
and N, = N, (& x {1}), the number of strictly ascending ladder epochs up to
time n. As the first step, we show

liminfn N, > ¢ as. for some ¢ > 0;
here and in the following “a.s.” means “P. .-a.s. for all (x, z)e&”. To that end,
put X, =X,Aa, where a is so large that u' defE X1 > 0. Assume that
S., Z, N, o), have the obvious meanings and observe that each ladder epoch
ay, for (Sp)=0 is also one for (S,),q. Hence N,> N/. Now consider the event

A = {liminfn~' N, < y//3a}.

n—oo

-Put 7'(b) = inf{n > ao: S;—8;, > b} for b > 0. Since (S}),>0 has a pos1t1ve

recurrent driving chain (M,,),,>0, stralghtforward arguments yield n™1S, - i
and then further . -

7 1 e
ﬂ—»—,e(O, ) as.  (b— o0).
b n

On the other hand, we have

(N}, < i/nj2a} < { max (Sj—S%,) < wn/2} < {z' (Wn/2) > n}

1<j<n

by the boundedness of the X, and therefore

P..A)< (hm supb 17 () >2/p)=0 as.
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Consequently,
(3.14) liminfr ' N, > liminfn™ ! N}, > ¢'/3a > 0 a.s.

As the second step, we next prove the existence of a set Ay,€ @ such that
(3.15) ¢(Aox{1})e(0, 0) and liminfn ' N,(4,x{1})>0 as.

Since ¢ is o-finite, we can find a partition (4>, of & _such that
@ (A, x {1})€{0, o) for all k > 1. By the ergodic theorem,

lim n_lN"(BXR) = lim n_l Z I{MjEB) = E(B) a.s.
j=1

n—*ow n—w

for all Be &. Hence we can choose k, sufficiently large such that

limsupn= ! N,(({J 4 x{1})<E( A) < p/6a as.
n— o k>kt k>ky
def

By combining this with (3.14) and upon setting 4, =
d(Aox {1}) < o0 as well as

k .
voy Ak, We obtain

0 < p'/6a < liminfn™! N,—limsupn™ ' N,(( | 4% {1})

n—+co n— K>k

< liminfr~! N, (4o x {1}),
which together give (3.15).
Finally, since n™*T,—E, T, and n™ ' N, (4o x{1}) > ¢(4dox {1}) < o0
a.s. by the strong law of large numbers for random walks with stationary
1-dependent increments (use the 1-dependence of the cycles for the latter asser-
tion), we conclude that

.0 > lim 07! Ny (4o x {1}) > (lim n~ T)- (liminf Ty * N, (4o x {1}))

> (W/6a) E T,

and hence E; T, < oo.

It remains to prove the existence of a regular sequence of regeneration
epochs (T;),o for both (M,, Z,),>o and (M,),>, such that Z; =1 for all
n>1. To that end notice first that & x {1} forms a recurrence set for
(M,, Z,),>0, and thus contains a regeneration set R x {1}; see Theorem 5.2.2
in [8]. Clearly, R can be chosen such that &(R)e(0, o), where ¢ denotes the
essentially unique stationary measure of (M,),»0- Let (T;),>0 be the resulting

I,

regular sequence of regeneration epochs when using Athreya and Ney’s “coin-
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-tossing” procedure. It is easily seen that the T, are also regeneration epochs
for (M), =0, but we must still verify their regularity for the latter chain, i.e. the
existence of some A& such that

Ti—1

EC@ch( Z 1{M_,-EA})E(05 OO)’ C = P(MT1E')'
j=0

We will do so for A = R. Consider the MRW (M, , S;),>0 With positive
Harris recurrent driving chain (M, ), ¢, where 7, = 0 and 7, denotes the k-th
visit of (M), to R for k > 1. The stationary distribution of (M ), is &,
= E(NR)/E(R). Let (M,,, Z}),»o be the associated excursion chain. Although
(Z Jnzo and (Z).>o are generally different sequences, we have Z¥ = Z, if

=1, and thus T, = 7, (A) for suitable g,. It is easily checked that (g,),>0
forms a regular sequence of regeneration epochs for (M., Z¥), o, the regulari-
ty following from

e1—1 Ti—1

E;@al( ) I(Mtkem,z;’}=1}) = Ec@al( Z I{MkEm.Zk=1}) =¢pRx{1}) < o0.
k=0 k=0
We know from the previous part of the proof that (M, , Z¥),», is positive
recurrent because this is true for (M,,),>o. Consequently, E;g;, 0, < o0, which
together with Pgs, (Mr,€R) =1 further yields

e1—1 T:—-1

w0 > Ec®a1Q1 = Ec@al( Z I[M esﬂ}) EC®61( Z 1{Mksin)) >0,

k=0 k=0
that is the desired result.

