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Abstract. We consider the one-dimensional stochastic equation '
t t
X, =xo+[b(X)d<{M),+ [0 (X,)dM,
0 0

for a continuous local martingale M with square variation (M) and
measurable drift and diffusion coefficients b and ¢. The main purpose
of this paper is to derive a necessary condition for the existence of
a solution X starting from x,. As a result, we construct a diffusion
coefficient ¢ such that the above stochastic equation has no solution
X whatever the initial value x, and the non-zero, say, continuous drift
coefficient b might be.
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1. Introduction. In the present paper we study the one-dimensional sto-
chastlc equation.

ay X_xo+§b s)d<M>s+}a(Xs)dMs, t<S. X),

where b o:R— R are Borel (or only Lebesgue) measurable functions, xo € R and
M is a continuous local martingale with square variation process {(M). Here
S (X) denotes the explosion time of X defined by S, (X) = supy:; S, (X), where

Su(X)=inf{t 3 0: [X|>m}, m>1.

We always assume that the continuous local martingale M is not trivial, which
means that P({(M), > 0) > 0, where (M), = sup;»o{M),. The continuous
local martingale M is characterized by its distribution u on the space
(c([0, + o)), €([0, + o0))) of continuous functions x: [0, + o) - R equlpped
with the o-algebra generated by the coordinate mappings. :
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A process X on a filtered probability space (2, &, P, F) is a (weak) solu-
tion to equation (1.1) if there can be found a continuous local martingale
(M, F) with prescribed distribution yx such that (1.1) is satisfied.

Let us introduce the sets

x+e

(1.2) E,={xeR: [ o ?(y)dy = + 00, Ve >0},

where we put afz(y) = 4o if g(y) =0, and
a3y - - - N, = {xeR: o(x)=0}.

I 1'\4 = B is a Brownian motion, it was shown in [4] that, for all initial
values x, € R, there exists a solution (X, F) to equation (1.1) but without drift
(b =0) if and only if the condition

(1.4) E,cN,

is satisfied. Using space transformation, in [4] this existence result was transfer-
red to stochastic equations with generalized drift

(1.5) X, =xo+ [ L¥(t, a)u(da)+jt'a(Xs)st, t < S X)),
R 0 ’

where I* (¢, a) is the (right) local time of the continuous semimartingale (X, F)
up to S, (X), and v is a set function which is a finite signed measure on every
interval [N, NJ, N > 1, such that v({x}) <} for all xe R. We notice that
every solution (X, F) to equation (1.5) is stopped after first reaching E,, i.e.,

(1.6) X, = X,,\DEG, t >0, P-as,

where Dg_ denotes the first entry time of X into E, (cf. [S], Proposition (4.34)
(iv)). The condition on v, however, is not quite satisfactory because, e.g., the
measure v(dx) = co~2(x)dx does not fulfil it whenever E, # @. This would
exclude constant drift functions b = ¢ in equation (1.1) (see below). Therefore,
equation (1.5) was also extended to the case where v is only a finite signed
-- measure locally on the open set E, (see [5], Remark (4.40) (ii)). But-in this case
not every solution (X, F) of equation (1. 5) satisfies (1.6) and the existence
criterion now takes the following form:

For every initial value x, € R there exists a solution (X, F) of equation (1.5)
such that the boundary condition (1.6) is satisfi ed if and only if the inclusion (1.4)
holds.

An important special case is obtained if we assume that the drift measure
v is given by v(dx) = b(x) 6~ 2(x) dx, where ba ~? is locally integrable in E¢ and,
as we always agree, 0- + 00 = 0. In this way, we come back to our stochastic
equation (1.1) which we are mainly interested in. More precisely, we have the
following slight modification of [5], Theorem (4.53) (1), (2).
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THEOREM 1.1. Suppose that, for measurable real functions b and o, the func-
tion ba~2 is locally integrable in E.. For every initial value xo€R then there
exists a solution (X, F) of

(1.7 X, = xo+fb(xs) ds+fa(xs)d13s, t < Sq (X),
0 0

such that the boundary conditi’on (1.6) is satisﬁed if and only if the.following
inclusion holds: '

18 _~ -- == E,cN,AN,.

