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Abstract. In this paper we find a nonexponential Lundberg ap-
proximation of the ruin probability in 2 Cox model, in which a govern-
ing process has a regenerative structure and claims are light-tailed or
have an intermediate regularly varying distribution. Examples include
an intensity process being reflected Brownian motion, square functions
of the Ornstein—Uhlenbeck process and splitting reflected Brownian
bridges. In particular, we consider a non-Markovian intensity process.
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1. INTRODUCTION

This paper is concerned with a risk theory subject to a combination of two
features: a stochastic modulation and regularly varying claim size distributions.
We consider a canonical surplus process {S(t), t > 0} given by

N
S@ty= ) Ui—t,
i=1

where {N(t),t>0} is a Cox process with an underlying cidlag process
{X(t),t>0}. That is, if a realization of the process {X(1),t>0} is
x(t)e 2 [0, + o), then for a nonnegative measurable function A: R — R, L{0}
the process {N(f), t > 0} has the same law as a nonhomogeneous Poisson
process {N™ (1), t > 0} with an intensity function A(f) = A(x(#)). The process
{A(X (), t > 0} is called an intensity process. Thus stochastic modulation means
that the surplus process is not time-homogeneous, but evolves in some random
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environment. A detailed discussion of Cox processes and their impact on risk
theory is to be found in Grandell [19] and Rolski et al. [33]. The claim sizes
Uy, U,, ... are iid. r.v.’s independent of the process {N (t), t = 0} with a com-
mon distribution function Fy(x). Let u be an initial reserve and assume that
S(t)—> —oo0 ae. as t —» +00. An infinite horizon ruin probability is then

(1.1) Y (u) = P(supS() > u).
tz20

The model, in which {N (f), ¢t > 0} is Coxian, is called the Bjérk~Grandell model
which goes to the pioneering paper Bjork and Grandell [10]. In that paper one
derives by a martingale approach an exponential upper bound of ¥ (1) when an
intensity process has piecewise constant realizations and claim sizes are light-
-tailed. Further generalizations can be found in Embrechts et al. [16] (finite time
non-Markovian intensities) and Grigelionis [22]. In applications one needs
also to consider environment which changes more widely like it is in the case of
diffusions or Gaussian processes. Grandell and Schmidli [21] and Palmowski
[29] find a Lundberg upper bound and a Lundberg approximation of (1)
when an intensity process is governed by a diffusion process and claim sizes are
light-tailed. These papers fail to capture another main feature considered in this
paper, namely, that of regularly varying tails. Relevance of heavy-tail condi-
tions can be found e.g. in Embrechts and Veraverbeke [17] and Kliippelberg
[26]. Asmussen et al. [5] find the nonexponential asymptotics in the Bjork—
Grandell model when the governing process is a finite-state Markov process
and the claim size has a heavy-tailed distribution. Asmussen et al. [8] generalize
it to the case when {S(t), t > 0} has a regenerative structure. In this paper we
apply this result to get the asymptotics of y (u) when a rate of arrival of a claim
at time ¢ is a function A(x) of a regenerative process {X (¢), ¢ > 0}; in particular,
when {X(¢),t > 0} is a recurrent diffusion process.

Denote by 0=T, < T; < T, < T; < ... the regenerative epochs of the
regenerative process {X (), t = 0}. That is, {T,+1— T}, n=0,1, ..., is a se-
quence of iid. r.v.s with generic interregenerative time 7. We say that the
r.v. G is heavier than the r.v. H if :

lim sup P(H > x)/P(G > x) < + 00.

Define the r.v.
Tn+1
Z= [ AX(@)ar.
Tn
Denote by F(x) the heavier distribution from distributions of variables Z
and U. Further on, we will assume that F (x) has a regularly varying distribution.
We will write f(x) ~ g(x) as x - + oo if lim,, ;o f(x)/g(x) = 1. In this paper
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we show that if ET < + oo, then under some mild assumptions
V(W) ~CF(u) as u— +oo,

where F* is the residual distribution of F and the constant C is given explicitly
(see Theorem 3.2 (i}(iii)). Thus even in the case of light-tailed claims one can
get the nonexponential asymptotics. The asymptotics of () in this case de-
pends on the distribution of the interarrival time T only via its mean if
ET < + 0. If ET = + o0, then its tail also has an impact on the rate of the
asymptotics of the ruin probability (see Theorem 3.2 (iv) and Section 5.2). The
method of proof of the main Theorem 3.2 is based on the Karamata—Tauberian
Theorem and the Kingman-Taylor expansion of the Laplace transform (see
Stam [35], Cohen [15] and Asmussen et al. [8], Corollaries’ 3.1 and 3.2).

To apply this result for the specific governing process {X (¢), ¢t = 0} one
has to determine the asymptotic tails of r.v.s Z = j';:“ A(X (1))dt and T and
their means. We refer to Asmussen et al. [7] for similar functionals. Note that
the r.v. Z may be heavy-tailed (Section 4) or light-tailed (Section 5). In the
second part of this paper we calculate some examples presenting there main
techniques useful in solving this problem.

To prove that the r.v. Z is light-tailed we generalize Wentzell [38], p. 265,
in the following way. Consider a family of diffusion processes {X,,(t), t = 0}
parametrized by w = 0 starting at X,,(0) = x,,. Let t,, be an exit time from
a compact set D. If there exists wy > 0 such that EX» 1, is uniformly bounded
for all 0 <w < wy, then EXvexp{wr,} is also uniformly bounded.