Proof of Theorem 1. (i) Notice first that it suffices to prove the asser-
tions for (M}),>, because then the same follows immediately for the other
three chains when observing that, for each n> 1, (X}, v,+1) depends on
My and the history (M}, X%, v;)o<j<n only through M.

We know now by Theorem 2 that (M,, Z,),>, has a sequence (T,),, of
regeneration times, with associated filtration (4,),», according to (R.2), such
~-that-each T, is also a ladder epoch a7+, say, for (M,, S,)s50.-It follows that
(T*)n>o forms a sequence of regeneration times for (M¥),>, with associated
filtration (%, ),>o because Ty is clearly a stopping time with respect to that
filtration and Zy, = 1 for every n > 1. This proves the Harris recurrence of
(MYT )nZO'

If (M), is positive recurrent, ie. E, T} < 00, { = P(My,e-), then TT < T}
implies E;TT < co. Combining this with M7+ = Mz, ie. { = P(M7; €°), we
conclude the positive recurrence of (My),so-

(i) Using the strong Markov property, we infer that (M}, §¥),., and
(M7, 6,)n50 both constitute MRP’s. Hence it remains to verify the lattice-type
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assertions. Let d denote the lattice-span of (M,, S,).>0 and d* that of

(MF, S¥).=0 with associated shift functions y and y*, respectively. Since the

latter process forms a subsequence of the former one, we have d* > d.
For the reverse inequality suppose d* > 0 and note first that

(3.16)  |E (exp (2ni(Ss — SE)/d*) | M, M%)
= |E (exp (2mi(S1, — So)/d*) | Mo, M1,)| =1 Pg-as.

for all n > 1. On the other hand, recalling the final paragraph of Section 2, we
may assume without loss of generality that (T,),», satisfies (R.9) in addltlon to
(R.1)-(R.4). Consequently,

E, |E (exp (2mit(S, — So)) | Mo, My,)| <1
for all 0 < |t| < 1/d and xe.%, and thus
(3.17) Py (|E (exp 2rit(Sy, — So)) | Mo, Mz,) < 1) >0

for all 0 < |t] < 1/d. Now (3.16) and (3.17) together show that d* < d, ie.
(M,,, Sy)s>o and its subsequence (M}, S¥),>o do indeed have the same lat-
tice-span d. The simple argument (use the telescoping structure of condi-
tion (1.4)) that they must then also have the same shift function y can be
omitted. .

In order to see that (M}, 6,),>0 and (M,, n),>, are of the same lat-
tice-type, we note first that the latter process contains the former one as a sub-
sequence. Moreover, (T;),>0 and (T),>o are again sequences of regeneration
epochs for (M, n),>¢ and (M}, 0,),>¢, respectively. Hence the necessary ar-

guments are the same as before involving the application of (R.9) for (M,,, n),>0 -

instead of (M,, S,)s>0- We do not supply the details again.

(@iii) If p=E;X;=ESr, <o, then ST <S7:= ST1 clearly implies
E;ST < oo. For the converse it suffices to note that X; < S,, = ST Pas.

The second equivalence follows directly from EpS} = E; ST+ = E; Sy, =
E X, = p, where (24) and St = S(,TT = Sy, have been utilized.

(iv) Here the assertion follows from Es0y = E;op» = E; T}, wherevégain
(2.4) has been used.