Indeed, if x,€E,, then for every solution (X, F) of (1.7) with X, = xo
satisfying (1.6) we have X, = x,, which necessarily implies xoe N, as well as
xo€N,. Conversely, the sufficiency of condition (1.8) follows from [5], Theo-
rem (4.53) (1). To sketch the idea of the proof, we first observe that (1.8) en-
sures the existence criterion (1.4) for equation (1.5) with generalized drift
v, v(dx) = b(x) o~ 2(x)dx, and the boundary condition (1.6). Hence, for every
initial value xeR, there exists a solution (X, F) of equation (1.5) satisfying
(1.6), which, moreover, is fundamental, ie.,

DEa'

| 1 (X;)ds =0 P-as.
o

(see [51, (4.35), (4.40) (i1)). Using this property, condition (1.8), and the occupation
time formula we easily compute

JIX(t, a)v(da) = _t[b(Xs) ds P-as.
R 0

Thus (X, F) is the desired solution of (1.7). m

Let us emphasize that all existence results reviewed above for Brownian
motion remain true for arbitrary (non-trivial} continuous local martingales
M as a driving process. However, we will not deal with this extension in the
present paper. - )

-~ “Now the question arises what happens if we drop the boundary condition
(1.6). Tt turns out that then the situation becomes quite different:

(a) There may exist solutions of (1.7) which do not satisfy the boundary
condition (1.6). ' ' -

(b) Condition (1.8) is sufficient but not necessary for the existence of solu-
tions (X, F) of equation (1.7) for arbitrary initial values xo€R.

Furthermore, we observe that the restriction E, = N, (i.e., b(x) = 0 for all
xekE,) is too hard and excludes many interesting situations. What happens if
we drop this condition? Naturally, we come back to condition (1.4): E, = N,.
However, Rutkowski [10] showed:
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(c) The condition E, = N, is neither necessary nor sufficient for the exist-
ence of a solution (X, F) to equation (1.1) (and hence also to equation (1.7)) with
arbitrary initial value xo€R.

To illustrate the situation in greater detail, let us examine several examples
closely related to examples given by Rutkowski [10].

ExampLE 1.2. First we consider equation (1.1) for bounded and continu-
ous coefficients b and o. Then there always exist non-exploding solutions with
arbitrary initial value xoeR; see Skorohod [12] for M = B or Jacod and
Mémin.[6].-This result is obtained approximating the coefficients uniformly by
Lipschitz functions. We notice that the condition E, = N, always holds but,
obviously, E, = N, (and hence also (1.8)) need not be satlsﬁed This together
with Theorem 1.1 proves assertion (b).

ExampLE 1.3. Again we consider equation (1.1) for bounded and continu-
ous b and o. Additionally, for some acR we assume b(a) >0 and

ate

(1.9) f o7 2(Wdy =+ for all ¢>0.

In particular, this implies ae E, = N,, This condition on ¢ is satisfied if, for
example, ¢ is Lipschitz continuous and aeN,. Let (X, F) be a solution of
equation (1.1). According to Theorem 2.3 (ii) below we see that the point a is
non-sticky, ie., ~ .

(1.10) f 14 (X)d (M), =0 P-as.

For the initial value x, = q, (1.10) shows that X does not satisfy the boundary
condition (1.6).

. ExaMPLE 1.4. Let (X, F) be a solutlon to equation (1.1) for coefficients
b an_d o, and aeR as in Example 1.3. In view of (1.10), X also solves

X, =xo+[b(X)d{M),+[o(X)dM,, >0,
. 0 )] .

where b = 1g,, b. If we choose b such that E,\{a} = N,, we may conclude that
for the coefficients b and ¢ the condition (1.8), E, = N, N3, holds but our
solution X for x, = a does not satisfy the boundary condition (1.6), and hence
X is different from the solution in Theorem 1.1. This proves (a).

ExaMpLE 1.5. Again, let (X, F) be a solution to equation (1.1) for coef-
ficients b and o, and a<cR as in Example 1.3. In view of (1.10), for 6 = o+ 1,
X also. solves .

t : t
X, = Xo+ [b(X)d (M), + [ §(X)dM,, t>0.
(4] 0
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For these coefficients b and &, condition (1.4) fails. But we have seen that, for all
initial values xq € R, a solution to the above equation does exist. Thus the first
part of (c) is correct.