We calculate the asymptotics of the tail of the distribution of Z and its
mean using the Laplace transform method. In most cases we take the square
function A(x). Then the method of computing the m.gf. (or the Laplace trans-
form) consists in changing probability so that the quadratic functional disap-
pears and the remaining problem is to calculate the m.gf. and the Laplace
transform of some hitting or exit times. In other words, we linearize the original
problem by transferring the computational problem for a variable belonging to
a second Wiener chaos to computations for a variable in the first chaos. One
can calculate the Laplace transform of hitting and exit times using the Feyn-
man-Kac formula (see Ité6 and McKean [23], Wentzell [38] and Borodin and
Salminen [12]).

The rest of the paper is organized as follows. In Section 2 we recall the
Karamata-Tauberian theorem. The main Theorem 3.2 is stated in Section 3.
We consider the following examples of the governing process {X (z), t > 0} and
the function A(x): the semi-Markov process and A(x) = x (Section 4), the re-
flected Brownian motion at 0 and 1 and A(x) = x (Section 5.1), the Brownian
motion and A(x) = e~?*! (Section 5.2), the Ornstein—Uhlenbeck process and
A(x) = x*+k (Section 5.3) and A(x) = (x+ p)? (Section 5.4), and finally the split-
ting Brownian bridges and A(x) = |x| (Section 5.5).
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2. PRELIMINARIES

The main technique useful in finding the asymptotics of ¥ (u) is the Kara-
mata—Tauberian Theorem, which we recall now. The critical index is defined in
extended real numbers by

2.1) ag = inf{v: E|K|" = +0}.

That is, if there exists 8 > 0 such that Ee’® < + o0, then og = + 0. We say
that the r.v. K has a regularly varying distribution if -

P(K>x)~x""®]g(x) as x—> +o0
for a slowly varying function Ix(x). Let us put
mx =E K.

The Karamata-Tauberian Theorem relates the tail behaviour of a distribution
function to the asymptotic behaviour of its Laplace transform at the origin. For
a variable K let ag < + oo and define n = [ag]. Then by Kingman and Taylor
[25] the Laplace transform F¥(s) of the r.v. K may be expanded in the Taylor
series as far as the s" term:

FE(s)= Y mx(—s)/k!+o(s") as s—0.

k=0

Let
JEE) = (0P (FEO ~ 3 mux(—5/K).

We will write f (x) ~ g (x) as x — 0 if lim, o f (x)/g (x) = 1. From Bingham et al.
[9], p. 333, we have the following theorem.

THEOREM 2.1. Let lx(x) be a slowly varying function. Then the following are
equivalent: '

2.2 fX(5) ~ s™=Ix(l/s) as s—0,
2.3) P(K>x)~%x"“‘lx(x) s x — + .

From Feller [18], Theorem 2, p. 445, we have the following theorem.
THEOREM 2.2. Consider some function L(x) and o > 0. Let us define

Fi(s)= Oj? e dL (x).
0
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Then for a slowly varying function Iy (x) the following are equivalent:

(2.4) FX(s) ~s7*1,(1/s) as s—0,

(2.5) L(x) ~ x*I.(x) as x— +oo.

Irl+ow

3. MAIN THEOREM

Let {A(X (1), t > 0} be an intensity process defined by the regenerative
process {X (¢), t > 0} and a nonnegative function A(x). Then the surplus pro-
cess {S(t), t > 0} also has a regenerative structure. We let S be the increment of
{S(t), t = 0} during the generic cycle T, that is -

N(T)

S= Z Ui—T:

i=1
Further, let

N(T) T
S*=Y U, and Z=[i(X(s)ds.
i=1 _ 0

ConDITION A. We assume that
(A) P(S" >x)~P(S>x) ~x"*5(x),
where a5 > 0 and Ig(x) is a slowly varying function.
By Asmussen et al. [8], Lemma 5.1, we have the following lemma.

LEMMA 3.1. Assume that the following condition holds:
CoNpITION B.

®) o 35 > 0: Ee¥ < + 0.
Then condition (A) holds.
Note that
N(Tn+1) N(Tn+1)
ST+ Y Ui—(Te—T)< sup SO<SMH+ Y U
{=N(Tn)+1 ThSt<Tn+1 i=N(Tp)+1

Thus under (A), following Asmussen and Kliippelberg [6] and Asmussen et al.
[8], Theorem 3.3, we have

Y () ~ P(m>ai((Y1+Y2+...+.Y,,)> u),

where Y, are i.i.d. r.v.’s such that ¥, 2 §. Note also that if v = E|S| < + 0, then
og > 1.
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THEOREM 3.1. Assume that (A) holds.
@) If v< + 0 and ES <0, then

G.1) v ~£1:I%ts(u)u-““.

@) If v=+o0, lg(x) =c; and
(3.2 P(T >x)~cyx#
for 0< <1 and B <uag, then

: +
sin (fr) 1 - joo

33 u) ~

(33) W~ =g e |
Proof. Part (i) follows from Corollary 3.1 of Asmussen et al. [8].
We now prove (ii). Denote by G* (x) and G~ (x) the ascending and de-

scending weak ladder height distributions, respectively, of random walk

Y+ Y,+...+Y,. Thus G*(x) and G~ (x) are concentrated on [0, + o) and

(— o0, 0], respectively. From the Wiener-Hopf factorization (see Borovkov
[13], (33), p. 165) we have

V(1 +y) s dy.

