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Abstmct. In this pper  we invastipte properties of R-GARCH 
procmses with ppositivr: steictcrly s t a b  innovations. We derive the uzx- 
conditiond distributions and analyze the dependcect: structure;. This 
at3alysis is &ed out by means of the memure of depiendeew - the 
cediKmen:nce - which extends the behavior of the covariana faaction 
to situations where the mvariance function is no loager dcffled. In rhe 
ease of R-GARCW (1, I, 0) p r o e w  we d e t e r ~ a e  the mact agmptogc 
behavior. 

1. Jn~rodedioo. Linear processes do not capture the structure of financial 
data, "P"nerefare, GARCH-type models have become papular ;in the past few 
years as they provide a good descriptiorr of financial t h e  series. 

The elass of G e n e r d ~  Autoregressive Corrditioaally Heteroskedastitic 
processes sf order (p, qji (GARCfH(g, q)) was introduced ta allow the con&- 
tiouaal vadme of a Zimc series prwss  to depmd on past infomation. GAIZ%lf3 
processes are nen-linear stochasdk: processe8, their distrii3utions axe heavy- 
tadad with time-dqendent eandhional variance a d  they model clustering sf 
voilatility. The details about the propertjm aand applications of GARGH nirdels 
can Ix foiind in 119 and [Z]. 

Mowcves, the way that GsZBCH models are built imposes limits on the 
heaviness of %be tails: of their uncondidoaal disvibution, Given that a vwide 
range of Gnanclial data exhibit remarkably fat tails, this assumption represents 
a major shosteomi~sg 01 GARCH msdds iu fiuancid time series m d y s k .  Some 
attempts were made to develop QARCH-t~e  models, WMch dacPibe b e  
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series with remarkably fat rajls (sees for example, [73, E5J)" The ciass of Rm- 
dopniaed Gener*&ed Autnregressi~re, ConditionaUy Hebroskedastic (R-C1;ARCEO 
processes was proposed in [4] and applied in [8]. Such processes, with can- 
ditional variallce depeadcnt on the past, can hiwe very heavy tails. 

We start Section 2 with the defini~on of R-CARCW promsses, disc~xss 
their conditional Bistributions and we note that this class of processes is very 
flexible as it includes ARCH and GARCH processes, de Vries processes and 
disaeie versions of subordinated processes as special cases, Results cancessnlng 
the R-G&RCJM(F, p ,  6) praGess with positive st-cictly stable innovations we 
presented in Section 3, Far example, we derive the mconditioual dlstributiilcrn 
of the process, and then we show that this process is stationary s ~ e ~ c  
a-stabb, As the covariance fur~~tion does not exist for such process-, io  Sec- 
tion 4 we investigate the dependence structure using another measure of depen- 
dence - the codifference. We show that the codi63Feremce rends to zero at least 
expctnarztiaaly, and in a special case - the R-GARCH(I, I ,  0) process - we 
determifie the exact asymptotic behavior of the codifferxnce. 

2. R-GARCH pracmsp3s 
DEE~ITION 2.1. TIE Rmdomiaed Generalized Autoreyressiv~ CanditionaEly 

Reteroskedezstic process of order (8 ,  p ,  q) (R-CAR C R  (r , p ,  411, where r ,  p, q E IV, 
is defined by the equalions 

X, = V j j ; ; ~ . I  n==07 &I,  &-2, . . *$  

where 
0 O j Z O ,  j = l , . . - F ~ - l j i  

the innovations E, are i.i.d. stsndnrd normal random variables ( E ~ " ~ N  (O, II)), 
the ii~navatiolx qn are pasithe i.i,d. random varjabbs a d  {el,) and (q,)  arc 
indepetzdent. 

The equation (2.1) can be written sygllbalieally in the more compact hrrn 

where 0, rili and "f" are the r", pih and qfh $epee polynomials 

and L is the backward shift operatar defined by 

X = X ,  & j l e , =  la,, Liv, = q, i, j =  Q, 51, k2, ... 
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Basic properties of R-GARCH processes are digcussed In C4J. Let us recall 
that the conditional on fil-l-af~srqs: s G ~ - I ~ s E % ) ,  n=O, kI , f2  ,..e3 
distribution af X, is Gaussian: 

This meaas that the conditiwnal expectation BIX,, 1 P,z- J is constxlnt and it- is 
equal to zero, The conditional variance is, in turn7 not colastant but it depends 
on the past: 

In the B-GARCH pf-asess the conditional variance h, depends ora the past as it 
is spedfied as a Ihear func~on of past innovations q,,  . . ., g,-,, lagged con- 
ditional variances k, _, , . . ., &,-,, and squared past observations of the process 

2 Xn- . . ., x;4 -(,. 
The dass 6f R-r;;ARCM processes is a relatively large class urbich includes 

ARCH and GARCE-I processes, discrete versions af subordinated processes and 
de Vries procresses as spedd mses. However, not every process with condi- 
tional variance depndent an the past belongs tta the dass of R-GARCM pro- 
cesses. For example, the HARCHEkf (Heterogeneaus interval, Autoregressive, 
CanditionaUy Heteroskdas.tic) process with k > 1, proposed in [33$ differs 
from all R-GARCH grocBsec;. 

