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Abstract. Let (a, $j, PI IN a non-atomic probability spa- If(Xw) 
is a sequenm 5f r.y.'s satisry'ying X, -+ Q as. (respeclitrely, in probability) 
a s n - , ~  and EX:-+ca, EX;-=+w as n-roo,  th@n for any tv. Y 
thera exists a sequence (Kt3 of @-fields such that E ( X ,  -+ Y a,s. 
(respctively, in probability) as n -+ co . 

; Condtional expcmtion, almost sure 
convergmce* st~cbaftic convergence. 

The main result of the paper is the Ebilfowing 

T ~ R E M  1, Let (Q, 8, P) be a a~n-atomic probability space, If (X,) is 
a seqwtece of randot@ variables sat@fying &he conditions 

14m EX: = lim EX; = ao, 
nf 4 ~ 1  n -*a 

thanfor alay raundom uariabk Ythcre exists cm sequence (aE) ofv-fields such that 

An analogous theorem for stoclaastie ccrasrergence is also proved* 
In [23 sad [3] PaLszlriewisz dessibes, in particular, the wastruetion ol 

a cr-field 2l such that E (X, I 642) dws not caavergr: to 0 for a sequence of random 
v ~ t o w  XI, tending to O in some sense, We give a mom precise descriptiaxl of 
E ( X  %) when X is close to 0 in measure lopalogy and EX", E X -  are Iwge 
enough, 

A 

* F~cufry uf Mathematics, University d Iiidi;. 



The idea of proof of Theore~n 1: i s  based on the f o l l o ~ n g  observatim. 
Let X be a random variable and Y be a sirnple random variable. I£ EX" and 
E X -  are large enough, then we cm construct a cr-field % such that B ( X  a] 
equals Y on the set where X is small enough. For some sequence (E;,) of simple 
random variables converging to Y we construct a asequena (aLI,) of a-fields such 
that B(X,f an) equals Y;, on some Iwge enough set. 

AB necessasy properties of conditiond expwtahtion can be faund in [XI. 
Proof of Theorem 1. From (1) we get imediatdy 

G r n  P(supIX,I =.a) = O for every G > 0. 
f -+m n&+i 

Let (E~) be a sequence of real numbers such that O .r E~ -c 1 and E, L 0 mtsj -+ or,. 
The equality 13) implies now the- existence of a strictly marrotone sequence: Ind) 
of integers such that 

(4 A, = (SUP lXnl > ej) far j 2 1. 
v l b n j  

Let p (n) = max {ni: ni < n). From (2) it follows that 

J X , S 4 a  and IX,---,m as P Z - +  00. 

A p r z ~ )  APW 

We put 

1 
M,=- 

1 
f X,f  and Mn == - 5 X i  for rz 3 1 

"~;(ml  Ap(*) 

(we can assume that IM, 3 I mCE N ,  3 1 far R k I), 
Let [&) be; a sequwm of simple random vab-iablas of the f u m  

;hnd such that 

a r i ( m ) > O  I b r n 2 1 t 9 i = 1 , 2  ,..., klpr), 
(51 

f l i ( ~ z ) < O  For n B 1 ,  i== 1 , 2  ,..., I(n), 

G I  (Pt), . . ., Gk(ff)(rt)Erl HA In), . . ., NfIttl (la) nre ~autually disjoint for n k 5.. 



We can also assume that for nj G n < n d + ,  we have 

(6) - -  or cj&Y,(o)dfM, for a~St. 

Since (9, g,  P) is a non-atomic aue, we can consider a random uariabte 
Z urrg'osdy distributed on KO, 11, 

Before WE construct thie c-fields FEI, we shall prove that for every ~z 3 1 
there exist real numbers e,, . . ., t,,, and sl , . . ., sl(,) sa~siFying 

(7) OGtL G m . = G  tg$n16i l?  