(.4 G_(—x)~lcT2px”’ as x — + 0,

where p = ¥ (0). Let
+ o0
H @)= ) (G)*(-1, t>0,
k=0
and F¢ (s) = |, ” e™**dG~ (—x). Then the Laplace transform of H "~ is equal to

ffH - = —=n— .
O =1"F
From the Karamata-Tauberian Theorem 2.1 the following holds:
H - B —
'mm=lim iG_ = 1=p .
s»01—FC¢ (s) TI'(1—B)c,
Thus, by the Karamata-Tauberian Theorem 2.2, '
1-p o _ A=p)sin(fm) ,
rq-pra+pe, Brc, ’
which completes the proof of (ii) in view of Borovkov [13], p. 180, and Lem-
ma 2, p. 173. =

H™(t) ~

Note that the Laplace transform of S* is equal to
F‘S*(S) — Ee—ss+ — EX(EUe—sU)N(T,.H)—N(T.,)

= E¥exp {—log((EVe™")" ") ]: A(X (1)) dt},
o
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where EX and EU are expectations with respect to the law of the process
{X(),t>0} and the r.v. U. That is,

(3.5) F5*(s) = F%(log FY () ).
Moreover, if v < + o0, then v = ET—EZEU = my r—my zm, y. Thus, if the
following condition is satisfied:

CoNDITION S.

(S) v< + @ and myr>myyMmyz,

then a stability condition S(f) - —oco a.e. as t > +oo holds.
We assume that the heavier random variable out of variables U and Z has
a regularly varying distribution. Thus )

Ozu= min {au, az} < 400,

and if oz < oy (ay < oz), then Z (U) is heavier than U (Z). In particular, if U or
Z has a regularly varying distribution, then one of the following two conditions
holds:

ConpITION U.

V) P(U > x) ~ ly(x)x~*,
CONDITION Z. 7

) P(Z > x) ~ Iz(x)x™*z

for slowly varying functions Iy (x) and Iz (x), respectively. Using the Karamata—
Tauberian Theorem we can prove the following theorem (see also Asmussen
et al. [8], Schmidli [34], Stam [35] and Grandell [20] for related results).

THEOREM 3.2. Assume that condition (A) and at least one of the conditions
(Z) or (U) holds.
G If 1 <ay<ay and (Z), (S) hold, then

(3.6) Y @)~ Cylz(wyu™z*1,
where
1 1
3.7 C,= m%3
3.7 P -1 YWy p—mygmy g

@) If 1 <ay <oz and (U), (S) hold, then

(3-8 Y@~ Cylywu vt
where
(3.9) C,= 1 1

= 1m1'Z - .
oy — my r—myymy z
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Gii) If oz = oy, lz(x) = ly(x) and (U), (Z), (S) hold, then
(3.10) Y @) ~ Cslywu "1,

where C; = C,;+C,.
(iv) Assume that T fulfills (3.2) for 0 < § < 1. Then

(311) w(u) ~ C4uﬂ—¢z,u’
where

H az + 00
sin (b il ¢, [ ¥~ 11 +y) =dy

3.12 Cs=
(3.12) e |

when (Z) holds and I;(x) = ¢y, f <oz <oay; and

: + o0
(3.13) Co=IBD Mz (" ot 4 y)-av gy
pr €2 o
when (U) holds and ly(x) = ¢y, f <oy < oz.

Proof. We prove (i). The statements (ii)iv) can be proved in a very
similar way. To prove (i), by Theorem 3.1 it suffices to show that

(3.14) P(S* > x) ~ m 1y (x) x 2.

Let k = [az] and | = [ay] if ay < + o0 and take any I > kif ay = + co. We will
write g(s) = Oy (f () if lim,., g (s)/f (s) = 1. At the beginning we consider the
case when [ > k. By the Karamata-Tauberian Theorem 2.1 we have
(=1
k!

404 (—1)F T (1 —az)s*2 1, (1/s)),

' o~ 1
(3.15) FZ(s)= l—ml,zs+5m2,zsz—...+ my z s*

and by the Kingman—Taylor expansion of the Laplace transform we obtain
1

1
l’nzyus2 +—-)~m,US +0(Sl)

(3.16) FU(s) = l—ml,gs+l T

2
Hence by (3.5) we have

(317  F5'(s)=1—m, zlog(FY(s)” )+ mzz(log(F ()" Y)* -

T
o foara)

+0; [(—= 1) T (1 —az) (log (FY (5) 1)) 1z (1/10g (F” () 7)) ]-
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Note that for x > 0 such that [x—1| <1

log(1/) = 3. - e—1).
Hence
U (a—1 _+m('—1)i U i
log(F*(9)™") = X “—(F'9-1).

Consequently, (3.15)+3.17) under the assumption k <[ imply -
FS7(s) = 1—my zmy ys+3(myzmd y—my zmy ) s*—. ..+ my g5*
+0, [(— ) T (1) (FU ()= 1) L (UFC 9)-1)]
=1—myzmys+...+ms+s+0; [(— 1 T (1 —oz)mi% 82 1 (1/(my )]
=1—myzmyys+...+myg+s*+ 0 [(— 1) I (1 —oz) mi% s*Z 15 (1/s)].
Thus
ST ~ (=M (1 —az) mizys”2l,(1/s)  as s—0,

which completes the proof in the first case in view of (3.14) and the Karama-
ta-Tauberian Theorem 2.1. If k = [, by Thorisson [37], Theorem 3.1, one can
consider two modified risk models in which claim sizes U and U®® have regular-
ly varying distributions and fulfill U < U < U@ with oy < oge < ap < ago,
m; g =myy+& My =m y—¢& for ¢ >0 and I = [ogmny] = [ey] = [ape]-
Then, by Thorisson [37], Theorem 3.1,

PSTV>x)<PStT>x)<P(ST? > x),

where St and $*@ are rv. St defined in modified models. Note that
asymptotics in (3.14) depends on U only through its mean. Thus letting ¢ — 0
we prove (3.14) in general if we show it assuming that the r.v. U has a regularly
varying distribution. Under this assumption the assertion of (i) follows by simi-
lar considerations to those in the previous case by taking

=y
T

+0, (- 1) T (1 —ap)s* Iy(1/s))

o 1
(3.18) FU(S) = l—ml_US+§m2,Usz—...+ ml,USl

instead of (3.16).