ExaMpPLE 1.6. Now we consider the equation
t t
(1.11) X, =Xo+ {1y (X)d{M);+[o(X)dM,, >0,
0 o

where the diffusion coefficient ¢ and the point aeR are chosen such that
conditions (1.4) and (1.9) are fulfilled. For any solution (X, F), we have the
relation (1.10) in view of Theorem 2.3 (ii) below and, consequently,

t
Xt=x0+ja(Xs)dMs9 t20,
0

an equation without drift. If M = B is a Brownian motion, it is known that
every solution X of this equation satisfies the boundary condition (1.6) (cf. [5],
Proposition (4.34) (iv)). By time change it can easily be seen that this remains
true for general M. If we choose x, = a as an initial value, this implies X, = a
for all ¢ > 0, which, however, contradicts (1.10) unless P ({(M >, = 0) = 1. Thus
we have shown that it is not true that (1.11) has a solution for all initial values,
though the condition E, = N, is satisfied. This verifies the second part of (c). Of
course, in this example the condition (1.8) of Theorem 1.1 fails to hold.

In Example 1.6 we have seen how discontinuous drift can disturb existence
of solutions while in Example 1.5 with “nicer” drift b the “bad” diffusion
6 cannot prevent existence, contrary to equations without drift.

The main purpose of this paper is to establish necessary conditions for the
existence of solutions to equation (1.1). From this we shall see that ¢ can be
chosen bad enough such that equation (1.1) has no solution whatever the initial
value xo e R and the non-zero continuous drift coefficient b might be. Moreo-
ver, the continuity of b is not important and can be weakened considerably.

To this end, as Theorem 1.1 shows, we have to look for diffusion coef-
ficients o such that E, # &. However, it turns out that if E, only consists of
isolated. points (i.., if E, is denumerable without accumulation points) and if,
e.g., b is continuous such that N, = @, then there always exist (at least local)
solutions starting at an arbitrary initial value x,eR. The continuity of b can
also be replaced by the condition that b is non-negative (or non-positive) and
such that b~ ! is locally integrable. We will not deal with this problem in the
present paper, referring the reader to the forthcoming paper [1].

It is left as an open problem what happens if E, is a more general nowhere
dense subset of R, perhaps, such that Ej has arbitrarily small Lebesgue mea-
sure. We shall investigate the opposite case when E, has inner points. Our main
example deals with the worst case: We will construct diffusion coefficients
¢ with E; = R. In Section 2, we shall study the behaviour of solutions (X, F)
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of equation (1.1), which is of interest in its own right. In Section 3, we collect
some knowledge on solutions of (1.1) without diffusion (¢ = 0) for later ap-
plications. In Section 4, we state necessary conditions for the existence of
solutions of (1.1). Finally, in Section 5 we deal with the non-existence of solu-
tions of (1.1) and construct highly singular diffusion coefficients for which ex-
istence of solutions fails.

2. Properties of solutions. Let m be an arbitrary non-negative measure on
(R, 2 (R)), where % (R) denotes the o- algebra of Borel subsets of the real line R.
We introduce the sets : -

’ E; ={xeR: m([x,x+s))= +o0, Ve >0}, _
E, = {xeR: m((x—¢, x]) = + o0, Ve > 0},
and
E,=E}UE,.

Obviously, E,; (respectively, E,,) is closed in the right (respectively, left) topolo-
gy of R. The set E,, is closed and m is a locally finite measure on E;,.
. We now define the non-negative measures y and v by

p(A) = £(|b(y)|+1)o-2(y)dy', AecAR),

v(4) = [IbO)lo~2()dy, AecB(R).
A

Clearly, we have the inclusions E; < E, E; < E;, E, < E,. In accord-
ance with Section 1, in the case where b = 0, we denote the sets E,, E,, and
E, simply by E}, E;, and E,, respectively. Obviously, Ef < E;}, E; < E,,
E,c E,. We note that ¢72 is locally integrable on E5.