(8) 0 d s, G ... G SltnF G 1, 

cp) a,(n)P(C,{Y2))= j X, for i = = l ~ . n ~ s k [ n ) ~  
CiCd 

CW fii(n)P(Dl(fi))= [ X, fos i = L  ,..., ECn), 
Diftrl 

where 

(11) c; (81 = pi o\A,,,) (Z- "[ti-, t3) n A,,, n (Xi > 011, 

u 4  nr CnS = (Hi <n)ZAptn)) LJ (Z- "Csi - I 7 4) n A,,, fi ( X i  01)- 

From (4) and (5) we deduce that 

(13) ~ ~ ; j a ~ ( n ) 4 M ,  for njGrr<rz j+l  a d  i - 1 ,  ..., k ( ~ )  

and 

Cr4 I n  for mjg ~.r:rsj,l and w&*4,. 

Far t1 E LO, X J  we put 

T, ( rJ = a, ( ~ ~ P ( ( G I ( ~ ) \ ~ A ~ ~ ~ ~ ) ~ ( Z - ' ( C O ~  t ~ l ) n A p , , n  iX: > 01)) 

It can e d y  be sew tE?at TI i s  continuaus. 
From (13) artd 414) we get 

s ; ~ Q ) - @ , ( f i l : 3 ( ~ , ( ~ ) \ A p ( , , ) -  $ X * Z O +  
e~.(n)\A,(,) 

On the ather bad ,  from (IJ), (14) ~ n d  the. ddnition of M, we have 

% (Ir - XI (4 P (((G (n)lff,,,) VPhi R I[X,i ;- 0))) 



Thus there ellists t ,  E [Or 11 satisfykg (9) for i = I. 
Let us assume that we have Ecsund sl, , . ,, tF- I satisfyiug (7) and (91, Then 

from (9) we get 

By summing (15) over i we obtain 

Thus 

VVe put for t ,  E [t,- 13 

%", = E, la) P (G (4) - S X. --- J X, 
G~tml \d~ tn )  z- z s & - l j ~ ~ p ~ n ~ ~ W ~  3 Rl 

WE have 

Z @ F - d  2 0 
and from (16) we a b t b  

la catlsequence, there exists f;p E [z,- ,, I] ~atisf9ng (9) far i = r ,  
By the above aguments we codude  that them eexist t l ,  . . ., tkgnl S U G ~  

that (7) md (9) halt%. In the same manner we w End s,, .. ., s,,, satisfying 
(8) and (lor 

Let us define now the sequence (SJ. For rr 3 1 we plat 

From (11) and (12) it can casify be seen that the sets 6,  In), .. ., Ckcnr(n) and 
DL (a), . , ., D,,) (la) are mutually disjoint From (9) and (dO) it f5Uows hmediare- 
ly that 



As x:=, P (A,J < m, we conclude by the Borel-Csntelli lemma that 

Jim E (X, 1 a,,) = lirn 3f, - V a.s, 
R"03 I I -4  a2 

This completes the proof. m 

One can easily see that iC Y is nonnegative, then the assumption that 
EX; -+ oo as Y~---J- m is not used in, the proof. Thus the following version of the 
previous theorem holds: 

T ~ O R E . M  2. Let (0, 8, P)  bbe a non-atomic probability space. _If (X,) is 
a sequence of r~adorn variabks satigying the coylditions 

then fay any n~~anegtati~e F ( L . ~ ~ Q Y M  variable Y there exists Q ae416eplce (rSr,] Ng-fields 
such that 

The next example shows that we cannot: ornit the assuezption that: the 
probability space is non-atomic. 

Co LE 1. k t  LR = [P, I],@ = (~((2-~ ,  2 - " + E ~ ,  E 3 I) and P b~ 
the Lebesgaa measure on LO, 11, k t  us consider randam variabjes X, given by 

X 4 - -  for n 3 1 .  

Ern X ,  - Q a.s, and lim EXn = m 
fi + E Q  n- ol 

It can be dsu  easily chwked that for any s-field (?U cz we haw 

Thus ehme mists no sequence (a,) of O-fields such that 

Qne can ask whether the assumpr-ion that the sequence (X,J converges to 
zero almost surely can be replaced by tha stochastic eoslver@zlce, 'fie answer is 
raqative. 