Remark 3.1. Similar results can be also obtained in the so-called delay-
ed case, when T, > 0. Let us put S§ = Z?;(Tf) U; and Z, = j:“A(X (®)) de. If
P(S§ > x) = o(ls(x)x~*s*1), then the ruin probability Y (u) in the delayed
case is asymptotically equivalent to the ruin probability () in the so-called
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zero-delayed case (when T, = 0). That is,
Yow)~yYy(m) as u— +oo.

This is the case when the claim size U has the regularly varying distribution
given in condition (U) and there exists a § > 0 such that Eexp {6Z,} < + 0. See
Asmussen et al. [8], Corollary 3.2, for other relations between ¥ (u) and v, (u).

CoROLLARY 3.1. If conditions (B), (U) and (S) are fulfilled, then
(3.19) Y @) ~ Crly(@yu"v+?,

where C, is given in (3.9).

4. SEMI-MARKOV MODEL

Let {T,},.5; be the renewal process. That is, T, ; — T, are iid. r.v.’s. On the
time interval [T;, T, .,) the process {X (t), t > O} is equal to a positive r.v. 4,.
Random variables {4,},/=5 are iid. and independent of {7} . Moreover, let
A(x) = x. Thus Z = TA, where 4 is a generic r.v. 4,. We can change the dis-
tributions of T and 4 in such a way that we can get all possible cases (i){iv) in
the main Theorem 3.2 (see Grandell [20], Schmidli [34]). In particular, we can
consider the Ammeter [3] model when T = 1. Then obviously condition (A)
holds. From Theorem 3.2 (i) we obtain the following theorem.

THEOREM 4.1. Assume that there exists a 6 > 0 such that Eexp {6U} < + o0
and

PA>x)~x""ly(x) as x— +o0
for the slowly varying function 14(x) and o4 > 1. If my ym, 4 < 1, then we have
the following asymptotics:
' 1

1
~ L7 I —aA+1'
V) md—lml'ul—ml,uml,d au

Hence one can get the regularly varying asymptotics of the ruin probabili-
ty ¥ (u) even when the claim sizes U are light-tailed.

5. DIFFUSION PROCESSES

On a probability space (¢ [0, + ), #, {F¥},>0, P*) let us consider a ca-
nonical diffusion process {X (z), t > 0}, where {#¥},5, is a natural filtration
and ¥ = \/t> oF . The process {X (t), t > 0} has the following extended gene-
rator:

)0 = 300915 10 +b 0= 1 (2
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for fe%?*R). Assume that there exists a constant L such that

(5.1) @ (x)+1b(x)| < L(1+x])

and that there exists, for each constant C > 0, a constant L. such that
(5.2) 1a?(x)—a® W+ b (x)=b () < Lelx—yl  for |x| < C and |y < C.

Further on, we will consider only the recurrent diffusion process {X (t), t = 0}.
That is, any possible state is reached from any other state with probability 1.
Let X (0) = 0 and Ty = 0. In this paper we consider two kinds of Tegeneration
moments: T, =n (neN) and

(5.3) T,+1 =iof{t = S,: X (t) =0},
where
5.4 S,=inf{t=>T;: [X(®=1}, n=0,1,2,...

In this case Z = [, A(X (s))ds, where T = T;.

5.1. Reflected Brownian motion and A(x) = x. Assume that the claim size
U has the regularly varying distribution given in condition (U). Let
{B(1), t > 0} be a Brownian motion starting at B(0) = 0. Set s(y) = (—1)? and

S(x)=[s@)dy.
0
Thus S(x) is a “saw-tooth” function with S(x) =|x|] for —1<x<1 and
with a period 2. Assume that A(x)=x. Then the intensity process
{X(®) = S(B(2)), t = 0} is a reflected Brownian motion with boundaries 0 and 1.
The regeneration moments are defined by (5.3). Note that
(5.5) EX T = Efexp {0T'} E§exp {6So} = (E§exp {650})%,
where
T'=inf{t > 0: |B()—1] =1}

and EZ is the expectation with respect to P® when the Brownian motion
{B(t), t > 0} starts at x. The time S, is defined in (5.4). By Wentzell [38], p. 259,
we have

(5.6) EBS, =1.
Thus
(57) ml,T = ZEg So = 2

Moreover, by Wentzell [38], p. 265, we have the following lemma.
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LemMMA 5.1. If 7 is an exit time by a diffusion process from a compact set
D and Et < M < + o, then

o oM
<1l+——Er< < -L
Ee 1+1_5ME1 1+1—5M Jor 0<o6<M
Thus, by Lemma 5.1 and (5.5), (5.6), there exists a 6 > 0 such that
(5.8) EXe’T < + 0.

Note also that 0 < X(t) < 1, and hence condition (B) is fulfilled:
T

(5.9) E¥ e’ = E§exp {0 [ X (t)dt} < E§ &’ < + 0.
0

If (S) and (U) hold, then from Corollary 3.1 we obtain

Y @)~ Coly@u™™v,
where C, is given in (3.9). To calculate C, explicitly we find by the Markov
property and the symmetry of the Brownian motion that

my z = E{{fX(s)ds = Egsjn[B(r)|dt+E’1‘?(1—|1—B(t)|)dt
0 0 (1]

So So
=E§ [ 1B dt+EST'—E§ | |B(t)|dt = 1.
0 0

Summarizing we have the following theorem.