Let (X, F) be a solution of equation (1.1) for the drift and diffusion coef-

. ficients b and ¢ with given initial value x, € R. By L* (¢, a) we denote the (right)

local time spent in ¢ up to time ¢ by the continuous semimartingale (X, F) up
to S, (X). This is a continuous increasing process in ¢ < §,,(X), right-con-

- tinuous and left-hand limited in aeR, with IX(0, a) = 0 and such that the

occupation time formula
(2.1) jf(X YA (X)), = jf(a)LX(t a)da <S8 (X), P-as.,

for all bounded or non-negatlve measurable functions f holds (see, e.g., [7],
Chapter VI). Here (X denotes the square variation process of the continuous
local martingale part (up to S, (X)) of X which is defined on [0, S, (X)). The
left-hand limit of the local time will be denoted by LX (¢, a). To begin with, we
study the local time L* (¢, a) for ae N,. We remember that N, is the set of zeros
of ¢ (cf. (1.3)). The Lebesgue measure on R is denoted by A.

g

PR Er
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LeEMMA 2.1. We have I[X(t,a) =0, aeN,, i-ae., t < S, (X), P-as.

Proof. Because of the occupation time formula (2.1), for t < S, (X) we
get P-a.s.

[ Lo, @IF (, a)da = [ 1y, (X)X, = [ 1y, (X)0>(X)d (M, = O,
R 0 0

and hence

LAy X, ) =0 Aae,

which proves ‘the lemma. =m

Now we investigate the behaviour of X in the set E,. As a first step, we
obtain _ _
LEMMA 2.2. (i) For every acE;, I¥(t,a)=0, t < S, (X), P-as.
- (i) For every acE,, LX(f,a)=0, t < S, (X), P-as.
Proof. For proving (i), for fixed ¢t > 0 let 4 = {I¥(¢, a) >0, t < S, (X)}

and assume that P (A4) > 0. Because of the right continuity of I*(t, -) there exist
a random variable ¢ >0 and n > 1 such that

{L¥(t, a+y) = n~1, Vye[0, ¢), t < S, (X)}

has strictly positive probability. On this set, we obtain
a+sg

n~tu(la, at+e) =n"" [ (bO)+1)e () dy

"ate

< T (OI+De2 )€ »dy< [(bON+1) o™ 2 )L () dy.

a

Using Lemma 2.1 and the occupation time formula (2.1), we now estimate

ntu(la, a+8) < [(b )+ 1)1y ()02 () IX (2, y)dy o
R

(1B +1) 1s (X 02 (X)) d (X s

O ey (D ey,

(BXI+1)1n:(X) 672 (X) 0> (X d <MDy < [ b (X)) d (MDg+{MD,,
-0

the last term being finite for t < §,, (X) P-a.s. Hence u([a, a+¢)) < + o0 for
some ¢ > 0 and, consequently, a€ R\E,. This proves P(4) = 0 for any acE;,
and thus (i). Statement (ii) can be shown analogously. =

THEOREM 2.3. Let (X, F) be a solution to equation (1.1) with drift and dif-
fusion coefficients b and . We then have the following properties:

o
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(i) For any ac(E; n{b=0)U(E, n{b<0}),
(2.2) Xt,a)=L*(t,a)=0, t<S8,(X) P-as.
(i) For any ae(E; n{b > 0})U(E, n{b <O0})UNE,

t
(23) (14 (X)d<{M>; =0, t<84(X) P-as.
0
Proof. According to Theorem VI.1.7 in Revuz and Yor [7] we get

t
24) . - IXt,a)—LX(t, a ='2f1{a} (X)b(X)d<{ M),
S :
for t < S, (X) P-a.s. We now assume ac E,; and b(a) > 0. In view of Lemma
2.2, IX(t, a) = 0 and from (2.4) we observe that also LX (¢, a) = 0 holds. This
proves (2.2) for ac E} n{b > 0}. If ae E; n{b < 0}, the proof is analogous. For
ae(Ef n{b>0})U(E; n{b<0}), (23) follows from (2.2) and (2.4) since
b(a) # 0 in this case. Finally, if ae N¢, the occupation time formula (2.1) yields

gl(a)(Xs)d<M>s = jl{a}(Xs)o-_z(Xs)d<X>s = i‘;l{a}(y)o-_z(y)Lx(t: y)dy = 0

for all t < S,(X) P-as. m

CorOLLARY 2.4. If (X, F) is a solution to equation (1.1) without drift (i.e.,
b=0), then for every ackE,

Xt a=1LX(1t,a=0, t<84(X), P-as.