3 R-GARCH prawgsm with s&blle Isnaasvati@nlns. If the q,,"s are spable, the& 
on the one hand, n~ethods usually used when the second-order rnoments exist 
canrnot be applied but, on the sther hand, it is possible to obtain some in- 
temting results abut; anconditioaal distributions of R-GGRCM processes, 

M relevant properties of stable: ratldom variables and prcrmsses can be 
found in [q. Let us recall only a few facts that arc important for the rest of the 
gaper : 

(B The char~cteristis function af a stable r a ~ ~ d o m  variable Z - S,(Q, P ,  p) 

where a ~ / 0 ,  21 denotes index af ~t~bil i ty,  rr 3 0 - scale parameter, 
P E [ - l, 13 - skewness parameter, and p E W - shift p r a m e t ~ r .  

If Z ,  and Z2 are independent random variables, Zi - S,fcri, I ,  01, 
i =  E,2 ,8<rx< 1, aad u,,a, 2 0 ,  then 





system of equations: 

with the understanding rbal: 4,  - 0 if i > p. It follows from (3.43 and Defini- 
tion 2.1 that the 8;s are real, non-negative and at 1:ask one of them is positive. 
In order to get 6, > 0 we assume that 0, > 0, 

The distribution of h, follows immediately from 13-21 and (3.1). s 

P R ~ P ~ ~ T I ~ N  3.2. The unconditional distribution of the sum ~~~~ XX, - x ,  
m 3 1, iu the R-GARCH (r ,  p, 0) mudel with innovatioctns q, given byformula (3.3) 
is symmetric stabb with irsdex of stability a:  

Pro of, As (gM) and (q,) are indeperrdent, Itbe characteristic function af zrit Xn -, can be expressed by the Laplace transform of hnmx Indeed, 

rn- 1 rn- t  

(3.6) (exp {it X,-k]) = E (exp (4  I: - r ) )  
k = O  k=O 

lo arder to get fha Laplace transform of ~~~~ h.+, we write 
A L m - 1  rn n r - l  I m I 

and thus c,":: hN-x is positive strictly stable with index af stability or/2: 

Applying the formula for the Laplace transfom of ~~~~ k,,-x in (3.6), we 
o brain 



This means that XIX.-, is SaS a d  

R e m a r k  3.1. I$ the prclcerzs {X,) is used for modeling the behavior o i  
logurifhnaic r e t ~ ~ n s ,  b!iela Prapositiert 3.2 is o$ great imortance, I t  gives infar- 
matiom ubuwt zkncanditiannE distributions of the r~turns,  i,e. 

and also about errzconditioraal disrribartian, of aggregated returns. 

Far example, if the R-GARCH(r, p, 0) model with q,,"s given by (3.1) 
describes daily returns, then formula (3.53 determines the uacaadi'tional dis- 
tributions sf weekly, monthly, etc. returns, where FE denares the number of 
trading days within the given interval. Note that in this model all Ichds of 
returns are sym~at r ic  stable with the same chzlracQristie exponent ar but with 
different scale parameters. Mareover, by choosing the index of stabiiity of the 
q:s approppiately, any uncotlditisrnafly stable distributed %, except the normal 
ones can be canstructcted. This implies, in turn, that the unsonditioaal dis- 
tdbution of X, is heavy-tailed. 

CORQLT.,RWY 3.1. TFE~ R-GARCfltr,  p, 0) ~ T O G E S S  wifh innovatio~s q, given 
by (3.1) & stationary sya~raetric a-srabEe, 0 a 2. 

P r a o t  A sim2ar argument as in Propositim 3.2 shows that all finite 
liae&r combinations of the X,"s are symmetric stable with the same jndex of 
stability a. This, in turn, hpiies that (X,,) is a symmetric a-stable stochastic 
process and JE its finite-dimensional distdbutians arc symetric a-skabb. Mom- 
over, the process (Xn) is stationary. Indeed, as {em) and (yn) are indegendmt, 
the characteristic function of the rmdom vtxtor (X ,,,,, . . ., X,,,+k) can be 
calcnlatcd in the following way: 

where ma- manr(n,+k, n 2 + k ,  ..., ;n,d+k)= 
By tile staiion&rity af {h,) (we Proposition 3.1), 
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and then 

Therefun, for atly d % 1, and E L ,  . . .? nd, k EX, 

and thus the process {X, )  is stationasy. rn 

4. Dependence a;rtrlmct.azlsat. The covariance function is an extrenlely powerful 
tool in the study of stationary Gaussian time series, but it is not defined for 
stahanary syfnmetde n-s~ttble, cx: < 2, time series. Thesefore, let us consider 
another measure of dependence - the cod8erence - which is defined for 
slable line series and redwes lo the cavasiance when rx = 2. 