THEOREM 5.1. Assume that the claim size U has the regularly varying dis-
tribution (U) with ay > 1 and EU < 2. Moreover, let the intensity process
{X (), t = 0} be the reflecting Brownian motion reflecting at barriers 0 and 1.
Then

ly(wyu-*v*t,

W)~

aU—l 2—m1'U

5.2. Brownian motion and A(x) = e ?*l. Assume that the claim size U
has the regularly varying distribution (U) with index oy > % and Iy(x) = ¢,
for some constant c¢,. Let the governing process {X(¢) = B(t),t >0} be
the Brownian motion starting at B(0)=0 and A(x)=e "™. That is,
{exp(—7|B(?)]), t = 0} is the intensity Markov process. The regeneration mo-
ments are defined by (5.3). Then, by symmetry and the Markov property of the
Brownian motion, we have

TE2S,+T,
where
T=inf{t>0: B(f)=0, B(0) = 1}
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and S, is defined in (5.4). Note that EZS, =1 and E¥T = + co. Hence
(5.10) EET = +o0. |
Moreover, by Karatzas and Shreve [24], p. 96,

1
(5.11) P(T>t)~—=t"12
N

Thus a; = 3. Note that
EB e’ = E%exp {0Z,} E§exp {62Z,},

where Z; = [, e "P®ldt and Z, = |20 ¢=71B®! 3t. Moreover, by (5.6) and Lem-

1]
ma 5.1,
(5.12) E8exp{6Z,} < E§exp{6So} < +©
for some 6>0. Let T(R)=inf{t >0: B(t) =R, B(0) =1}. Then, by the
Monotone Convergence Theorem,

T A T(R)
Efexp{0Z,} = lim Elexp{d [ e "20l4s}.
R+ 0

Thus from the Feynman—Kac formula (see also Chung and Zhao [14], Theo-
rem 9.22) we infer that for sufficiently small é > 0 the following holds:

» _ Jo{2(/20/y /exp {3}))
(513) E1 €Xp {521} = < 400,
Jo(2(/26/7))
where J, (x) is the Bessel function of the first kind. Then condition (B) follows

from (5.12) and (5.13). From Theorem 3.2 (iv) and Lemma 3.1 we have the
following theorem.

THEOREM 5.2. Assume that the claim size U has the regularly varying dis-
tribution (U) with index oy > % and ly(x) = ¢, for some constant cy. Then

4"1 1/2-a s -1/2 -
‘/’(u) ~ 3 U v I y (1+y) Udy-
ey 0

5.3. Ornstein—Uhlenbeck process and A(x) = x*+k. Let {X(¢), t > 0} be
a one-parameter Ornstein—Uhlenbeck process with a parameter b such that
X (0) = 0. That is, {X (), t > 0} is the diffusion process with the extended gene-
rator

1 42 d
(5.14) () () = 553 () —bx— f(x),

where fe%%(R). The regeneration moments are defined in (5.3). We take
A(x) = x*> 4k for k > 0. Hence the intensity process {X?(t)+k, t = 0} is still

13 — PAMS 222
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the Markov process (see the discussion in Lawrance [27], pp. 225-228). We
prove that condition (B) holds, that is

T
(5.15) Ef e’ = Efexp {6 [ (X?(t)+ k)dt} < + o0
0

for some 6 > 0. Then under (U) and (S), by Corollary 3.1, we have
(5.16) YW ~ Coly@utr,

where C, is given in (3.9).

The method of calculating the functional (5.15) consists in changing proba-
bility so that the quadratic functional disappears and the remaining problem is
to compute m.gf’s of some hitting and exit time. We introduce the following
exponential change of measure:

Q)5 x

(5.17) dglﬁ;: E=M0),

where

(18) M) = exp{—xz;bz ixz (s)ds—(x—b)iX(s)dX(s)}
(5.19) = exp{——’cz;bzin(s)ds—K;b(Xz(t)—Xz(0)—t)}

is an exponential martingale (see Stroock [36], Theorem 4.6, and Rogers
and Williams [32], Theorem 27.1). The second equality follows by integration-
-by-parts for semimartingales. By Stroock [36], Theorem 4.4, and Parthasar-
athy [31], Theorem 4.2, there exists a unique probability measure Q on
(€10, + 0), F, {F¥}:> ) fulfilling (5.17). Moreover, by Yor [39], Leblanc et
al. [28] and Palmowski and Rolski [30] on the new probability space, the
process {X (t), t > 0} is the Ornstein-Uhlenbeck process with parameter .
Denote by E2 the expectation with respect to the measure Q. Let k = ,/b*—25
for 6 < b?/2. Then by the Optional Sampling Theorem we have

.T
(520) E¥e'? = EXexp {6 X?(t)dt+0kT}
0

T
= ESexp {6 [ X2 (H)dt+6kT} M (T)™*
(1]

= EZ2exp {"T_b(xzm—x2 0)— T)+5kT} = EZexp {b;"";i‘”‘ T}.
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Let & = (b—x+26k)/2. Note that the following monotone convergence holds:

(5.21) 50" as -0,
Thus it suffices to find § >0 such that
(522 E¢exp {6T} < + .

From the Markov property and the symmetry of the Ornstein—Uhlenbeck
process we have

(5.23) EZexp {5T} = EZexp {680} EZexp (5T},

where S, is exit time from the interval [—1, 1] and T =inf{t > 0: X(t) =0
and X (0) = 1}. Note that now the parameters of the process {X(t), ¢t > 0}
under the new probability measure @ depend on 4, and hence also on 4. For
this case we state few lemmas. Firstly, we generalize Lemma 5.1 in the following
way.

LEMMA 5.2. Consider a family of diffusion processes {X,,(t), t = 0} paramet-
rized by w>=0 starting at X(0)=x,,. If 1, is an exit time by a diffusion
{X,, @), t = O} from a compact set D and EX*t,, < M for al 0 <w < wo < M™1,
then
Wo M

EXvexp{wrt,} <1+ E—

Jor 0 <w < wy.