Remark 2.5. In [9], Lemma 4.2, and [10], Lemma 4.4, Rutkowski has
shown (2.2) for all ae N, and (2.3) for all ae N,n Nj if ¢ satisfies the so-called
local time condition (LT) (see [8]). But under (LT), N, < E] nE; holds and,
consequently, the results of Rutkowski are part of Theorem 2.3. Indeed, let
xo€ N, \E} and choose x, > x, such that ¢~ is integrable over [x,, x;]. We
- consider the trivial solution X of equation (1.1) for b = 0 with X, = x, and
a non-trivial solution Y of the stochastic equation with reflecting barriers

Xo and x: o

: :
Y, = xo+ L' (t, xo)— L' (t, X))+ [0 (Y)dM,, t>0
0

(cf. Schmidt [11]). We then have L (¢, xo) > 0,-and hence LY ~* (¢, 0) > O for
t > 0 sufficiently large with positive probability. This means that (LT) is not
satisfied. Thus under (LT) we must have N,\E; = @. Similarly, N,\E; = &,
proving the inclusion N, < E] nE; .

THEOREM 2.6. Let (X, F) be a solution to equation (1.1) with drift and diffu-
sion coefficients b and a. We then have:

(i) I*(t,a) =0, acE,UN, A-ae, t <S,(X), P-as.
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(i) For every non-negative measurable function f,
t
If(-Xs)lEuuNa.(Xs)d<X>s= Os t <Sao (X)7 P-as.
0

Proof. There is an at most countable set of points a€ R (depending on
t and w) such that LX (¢, a) % L*(t, a). For (i), it now suffices to apply Lem-
ma 2.1 and (2.2). Statement (ii) follows from (i) and the occupation time formula
21). =

3. Equations without diffusion. In this section, we consider the cqﬁaﬁon

(31) - . ) Zt=x0+_;.b(zs)d<M>sa t<Sco(Z)9
0 .

which is equation (1.1) for ¢ = 0. If M = B is a Brownian motion, this is a
(deterministic) ordinary differential equation. For any continuous (and bound-
ed) function b, equation (3.1) has a (non-exploding) solution.

Our objective is to establish an occupation time formula for later ap-
plication. To begin with, we briefly discuss the existence and uniqueness of
solutions for only measurable but non-negative drift . In the sequel, we always
assume that b > 0. The case b <0 can be handled analogously.

PROPOSITION 3.1. Suppose that b~' is locally integrable.
(1) Then, for every xq,€R, there exists a solution Z to equation (3.1) with
initial value x, such that the following condition is satisfied:

(3.2) f 1y, (Z)d(MY, =0, t<5,(Z), P-as.
] A

(i) For every solution Z of equation (3.1) such that (3.2) holds and for every
d = xo we have

(3.3). sup Z,=d on {} b™1(s)ds < {M>,} P-as.

0<t<8,(2)

Proof. Similarly to equations w1thout drift (cf [3]-[5]), the proof i is
given by time change. Let x,eR and define :

T, = jb‘l(x0+s)ds, t=0.
0
We consider the right inverse 4 of the continuous strictly increasing process
T defined by 4, =inf{s > 0: T, >t}, t > 0. Now we set
(34) Zt = x0+(AO<M>)t5 < <M>;:,—’

where (M) ™! is the right inverse of the increasing process (M. It can easily
be verified that Z is a solution to equation (3.1) with explosion time
S (Z) =<{(M>7}_ and that Z satisfies (3.2). Explosion does not occur if and

9 — PAMS 20.2
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only if (M), < T, for all ¢t = 0 P-as. For proving (ii), we notice that every
solution Z of equation (3.1) with initial value x, satisfying (3.2) is P-a.s. given
by (3.4). Consequently, on {jiob_l(s)ds < {M)>,} we get

Sup Zt == x0+A<M>m > x0+ATd_xn = d P'a.s.,
0 €1 <8x0(Z)

completing the proof of the proposition. m

Remark 3.2. (i) It can easily be seen that the local integrability of b~ 1is
also necessary for the existence of a non-trivial solution for arbitrary initial
values xoeR (cf. [3]).