D ~ ~ r ~ x r n c s ~  4.1. Let {X,) (n = 0, $- 1, 4 2, . . .) be a symmetfi.ic a-stable 
statiotlary time series with 6 < a 9 2. The cndlflere~ce, is then dertaed 
by the equation 

(4.1) @D (4 - CD (X,, XO) = In Eexp {i (X, -X, ) )  -2h Eexp f iX , f .  

Properties of the codiEerence we descfibed in [ S ] ,  

As ' I Y ~  have shown in Carallary 3.1, the R-GARGH(r, p ,  0) process with 
hnavations q, ejvca by (3.1) is stationary symetl-ic E-stable, O < cx: ..= 2. There- 
fare, the dewuden~e structure of this procedis cannot be characterized by the 
covariance rend we shall use the eodi@esence. Ia Tbeosem 4.1 we show that this 
measure of depend@nce is positive ;md bounded by an exponentialIy decaying 
function. 

Tm0:su 4.1. Let Q be as i~ f i o p o s i t i ~ ~ ~  3.1 . T h ~ i f i r  the R-CAPtCll fv, p, Q) 
m d e l  with the F~limantions q,, g i~e~z  by  (3.1) arid jb!br any O < kt c: 2 sltere is 
a consta~t K iidepediray only an a and Q S U G ~  that 

(4.3 0 6 lim sup Qt"'"ls CD (E) 6 KK. 
IS" P 

Proof First we show that the sodiEes~ncle for the R-FARCH ( r ,  p, 0) 
model with iitmovatinns rj, give11 by (3.1) can bs: descxibed in terms of 6;s by the 
formula 

t c t  us note that, by Prapssitisn 3.2, 
02 

I? exp (iX,) = exp f - C lPjf2], 
j= L 



and therefore, if tz = 0, then the formula for C%P(:QS reduces to 
m 

CD (03 - -2111 Ee-xp fixo) - 2 a;!', 
j= 1 

giviaa~; the &st part of (4.3). 
We rmow focus oa the case M. 3 I ,  As the sequenms ( E ~ )  and (q,) are 

independent, then condjtioning an the 11,"s we obtain 

Since hn is given by (3-2) for every n, we have 

a d  thus the distribution of h,,+h, is positive stridly stable with index .of 
stability &/2, i.e. 

Applying the formula far the Laplace tntnsfarm of I2,+Pb, in (4.4) we obuiin 

Therefol-e, if n $ 1, then, by (4.5) a d  (4,1), 

which Implies the s m o d  part of (4.3). 
AB we have the fornula for OiD(ua), let: us recall two inequalities, w11lch 

bald for every O z y ,< 1 and r ,  c~ E R: 

and 
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Suppose rr 3 1 1% such that O < 6 < &-." for each j =. n. "Thea, after applying 
(4.8) to each term in (4.3) (with r = Sj,, and y -- a/2), we gel 

Moreover, Iby (4.73, 6fjZ+ 67!&---f6j+ 5i+,)a'2 3 0 ,  agld thus 

Earmdae (4.9) and (4.10) imply (4.2). 

Theasem 4.1 shows that CD(n) tends to zero expoxleatially (or faster) -for 
R-GARCH(r, p, 0) processes with positive strictly sable biflnova~orms q,,. 

where S j  = @j far I G j G r (and &j = O @  j ,t; and X,, and X, are independent 
for any n 2- r % 

In tthe case of the R-GARCH ( 1 ,  1 , O )  process with &table imova~ons  it is 
possible to Gad an explicit fornula for the t;crdiEesenm and to determine its 
exact aymptel-ic behavior. 

~ Q E ~ R E M  4.2. In the case of tthe R-GdLRCHll, 1 $0) ppr.ocess with irz~zova- 
tirllns q, given by (3, t) a d  with 0% > O and O < 4,  .t-. l 

i.e. the c~d$e~t:nes ;is usymplotkablj~ proportional to $YE'', mid thus it t m d s  to 
zero qcmentiaIIy. 

Proof. In the cstsc of the R-GARCEII(1, I ,  Or process with iriaovatious 
qs given by (3.1) with B ,  r O and O < 4, -r I, the canditiand vakana h, de- 
pends on q,$. , and k ,,,, i-e. 

where @(z) = B1 z itd @@) = Z. As O < # I  < 1, the palynomid 1 --@@)has 
mo root in the clased unit disk (2: ]z[ ,< 1). By Proposition 3.1, the 6;s are the 
coeEdents ia the series expansion of 81 4(1- $d 51, fa1 < 1, f in~e  

the 6;s are given by 
6j=dl(15r*,  j -  15Z9 * . -  



By Corollary 3.4, (X,,) is  a stationary SES process. As by (4,3), CD(n) is 
expressed in t e ~ m ~  of the djys, we get for ~1 2 1 

Therefore, 

and, in order to complete the proof, it i s  enough to notice that 
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