Remark 51. Assume that {X,(t), t >0} has the following extended
generator:

1 d? d
(A0 1)) = 56,(X) 75 £ () +bu (7S )

for fe%?(R), where functions a,,(x) and b,,(x) fulfill (5.1) and (5.2). If there
exists wo > 0 such that

inf infa,(x)>0 and sup suplb(x)l < B< +©

wEwgo xeD w<wp xeD
for some constant B, then by Lemma 5.2 and Wentzell [38], p. 238,
EXvexp {wr,} is uniformly bounded for 0 < w < wy.
LemMA 5.3. Let {X,(t), t = 0} be the family of diffusion processes paramet-
rized by w starting at X (0) = x,, and let
HY =inf{t > 0: X,,(t) = z}

be a hitting time. If there exists wo >0 such that EX*HY <M for all
0 <w < wo < M~ and some M, then EX» exp {wHY} is also uniformly bounded
for 0 <w < wg.
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Proof Without loss of generality we can assume that x, >z for
0 < w < wy. By the Monotone Convergence Theorem,

EXwexp {wH}} = leTm EXvexp {wHY A T*(R)},
where
T*(R) =inf{t > 0: X, (t) = R}.
Note that EX»HY A T"(R) < EX» HY < M for all 0 < w < wy. Thus, by Lem-
ma 5.2, -
Mw
Towo M <
By Remark 5.1 and (5.21) there exists d, > 0 such that for all 0 < 6 < dg
(5.24) E$exp {880} < + 0.
Moreover, if there exists d, > 0 such that
E¢T <M

for given M and all 0 < 6 < §y, then by Lemma 5.3 and (5.21), (5.23), (5.24) the
condition (5.22) holds. We calculate EZ T using the Laplace transform method.
Denote by D_,(x) a parabolic cylinder function given by

(5.25) D_,(x) = exp { —x*/4} 272 /n
1 L up+2) ... (p+2k-2)(x* ">
x{r((uH)/z)(Hk; 3.5-. . Qk—D)K! (2)
%2 <1+*§(u+1) (u+3) ... (u+2k—1)<x72>k>}

T2\ &~ 35..@2k+1)k!

EXwexp {wHY}} = nliT EXvexp{wHY AT*(R)} <1+ + 0.
=T a0

Moreover, let

(5.26) si(x)= ), 5

to 2..(2k—2) [x? "_{_.x2 ,
2375 kD!

and

+ o 1 2\k
(527) 5, (%) = k; m(%) .

From Borodin and Salminen [12], p. 429, we have the following lemma.

LEMMA 5.4. Let {X (t), t > O} be the Ornstein-Uhlenbeck process with the
extended generator (5.14) and let

H,=inf{t >0: X(t) =z}.
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Then

[ exp {2 5)/2} D_n(—/25%)
exp {(z% b)/2} Dy (—+/2b2)

exp {(x* b)/2} D _ s (/2b%)
| exp {(z2b)/2} D_y (/2b2)

Jor x < z,

=(s) = EXexp {—sH,} = <

Jor z < x

and .
fb'l[(sl(z\/Z_b)—sl(x\/2_b))+ br(z—x)
. +./br(zs, (z\/2_b)—xs2(x\/ﬁ))] for x €z,
EXH, = <

b1 [\/br (x5 (x A /2B) — 25, (2./2b)) — (51 (x /2B) — 5, (z 1 /2D))
L +\/E(x—z)] for x = z.

From Lemma 54 we obtain

(528) E2T = —%Lf(s) ~_~%[\/;E 82 (y/21) =51 (/26) 4 /1em]
s=0*
< %(sz W/2)+1)

for 6 < (3b%/8 (then x < b/2). Thus by (5.20) and (5.22) the condition (5.15) is
fulfilled, and hence the asymptotics (5.16) holds.

To calculate the constant C, in (5.16) explicitly we have to compute
my,r and my ;. Note that

~

(5.29) myr=EXT = EXS,+EXT.

By Lemma 5.4 we have

(5.30) EXT=b"1[/bns;(y/2b)—s1(/2b)+/br].

We calculate EJ S, using the Laplace transform method. Let us put

r ,
S, % ) = T exp (224 128} (D (=9 D_, )~ D, (9 D, (~ ).
By Borodin and Salminen [12], p. 434, we have the following lemma.

LEMMA 5.5. Let {X (1), t = O} be the Ornstein-Uhlenbeck process with the
extended generator (5.14) and

H,,=inf{t > 0: X(t)¢(a, 2)}.
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Then for a<x <z

e (s) = EXexp {—sH,.} = S(s/b, z/2b, x/2b)+5(s/b, x/2b, a/2b)

S(s/b, z\/%, a\/%)
and
EXH,, = A(x, a, z) _ ,
b(z(1+5;(2+/2b)—a(l +52(a/2D)))
where -

A(x,a,z)= z(1+sz(z\/2_l;))(sl (a\/ﬁ)—sl(x\/%))
+a(1+sz(a\/§3))(s1(x\/ﬂ)—s1(z\/ﬁ))
+x(145,(x/2b) (51 (2 /2b)—s, (a/2b).

