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STRONG LAWS OF LARGE NUMBERS FOR RANDOM PERMANENTS
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Abstract. The strong laws of large numbers for random perma-
nents of increasing order are derived. The method of proofs relies on
the martingale decomposition of a random permanent function, simi-
lar to the one known for U-statistics.
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1. INTRODUCTION

Denote by A = [a;;] an m x n real matrix with m < n. Then a permanent
of the matrix A is defined by

Per(4) = D Agiy - Qe
(i1reerlm)t{itreeesim} S {1,0eat}

In this paper we study the almost sure asymptotic behavior of a permanent of an
mxn (m < n) random matrix X = [X;;] of square integrable entries such that its
columns are independent identically distributed random vectors of exchangeable
components. For i,k=1,...,m and j=1,...,n we put p=E(X;),
6% = Var (X)) and g = Corr (X;;, X;). In the sequel we always assume that p # 0
and 0 < 62 < co. We denote additionally by y = o/u the variation coefficient. In
this setting we are interested in finding the conditions under which

o J——
(1)

as n— oo and/or m — 0.

Per(X) -1 as.
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2. THE BACKWARD MARTINGALE PROPERTY

It has been proved in Rempata and Wesotowski [6] that
Per (X) i+ (m) o,
c

" Ymt e=1
m
where

U‘(,m'") - (n)— 1 (m)_ 1 (c ')_ 1 Z Z Per [Xu'iu ju]":= 1y00sC

c c 1€i1<.<ig S M 1€j1 << jeSn =1he

for X;;=Xy/u-1, i=1,..,m, j=1,...,n Moreover, the U™™s are
orthogonal, ie., '

() Cov(Umm, Umm™) =0 for ¢y # ¢,

as well as

- n -1 m -1 2 ¢ m—r Qc—r(l_g)r
0w () () ()

Under our assumptions, when ¢ = 1, the above decomposition is simply
the usual Hoeffding decomposition of the elementary symmetric polynomial
statistic of increasing order (i.e., m = m,, is a non-decreasing function of n), and
then it is well known (cf, e.g., Rempaia and Gupta [4]) that the sequence
(U™, omo+1.... 18 @ backward martingale for a natural sequence of o-al-
gebras.

Let us first show that this property is valid for any ¢€[0, 1].

PROPOSITION 1. Let m =m, be a non-decreasing sequence and for any fixed
natural number c let us put F® = g (UM, Umn+1m+tD 1. Then the sequence
(Uemmm GO o wo+1,.. iS @ backward martingale, ie.,

~ EUEm| FeD) = Ugmmront D for all n=no, no+1, ...

Proof. Let us denote an element of the Hoeffding-like decomposition of
an m, X n matrix obtained from the m,,, x n+1 matrix by deleting m, ., —m,
TOWS: Iy, oer Im, .1 —m,» and the k-th column by U™ (ly, ..., by, ., —m.; k), €.,

Ugmmn) (lla [RRT} lm,.+1—m,.; k)

() €) e
Cc C
x Z ' Z PCI‘ [X~iujv]l;:%,...,g-

1€i1<...<icSmp+1 1Sj1<...<jc_$n+1
{itsenicn{liselmpy 1 —-m} =9 k¢fj1seens Je}

.....
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Observe that

n+1

2 Y [0l (PN S 4]
k=1 1<sh<..<lmpe-mySMn+1
. | (mn_H—C) n+l—c Z Z Per[X~
: = tujodu=1,....c
! my—c¢ (mn) (n)c'1$i1<...<i¢<m,.+1 1€j1<...<jesSn+1 o=110
‘ c c)c

since any given Per [fi..j,]..:i,,__,c, ie., a permanent with fixed rows iy, ..., i,
v=1,...,c
‘ \ and columns j,, ..., j., is contained in
; . mp,1—C
(n+ 1—- C)( " )
My — M,

elements of the form U™ (I, ..., ., ,-m.; k) such that

{ili teey ic} ﬂ{ll, ey lmn+1_mn} = g, k¢{jl7 ...,jc}.