(ii) The solution to equation (3.1) satisfying (3.2) is unique: As mentioned
in the proof of Proposition 3.1, every solution Z to equation (3.1) with initial
value x, satisfying (3.2) has the representation (3.4).

(iii) The condition of Proposition 3.1 that b~ ! is locally integrable can be

weakened: There can be given necessary and sufficient conditions for the ex-

istence and also for uniqueness of solutions to equation (3.1) for arbitrary
initial value x,eR. :

We now come to the occupation time formula.

PROPOSITION 3.3. Suppose that b = 0 and let Z be a solution to equation
(3.1) satisfying the condition (3.2). Then Z has a local time ¥ (t, a) with respect to
the increasing process {M), i.e., for every non-negative measurable function f,

} fZYd{MY, = [ f@) 2Lt ayda, t<S(Z), P-as.
0 R

Moreover, we have

L(t,a)=1iz,z7(@)b" (a), acR, l-ae, t <S,(Z), P-as.

Proof. By (3.2), for any non-negative measurable f,
gf(zs)d<M>s - {})f(Zs)b‘l (Z)b(Z)d <MD, = f ()b @2)dz,
and by time change in the integral (cf. [2], T IV.44) we get
if(zs)d<M>s - :j;f(a)b‘l @da= f@1iz,24(a)b™* (@) da

for every t < S,(Z) P-as. This proves the assertion. =

4. Necessary conditions for existence. Now we come back to the inves-
tigation of equation (1.1) and derive necessary conditions for the existence of
solutions.
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THEOREM 4.1. Let b and o be measurable functions. Suppose that b is

non-negative and such that b~ is locally integrable and Ny, = Q. Let be given an

(in general) exploding solution (X, F) of equation (1.1) starting from xo€ E\?, the
interior of E,, and denote the component of E”’ containing x, by (c, d). Then, as
a necessary condition, we have

4.1) og(@=0 on[xg,dAr sup X, A-ae., P-as.
1 <Sw(X)

If, additionally, (M ?o = +00 P-as., then

4.2) . a(a) on [xg, d), A-ae.

Proof. We remember the definition of E, at the beginning of Section 2.
Let D = Dge be the first entry time of X into Ej. In view of (2.1) and Theo-
rem 2.6 we get P-as.

D
(4.3) {XOp= jllEﬂ(Xs)d (XDs= SlEu(a) XD, a)da =0
Hence the continuous local martingale part of X vanishes up to D and, con-
sequently,
(44) XII\D=Z!AD’ tZOn

where Z is the unique solution of equation (3.1), cf. Proposition 3.1 and Re-
mark 3.2 (ii). We note that (3.2) holds automatically because N, = @. On the
other side, using (4.3), (4.4) and the occupation time formula in Proposition 3.3,
we compute P-a.s.

D D '
0= <X>D = Iaz(Xs)d<M>s = IlEuan,(Xs)o-z(Xs)d<M>s

I~}

= {1g,~vs(Z) o ( Dd{M); = [15,,n:(a)0” (a) £ (D, a)da
R

[=]

I lE,,nN?, (a) 0% (a) lizozo (@b~ ! (a) da;t
R

where Z;, = sup,>0Z, on {D = +o0}. This implies
15, Nenizo,zo10° = 0 A-ae. P-as.

In view of Z, = x, we have
Zy=dAn sup X,
0<1<8So(X)

and [x,, d) € E,, which proves (4.1). Assertion (4.2) immediately follows from
4.1), 33) and (44). m

e
v
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COROLLARY 4.2. Suppose that {M>,, = + o0 P-a.s. and that b is as in the
formulation of Theorem 4.1. Let xo€EQ, the interior of E,, and denote the
component of E® containing xo by (c, d). If there exists a solution (X, F) of
equation (1.1) starting from x,, then condition (4.2) is satisfied.