Lemma 5.5 gives
(5.31) my s, = EXSo = %31 (\/2b).
By (5.29)5.31) we have
(5.32) my = %Esz (/2b)+1].
To calculate m, ; we change the measure by (5.17) using the martingale
22 _h2

(5.33) M(t)=exp{—x 5

for &£ = \/b*+2s. Then we get

IZ(s) = E{,‘exp{—sf(X2 )+ k) dt}

t ~—
_[Xz(s)ds—’c b
0 2

(Xz(t)—Xz(O)—t)}

= E2exp{—$§T} = ESexp {—$So} EZexp {—$T},

where § = (k—b+2sk)/2 and under the probability measure Q the process
{X (¢), t = 0} is the Ornstein—-Uhlenbeck process with parameter £. From Lem-
mas 5.5 and 5.4 we obtain

S/R, /2%, 0)+S(§/7, 0, —/2%)
S(§/R, /2R, —/2R)

ESexp{—5S,} =

and

_ exp{#/2} Dz (/20)
D _4:(0) '

Efexp{—5T}
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Thus

63  mig= g B = %(sz(\/ﬁm) (—213+k).

Summarizing, from (5.16) we have the following theorem.

THEOREM 5.3. Assume that {X?(t)+k, t > 0} is the intensity process for
k>0 and for the Ornstein-Uhlenbeck process {X(t),t =0} with parameter
b starting at X (0) = 0. If the claim size U has the regularly varying distribution
(U) and my y < 2b/(1+42bk), then

1 1/2b+k
v~ 1—my g (1/2b+FK)

5.4. Ornstein-Uhlenbeck process and A(x) = (x+p)% Let {X (1), t = 0} be
the Ornstein-Uhlenbeck process with parameter b starting at X (0) = 0. We
define the regeneration moments by (5.3). We take 1(x) = (x+p)>. Hence the
intensity process {(X (f)+p)?, t > 0} is non-Markovian. We prove condition
(B) as in the previous section. Then, by Corollary 3.1 under conditions (U) and
(S), the asymptotics (3.19) hold. We introduce the exponential change of the
measure (5.17), where

ly@@u v+t

(5.35) M(p) = exp {}’2—2 } X2 (w)dw+ g(x2 (t)— X2 (0)— r)}.
0

By the Cameron—Martin—Girsanov Theorem under the new probability mea-
sure Q the process {X (t), t > 0} is the Brownian motion. Hence

EX &2 — ESM~1(T)exp {éi:(X(t)+p)2 dt}
0

Q -x* 3 2 K ~2 2, b
= Efexp {(X@®—pydt+{ =-p*+0p*+5 )Ty,
2 2 2

where k = /b*—26 and p = (2pd)/x>. Let
So=inf{t>0: | X(®)+pl =1}, T=inf{t>S8,: X(¥)=—p}.
Then

2T 2
EXe2 = E‘f’_ﬁexp{%sz(t)dt+(%ﬁ2+5p2+g) T}.
0

We change again the measure in the following way:

dQ]g;x ~
=2t — M(t ,
A0l x ®
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where
M@= exp{—%zin (w)dw—g(X2 O—X?0)— )}

Then under the probability measure Q the process {X (t), t > 0} is the Orn-
stein—Uhlenbeck process with parameter x. We have

~ 2 o~ — S~
(5.36) EZXe%% = E2 zexp —E+K—52+5p2+é Th=E2;exp{0T},
ﬁ -

22 2
where
§ = bj2—x/2+pdp+6p> > 0.
Note that
(5.37) 50" as 5§-0%.
Let us put

To =inf{t > 0: X(©) = —p}.
By the Markov property
EZ; exp (6T} = E2 sexp {650} [EL 5—1 exp {6To} - G(X So) = —5—1)
+EC,, exp (6T} - O(X o) = —F+1)]
< E€ ; exp {65} (E2 5 1 exp {6To} + E2 5. 1 exp {8Tp)).

By Remark 5.1 and (5.37) there exists 8o > 0 such that E2 ;exp {6S,} is uniform-
ly bounded for all 0 < 6 < . Thus to prove (B) it suffices by Lemma 5.3 and
(5.37) to find &, > 0 such that E2;_, T; and E¢;,, T, are uniformly bounded
for all 0 <6 < d,. Lemma 5.4 gives

E2; Ty = k™ 55 (5/26) + /5 /xm B+ 1) 5o (/5 5+ 1))]
< 2671 [5,(\/2b) +/bn+ 2 /brs, (2./20)],
E2 ;. Ty <2671 [5;(y/2b) +/br+2./bns,(/2b)]

for all 6 < (3b%)/8 A b*/(8|p|) (then |p] < 1 and b > k > b/2). We now calculate
m; z needed for obtaining the constant C, in (3.19) explicitly. The constant
my r is given in (5.32). Note that the Laplace transform of Z equals

I?(s)= EXe 2 = E¢ 5 €xp {— 5T}
= Eg:ioexp{—§§o} (Eéio_l exp{—§’1~},}-Q~(X(§o) = —po—1)
+E2 5, exp {—5To}- O (X (So) = —fo+1),
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where under the measure § the process {X (f), t > 0} is the Ornstein—Uhlen-
beck process with parameter & = ./b%+2s. Moreover, p, = —(2ps)/&* and

§=R2—b/2—pspo+sp? >0
for sufficiently small s. From Lemmas 5.5 and 5.4 we have
exp {#3 #/2} D ge(—Po~/2%)
exp {(Bo+ 1) /2 D_gzz (= (Bo+ 1) /28)
exp {53 #/2} D—ge(—Po/28) ~
exp {(1—Bo)? £/2} D — gz (— (1 — o) /28)

E2;_jexp{—3T} =

Egifo+1 exp {—3§To} =

E< 5, exp { - 580}
S(s/%, (1— po)\/_ 28)+S(S/R, —po\/i_ﬁ, —(ﬁo+1)\/ﬁ)
S (37, (1~ po)ﬁ, —(Bo+1)+/2%)

Let us put

Exfi (x) = ——— fexp{—v?}dv, Erfi(—x) = —Erfi(x),
To

Exfid(x, y) = Erfi <%> _Erfi <ﬁ)

and

exp {(x2+y?)/4} (D—y—1 (—%) D, (5)+ D—,— 1 (X) D_, (—))-

C, %, ) = T(vn+ 1)