4. The lattice-type of (M,, n),>,. Our purpose of this final section is to
determine the lattice-type of the MRP (M,, n),>¢, and thus of (M,, 0,).>0
according to Theorem 1 (ii). The key is provided by the following lemma which
characterizes the lattice-span of an arbitrary MRW (M,, S,),», with Harris
recurrent driving chain via geometric sampling. 1t is essentially a sharpened
reformulation of Lemma A.6 in [3].
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LeEMMA 3. Let (M, S,)u=0 be an MRW with Harris recurrent driving chain
(M)n>0 and lattice-span de[0, o). Let £ denote the stationary measure of
(Mp)s>0 and n be an independent (under each P,) geometric (1/2) variable. Then

4.1) d7'=inf{t > 0: E,|E(exp(2nitS,) | Mo, M,)| = 1 for some xe %}
=inf{t > 0: E,|E(exp(2mitS,) | Mo, M,)| = 1 for &-almost all xe ¥},

. def — 1 def —1 def
where as usual inf@= 00, 0 10 and 071 = 0.

Proof. It is evident that the first infimum is not bigger than the second
one, which in turn is not bigger than d~!. On the other hand, it is shown in
Lemma A.6 in [3] that

E.|E(exp(2nitS,) | My, M,)) =1 for some xe& and t >0
implies d~! < t, whence (4.1) follows. »

Now consider an arbitrary Harris chain (M,),>¢, let deN be its period,
and denote by %,, ..., %, its cyclic classes indexed in the correct transitional
order. Put €., = %, for all ke N and define

4—

e F={0, ..., d—1}, x> Zl(d-—r)l(g,(x).

Notice that it is enough for the following result that %,, ..., €4—, and thus
also y,s are only determined up to &-null sets. Notice further that y,, = 0 in the
aperiodic case (d = 1).

LEMMA 4. Given a Harris chain (M,),»o with period de N, the associated
MRP (M,, n),¢ is d-arithmetic with shift function y,.

Proof. Let d* denote the lattice-span of (M,, n),>,. From the equality

E(eZﬂitq l MO: Mn) = Z eZnitnP(n = n | MO: M_y)

nz1l

and the obvious fact that P(7 = kd+r | Mo, M,) =0 Pgas. for all ke N and

r=0,...,d—1 on the complement of {(M,, M,)eA,}, A4, défz;:; CixCirr
we infer that :
(4.2) E(e*™ | M,, M,)

d—1

= Y (14, (Mo, M,)*™ ¥ 2" Py =kd+r | My, M,)),

r=0 k20

and then |E(e*™"? | My, M,)| = 1 Pgas. showing that d* > d with Lemma 4.
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To get the reverse inequality, let us denote by y the shift function of
(M,, n),»o and by ( any probability measure equivalent to ¢£. Then
- Pi(n—y(Mo)+y(M,)ed* Z) =1 in combination with (4.2) and the indepen-
dence of n and (M,),>, gives

1 = E exp(2mi(n—y (Mo)+y(M,))/d*)
= E E(exp (2ni (1—y (Mo) +7(M,))/d*) | My, M,)

= Z Y .. ,exp(Zni(r—v(Mo)ﬂ(Mn))/d*)CXP(21tikd/d*)dlsc

r=0 k20 {(Mo,Mn)Ar,
o p=kd+r)

= ¥ 2 kd-r j exp(Zni(r—?(Mo)+)’(Mkd+r))/d*)

(r,k)#(0,0) {(Mo,Mya+riedr}

x exp (2nikd/d*)dP,,

which can only hold true if exp (2nikd/d*) = 1 for all ke N, which in turn yields

that d* is a factor of d, in particular d* < d. Together with d* > d from the .
previous part we thus obtain the asserted d* = d. The reader can easily check

that 7, is a pertinent shift function.

Remark. Let us finally take another brief look at Janson’s [7] example
mentioned earlier in Remark (d) of Section 1. There (M}),> is 2-periodic on
the state space {(0, 1), (1, 0)} and (M}, S¥).»0 = (M}, n),»,. Hence the latter
process has lattice-span 2 and shift function y(0, 1) =0=1—y(1, 0). Theo-
rem 1 (ii) in combination with Lemma 4 shows now that (M,, S,),>0 is also
2-arithmetic, the shift function being an extension of the afore-mentioned one
by setting y(0, 0) = 1—y(1, 1) = 1. Finally, the obvious aperiodicity of (M,),z0
implies that (M,, n),>¢, and therefore (M}, 6,),»0 is l-arithmetic with shift
function 0.
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