Since

O
| ‘
E Myy1—C m, _l_ My My -1
) . Myt — My c B m, 4 ’
it follows that

n+1

(4) Z Z Ua(':mm") (ll, R ] lm,,+1—m,,; k)

k=1 1€h<..<bp,y1-myEMn+1

=(n+1) ('""“) U+ D),
m

But due to the exchangeability of distribution within columns (treated as infinite
sequences) and the assumption that columns are independent and identically dis-
tributed, it follows that the conditional distribution of U™ (I, ..., by ., —m.; k)

‘ given F&*Y is the same for any particular choice of ke{l,...,n+1} and
e {Liyeoos buyi i —may © {1, ..., My} Consequently, o

N E(Ugmv-,") (7Y . k)|§£n+1)) |
= E(UM"(m,+1, my+2,..., My s n+ )| FED) = E(UMD | FTHD),
Now, it follows that

n+1

E(}, % UL (U, ooy by =ma D FETY)

k=1 1SH<.e<bnpsi—mnSMne1

= (n+1) (mr';:l)E(Uﬁ'"“""ifﬁ"“’),

n
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since after changing the order of taking the expectation and summations we see
that all the summands are equal, by what was observed above. But on the other
hand, using the identity (4), we get

n+1

E(Y > U (U1 oeos b s-mas B FET)

k=1 1S5 <. <lmny 1 —mn Mt 1

- (n+1)(m;:l)E(Ugm"“’"+1)If,f-"Jrl)) — (n+1)<m':l+1> Uém"+1’"+1)-

Consequently, combining the above two formulas, we get the final result. =

3. LAWS OF LARGE NUMBERS

The first result which can be considered a version of the strong law of large
numbers (SLLN) for random permanents was obtained in Halasz and Székely
[3]. The authors considered symmetric polynomials of increasing order for
positive independent identically distributed random variables, which, for the
matrix of positive entries, is equivalent to taking ¢ = 1 in the scheme we con-
sider here. They have shown that under the condition m/n— 1> 0

1 i/m
(——— Per (X)) - S(4) as,
(n) m!
m

where S () is uniquely determined and §(0) = u. The above result is implied by
the relation (1) but only when A = 0. For some further discussion of that and
related issues see Székely [7] and, more recently, Rempata and Gupta [4]. In

the latter paper it was argued that the relation (1) cannot hold if m/ﬁ —+4>0
and a logarithmic version of the SLLN for elementary symmetric polynomials
under even more restrictive technical assumptions was obtained.
Additionally, it was proved in van Es and Helmers [8] for ¢ = 1 in the
scheme we consider here that a version of the CLT for random permanents
‘holds if m?/n — 0. This result has been extended to any g€(0, 1], again under
the assumption that m?/n — 0, in Rempata and Wesolowski [6], but without
the exchangeability assumption. Here we present the SLLN in the exchange-
able scheme. It appears that in this setting a slightly more stringent condition
on the rate of relative asymptotic behavior of m and n has to be imposed.

THEOREM 1. Let m = m, be a non-decreasing sequence. If p€(0, 1] and
mPfn— 0 for some p > 2, then
Per (X)

-1 as.
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Proof. We use the Hoeffding-like decomposition recalled briefly, after
Rempata and Wesotowski [6], in Section 1. Hence it suffices to prove that

o (m
2 ( )Uﬂ"‘""—»O as. as n- 0.
c=1 c

Observe that for sufficiently large n, say n > ny, we have m = m, < n/?,
Now, we shall prove that for any arbitrary but fixed ¢ > 1

(m) Umm 0 as. -
C

To this end notice that for any ¢ >0

m ) m
P( sup ( ")lUﬁ'"’")l > s) <) P( max ( ")IUﬁ"’""l > e).
nz2m\ € kZng \ZFSaS2RrL\ C
c  elp
M) a1
c ¢ T cel’
it follows that

m, getk+1)/p :
P| sup Urm™ >e)< ¥ P max U™ > ¢ .
nz2m \ C k=ng C! 2kgpg2k+1

Now, by the maximal inequality for backward martingales (see, for instance,
Chow and Teicher [1], Chapter 7), we get

m Var (U(mzk.Zk)) 22c(k +1)p (yz Q)c e 22c(k+ 1)/p
P "NU®D > 6 ) < < < TNZ 3 T TAR
(s (% Jorn-o) < g SRR 1 8 )

Since

C

since it follows by (3) for ¢ > 0 that
o) e

(

Var (U™) <

Let us note that for sufficiently large n we have

n nt
Z
(c) 2°c!
which entails

) 2 .\ 22c(k+1)/p 21+1/p 2
p( sup (':")ws'"’"n >a)<( vore s ik UL ST

2 ke 2
a3 270 cle* 5. 2 cle K>no




206 G. A. Rempala and J. Wesolowski

and the last series converges since p > 2, i.e,, 2/p—1 < 0. Thus, it follows that

lim P( sup (m,,) {um™m| > e) =0,
fp~ @ nzamo \ €
(m,,) U™ -0 as.
c

Now, let us put =

and, consequently,

Ryn(k) =Y, (’:) Um™m  for some 2 < k<m.

c=k
We will prove that there exists k satisfying 2 < k < m such that R,, (k) con-
verges to zero completely, ie., for all >0, Y. P(|Rma (k) > &) < co. This

will obviously hold if we can show that Z::(’:lVar (Rumn (k) < 0.
By (2) it follows that

Var (R, (k)) = i (’:)2 Var (U™").