Proof. The assertion follows from Theorem 4.1 and the inclusion
E,<E, =m

COROLLARY 4.3. Suppose that (M), = + o P-a.s. and that b is as in the
formulation of Theorem 4.1. Let xoeE\?, the interior of E,, and denote the
compouent of -E\” containing x, by (c, d). If there exists a solution (X, F) of
equation* (1.1) starting from x,, then condition (4.2) is satisfied.

Proof. We recall the definitions of v and E, from the beginning of Sec-
tion 2. The assertion now follows from the inclusion E, < E,. =

In the next corollary, F, denotes the set E, for ¢ = 1. In other words,
F, consists of all x e R such that b is not integrable in an arbitrary neighbour-
hood of x.

COROLLARY 4.4. Suppose that {M ), = + oo P-as. and that b is as in the
Sformulation of Theorem 4.1. Additionally, we assume that o is locally bounded.
Let xo € F§?, the interior of F,, and denote the component of F”) containing x, by
(c, d). If there exists a solution (X, F) of equation (1.1) starting from x,, then
condition (4.2) is satisfied.

~ Proof. Since o is locally bounded, F, = E, and the assertion follows from
Corollary 4.3. =

5. Non-existence of solutions. For simplicity, from now on we assume that
{M>, = +0o P-as. Moreover, the drift function b is always supposed to be
non-negative and measurable and such that b~! is locally integrable and N, = @.
From Theorem 4.1 we get the following result on non-existence of solutions.

THEOREM 5.1. Suppose that ¢ is a measurable function, x,€ R, and (c, d) is
an interval such that the following conditions are satisfied:

(5.1) xo€(c,d) S E,,

(5.2) A(NsN[xo, d)) > 0.
Then there does not exist a solution (X, F) of equation (1.1) starting from x,.
Now we state

THEOREM 5.2. Let 6 be a measurable function such that the following con-
ditions are satisfied:

(5.3) E, =R,
(5.4) ANen[n, +0)>0 for all n>1.
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Then, for every starting point x,€ R, there does not exist a solution (X, F) of
equation (1.1).

Proof. The conditions of Theorem 5.2 imply those of Theorem 5.1 for
every xoeR. m

COROLLARY 5.3. Suppose that o is a measurable function such that (5.4) and
(5.5) E,=R

are satisfied. Then, for every xy€R, there does not exist a solutlon (X F) of
equation (1. 19 starting from X.

Proof. This follows from E,= E, and Theorem 5.2. m -
COROLLARY 5.4. Suppose that the condition ‘

(5.6) F,=R

is satisfied. Then, for every locally bounded measurable function o, for which
condition (5.4) holds, and for every x, € R, there does not exist a solution (X, F) of
equation (1.1) starting from x,.

Proof. We recall that F, consists of all xe R such that b is not integrable
in an arbitrary neighbourhood of x. If ¢ is locally bounded, F, < E, < E,, and
the assertion follows from Theorem 5.2, m

Remark 5.5. (i) Under the assumptions of Theorem 5.1, Theorem 5.2,
Corollary 5.3 and Corollary 5.4, respectively, there also do not exist local
solutions.

(i) Condition (5.3) is equivalent to A(R\E,) = 0. Analogously, (5.4) and
(5.5) are equivalent to A(R\E,) =0 and A(R\F,)= 0, respectively.

(iii) If b is continuous and N, = @, then all conditions on b are satisfied.
Consequently, if ¢ fulfils (5.4) and (5.5), then there does not exist a solution
(X, F) of equation (1.1) whatever the starting point x, and the continuous drift
b without zeros are. This rejects the following conjecture of Rutkowski [10]
which was the starting point of the present paper' -

-If b is a bounded and continuous function with N = - Qand o is an arbltrary
Borel measurable function, then there exists a solution of equation (1.1) for every
Xo € R.

We now give two examples which show that, indeed, there exist functions
o satisfying the conditions (5.4) and (5.5) and functions b such that b~! is
locally integrable, N, =&, and F, = R.

ExAMPLE 5.6. Let {r,, r,, ...} be an enumeration of the non-negative ra-
tional numbers. We define
| —-1/2
n ]

px)=3 27"|Ix|-r xeR.
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It can easily be verified that p is locally integrable. In particular, this implies
(5.7 p <+ A-ae.