CCJUM'SEWI!USSIPLE 2. Let = 10, f 1, 8 = Bcrrel ([Q, Xlk and P be the 
Lebesgue measure on LO, I]. Let (X,) be a sequence of random variaMes 
given by 

X Z n + R  = 4' ISk2  -n,(k+1)2- .r]  for It O, k - 0, I ,  ..., Zn- I =  



Jt can easily be seen that the squenm (X,) eonverges to zero in probabG- 
ty h X  does not converge with pr0babifit.y lone. Lx?t us assume now that there 
exists a sequence (a,) of @-fields such that 

lim B (X, ] a,) = O a.s. 
9-95 

Then we can find ma 1 such that 

Let us put 

A -: {w:  sup EIXR,/%tl,)(w) >-$I. 
mZ=",srtG, 

Then far w E A" and m 3 m, we have 

E(Xrn t WrnI(m1 G 4. 
Since: P [A") 3s we can choose n 1 and k = 0, 1, , . . ,2" - 1 such that 
2"i -k  3 ma and 

If 7) P(A% [k2-", (k+ 1]=?-']) 2 2-'-', 

From (13) \ye get 

3 I X2"-kfr fl / 1, 4n2-""-1 > 
AFnfR1- ".# i 1112 -=I 

whish gives a. contradiction and proves that there exists n s  sequenGe [a,,) such 
that 

WE have shown that under the assumptions uf Theorem 1 the almost sure 
convergence clnslrJt be mplaced by the stochastic one. Nevcrtbeless, weaker 
assumptions give a weaka condusion. Wle shdl prove the fdlowiz~g 

'Fwesm~f 3. Let (a, g, P)  be it non-atomic prob.ubiEit;y space. If (X,) is 
a seauemg of random variables satiqfying t f ~  conditions 

lim rYr, = O itz probability, 
n-+r* 

Iim EX: =: Iim EX, = ca, 
n- im o-*m 



k?aelafofnr any randam uariable k" tlaere exists a sequence (Bn) ofa$glds such thar 

lim E (X, 1 %TI,) - V in grobabiIity. 
n "+ Lo 

Proof, From (18) we get immediately 

(20) l i m P ( I X l p l ~ g ) = O  far every sysOO. 
N-@ a3 

Let (j) be a sequenm of real numbers S U G ~  that 0 < E~ 1 and EJ :J. 0 aasj -, oa, 
The  equa~ry  (20) impI-ies now the existence of an b~crertsb~g sequence: (nj) of 
integers such that 

We pat 

A, .= fm: IX,(w)l > E ~ )  far nj G n < tl,+ ,, 
11 is obvious that P(A,) -+ 0 as n -+ m. From (13) we deduce that 

fX:-.m and JX;-+m a a s n 4 m .  
A m  An 

Now in the same manner as in the proaf of fieorem 1 we: cm find 
a sequenw (m of simple random variables and a sequence ('LT,) of cr-fields such 
that 

lirnET,-Y as, and E(X, [%J(m)=Y,(w) fbr  # $ A , .  
n-falr  

Fix a 0. For any I) we can find m 3 1 such that 

P . ( / Y , - Y I > E ) < F ~ / ~  for n a m  
and 

p(EIXfi19~,lf Y , ) G B ( A , J < ~ / ~  for n a m .  

tvI1ich means that B (X, I afl] -+ Y in prababifity as n -t m. This completes the 
proof of the lheowm a 

Ira a similar way we obtain 

n ~ ~ w ~  4. Let ($2, 8, P) b& u: nnn-atomic p~obabiliky space. If (X,J is 
n sequence of ralitd~m  mia able^ s a t i j i n g  rlzc conditiorrs 

lim X, = O in probtrbift'tjr end lim EX: = m, 
B 'PC. N" ai 



 kenf for ~ n y  M O Y G ~ ~ ~ C ~ ~ ~ E I B  r m d ~ m  wlriable P there exists a seqlaewe [Pd,) ofa$eIds 
such that 

1im E [X, 1 (U,) =; T! i~l- probability. 
RI" m 
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