Consequently, by (3),

/\

().

Var Ry, (K)) = §(—>72° > ( )‘M eci <n>

r=0 r!

since ¢° " (1—g) <1 and

(m—r) <<m> for any c=1,...,mand r=0, ..., c.
c—r c

Observe now that the inequality (m—r)*/(n—r) < m*/n implies that

()

Applying this inequality to the relation above, we obtain
m2 k m m2 c—k ,yi’.c

<e|l— — —.

vty <e(7) £ ()7

Now, for n large enough we have m?/n <1, and hence
2

Var (R, (k) < (%)k exp (1 4+%?).
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Since

m*  (mP\*P 1 1
v \w) s

for sufficiently large n, it follows that for k such that k(1 —2/p) > 1 the sequence
(Rm,n(k)) converges completely to 0 as n— c0. =

Now let us turn our attention to the case ¢ = 0. Extending the earlier
results of Girko [2] it was proved in Rempata and Wesotowski [5] that in
the case of independent identically distributed entries of the matrix X the
CLT holds if m/n— 0, as long as the coefficient of variation y satisfies
0 < y? < 0. However, in the case of uncorrelated (not necessarily indepen-
dent) components of the column vector, in order to obtain asymptotic nor-
mality without the exchangeability assumption some additional restrictions
on the rate of m/n were needed (cf. Rempala and Wesolowski [6]). Similarly,
in the case of the permanent SLLN in the scheme we consider here, for uncor-
related (and thus possibly independent) within-column components, an addi-
tional technical condition on the behavior of the sequence m = m, is also
needed.

THEOREM 2. Let ¢ = 0 and let m = m, be a non-decreasing sequence. As-
sume that there exist p> 1 and L >0 such that

&) m?/n—0
and
(6) m3, < Lm,n'/?
Then

Per (X)

————>1 as.
n
m

Prodf. Observe that in the case ¢ = 0 it follows from (3) that

2¢

c!({lw,

Consequently, using the same argument as in the proof of Theorem 1, we
obtain

2¢ 2 ¢
P( sup <'::> IUE.""")I > 8) < Z (n'l';;+12 Va (U(mzu 2")) < (27) Z <m2k+:‘) .
k

nz=2n ; C'E k=n m2k2

Var(U™") =
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Now by (6) it follows that

2¢c
P( sup (c>|U(m n)l ~ 8) L(Z'P) Z 2kc(1/p*1)

n32mo cle? kZno

and the series converges, since p > 1. Hence for any fixed ¢ we have

(m) |[Um™® -0 as.
c

As in the proof of Theorem 1 we consider again

Rua(k) =Y (’:) U™m  for some 2 <k <m.

c=k
We shall prove that there exists k (2 < k < m) such that R,, ,(k) converges to

0 completely.
To this end it suﬁices to observe that

( ),y mm2c 2¢c
C cgk

k m c—k 2\¢ k
- & (%) ERORGY

But now it follows immediately that the series of variances converges if
only the parameter k is chosen in such a way that k(1—1/p) > 1, since

m mP\l? 1 1
—=\7) T S<,w
n n n /p n /p

for sufficiently large n’s. =

Remark 1. Observe that if m,,/m, is bounded then the condition (6)
holds.

Remark 2. Instead of (6) one can require

1

> myn

Var (Ry,n (k)) =

IIM!

To see this note that

2/p 2¢ k
M\ o mm) 2 (2)’) 2
() e) T 8 e

which follows from the inequality m, < n'/? holding true for sufficiently large n’s.
The fact that the last series converges follows in view of the condensation
criterion and (6').
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The above implies in particular that if p > 2, then the assumption (6) may
be dropped, since the condition (6') is then always satisfied.

Let us conclude with the following simple example of our result to random
graphs (see also Rempala and Wesolowski [5]).

ExampLE (Counting matchings in a bipartite random graph). Let G, , , =
(V1, V5; E) be a bipartite random graph with V) ={ry, 72, ..., n}s
Vo ={cy, €35 ..., ¢} (m<m) and E c V; x V,. Assume that the edges occur
independently with a fixed probability 0 < p < 1. In this setting, the reduced
adjacency matrix of G,,,,, is a random m x n matrix X = [X;;] of independent
Bernoulli B(p) random variables. Denoting the number of fully saturating
matchings by H(G,,,,,) we have H(G,,, ,) = Per(X). Thus, in the notation of
this section, we have u = p > 0. Therefore, by Theorem 2 under the provisos (5)
and (6), we obtain

H (Gm,n,p) -
(o
m
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