Now we set g(x) = p~!(x), xeR, where + o0~ ! = 0. In view of (5.7), we obtain
A(N,) =0, and hence condition (5.4). On the other side, for every ¢ > 0 we
compute

ate ate ate

j o™i (x)dx = j' P2 (x) dx> f 27" |l =1 1dx“~ + 00,
where 1 is choscn such that r,e(|la|—e, |a| +¢). This yields aeEa, ‘and hence
E, = R. Thus o verifies (5.4) and (5.5).

ExaMpLE 5.7. Let p be defined as is Example 5.6. We now set

b=1pcimp* +1p=

We then have b = p? l-ae., and as above we see that F, = =R Obv1ously,
b(x) > 0 for all xeR. We may assume r; = 0. Then

=(Y 27" |Ixl—ra| V)72 < 41X A-ae.
n=1

This shows that b~1 is locally integrable. Hence b satisfies the conditions
of Corollary 5.4 and, for every locally bounded measurable function ¢ such that
(5.4) holds and for every xoeR, there does not exist a solution (X, F) of
equation (1.1) starting from x,. '

The next result shows that the conclusion of Example 5.7 (or, more gene-
rally, the conclusions of Theorem 5.2, Corollary 5.3 and Corollary 5.4) is not
true if o does not satisfy (5.4).

PROPOSITION 5.8. Suppose that n > 1 and the diffusion coeﬁ" cient o are such
_that
(5.8) ‘ A(NsA[n, +00)) =

- holds. Then, for all x > n, there exists a solution'(X, F) of equatlon (.0 startmg
from xo. This solution is pathwise unique if xo > n. .

Proof. Let x, > n and consider the (pathwise unique) solution Z of equa-
tion (3.1) starting from x,. Then Z is also a solution of equation (1.1). Indeed,
for this it is sufficient to verify that .

t

fo(ZydM;=0, t<S,(Z), P-as.
(1]

or, equivalently,

362 (Z)d{M>,=0, t<S8,(Z), P-as.
)
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Using Proposition 3.3 we obtain

j' 6 (Z)d{M)s = [ 0 (@) 11,2(@) b~  (@)da =0
0 R

on {t < §,(Z)} P-as. Let now xo > n and (X, F) be an arbitrary solution of
equation (1.1) starting from x,. First we notice that (5.8) implies
(n, +0) = E, < E,. As in the proof of Theorem 4.1, we can show that
X ap =2 p, t 20, P-as. Here Z is as above and D is the first exit time of
X from (n, + oo0). Since Z is non-decreasing, we observe that D = S, (Z) =S, (X)
and, conseunntly, X = Z. But Z is pathwise unique, and the assertion fol-
lows. 8 - . -

Finally, we give the following concluding remarks:

Remark 5.9. (i) If xo € Ej, then there always exists a local solution (X, F)
of equation (1.1) up to D, starting from x,. Here Dy, denotes the first entry
time of X into E,. To see this, let (c, d) be the component of E; containing
x, and set b and & equal to b and ¢ on (c, d), respectively, and equal to zero
otherwise. By Theorem 1.1 (which also holds for arbitrary M) there exists
a solution (X, F) of equation (1.1) with coefficients b and & starting from x,.
This is the desired local solution with coefficients b and o.

(i) If xo€EY, the interior of E,, and (c, d) denotes the component
of E® containing x,, then the necessary condition (4.2) or, equivalently,
A(Nsn[xo, d)) = 0 is also sufficient for the existence of a local solution (X, F)
of equation (1.1) up to D starting from x, (cf. the proof of Proposition 5.8).

(ii)) The problem under which conditions there exists a local solution of
equation (1.1) starting from x,€0E, remains open. In the special case when
E, is a denumerable set of isolated points (hence JE, = E,) this problem is
completely solved in [1]. If this problem could also be solved in the general
situation, then, pasting together the local solutions, we obtain a global solution
and, perhaps, necessary and sufficient conditions for this. However, the prob-
lem seems to be not quite simple if the boundary 0E, of E, has accumulatmg
points or even is of strictly positive Lebesgue measure. -
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