By Borodin and Salminen [12] the following holds:
Q(X(go) = —P~o—1) = 1“'QN(X(SVO) = —170+1)
_ Brfid((1—po) /2%, —Po+/2%)
* Brfid((1—o)</2%, —(o+1)/28)

Note that
2 b= D D)
d ) x
Zl—sD_S(x) = exp { —x?/4} I:sz (x)—ﬁ(l +5; (x)):l
and

0
=S, x, y) =C(v, x, y), iS(v’ x, )= —C(, x, y).
0x dy
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Hence
d X ,—sZ
(5.38) myz= _EE(EO e )s=0+ = (E—po €Xp {—SSo})ls o+

1/d 5 o d, = -
__(g(Egﬁb—lexp{“STO})|s=O++’£(Egﬁo+lexp{_s'1-b})ls=0+)

2
el ()]

2b«3//2_ "Erﬁ(\/_)}+ +<2b2 )[sz(f j__l+s1(\/_)}

Summarizing we have the following theorem.

THEOREM 5.4. Assume that {(X (t)+p)?, t = 0} is the intensity process for
peR and for the Ornstein—Uhlenbeck process {X (t), t = 0} with parameter b
starting at X (0) = 0. If the claim size U has the regularly varying distribu-
tion (U) and (S) holds, then

1 1 —ay+1
ml,Z 2
oy—1 my r—my,yhy,z

ly(W)u

¥ ) ~

where m; ¢ and m, ; are given in (5.32) and (5.38), respectively.

5.5. Splitting Brownian bridges and A(x) = |x|. We construct the govern-
ing process {X (t), t > 0} by splitting independent Brownian bridges defined
on the interval [n, n+1] (neN). That is, let {Z(t), te[0, 1]} be a Brow-
nian bridge (see Karatzas and Shreve [24], p. 358, for conmstruction of the
Brownian bridge). Define the sequence {Z,(t)}, n =1, 2, ..., of independent
copies of Z(t). Then X (t) = Z,(n+t) if te [n, n+1]. Hence T, = n are moments
of regeneration and T = 1. Let A(x) = |x|. Thus on each interval [n, n+ 1] the
intensity process is the reflecting Brownian bridge. By Karatzas and Shreve
[24], p. 360,

(5.39) Z(t) 2 B()—tB(1).
Thus
(5.40) Z= f;x () dr = } |Z ()| dt 2 f |B(t)—tB(1)| dt.
. 0 0 (]
Note that
1

(5.41) < [( sup |B(®)|+t|B(1)))dt <2 sup |B(t).

0 0xtx1 o<1t
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Hence

P(Z>x)<P ( sup |B(0)| > ) 2P( sup B(t)>;)
o<1 1[0,1]
1 + w0 yZ}
=4~ | exp<——)d
) ~/ 2n x./[Z P { 2 Y
by Adler [2] and Karatzas and Shreve [24], p. 96. Thus condition (B) is
fulfilled. Moreover, by the Fubbini Theorem,

1 -
my z = [ (E§1B())—tB(1)))dt

0

1 + o Y -

i _Le"P{ x*/2} | |x—tJ’|eXP{ g(lf)t)}dydxdt

g

ﬁ\/l—(t2+t\/~_)dt %[———1 (3)+f\/%dt:|.

Taking the substitution y?:=1—t we get

s}y Vel
5.42 1,Z=— —_—1 3 2 — + d +2
(542) m Lz 0g(3)— I yt=y*+1dy jm

= —\/—EI:Elhptch<\/_> 2\/_E]hptlcF ( \/— ./ >————log(3):|

Jr 2

~ 0.79788,

where
o 5 1
Elliptic F (z, k) = g\/l—yz iy dy

is the incomplete integral of the first kind and Elliptic K (k) = Elliptic F (1, k) is
the complete elliptic integral of the first kind (see Abramowitz and Stegun [1],
Chapter 17). By Corollary 3.1 we have the following theorem.

THEOREM 5.5. Assume that the intensity process is constructed by splitting
reflecting Brownian bridges. If the claim size U has the regularly varying dis-
tribution (U) with ay > 1 and myzm;y <1, then

1

—ay+1
1 2
—Myumy z

Iy(Wu

¥ (u) ~ 1m1z

where my z is given in (5.42).

Acknowledgement. I would like to thank Professor C. Kliippelberg and
Professor T. Rolski who prompted my research in this field.




404 Z. Palmowski

REFERENCES

[1] M. Abramowitz and 1. Stegun, Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, Wiley, New York 1972.
[2] R. J. Adler, An introduction to continuity, extrema, and related topics for general Gaussian
processes, Inst. Math. Statist, Hayward 1999.
[3] H. Ammeter, A generalization of the collective theory of risk in regard to fluctuating basic
probabilities, Scand. Aktuarietidskr. 31 (1948), pp. 171-198.
[4] S. Asmussen, Risk theory in a Markovian environment, Scand. Actuar. J. 2 (1989), pp.
69-100. )
[5] S. Asmussen, L. F. Henriksen and C. Kliippelberg, Large claims approximations for
risk process in a Markovian environment, Stochastic Process. Appl. 54 (1994), pp. 29-43.
[6] S. Asmussen and C. Kliippelberg, Large deviations results in the presence of heavy tails,
with applications to insurance risk, Stochastic Process. Appl. 64 (1996), pp. 103-125.
[7] S. Asmussen, C. Klippelberg and K. Sigman, Sampling at subexponential times, with
queueing applications, Stochastic Process. Appl. 79 (1999), pp. 265-286.
[8] S. Asmussen, H. Schmidli and V. Schmidt, Tuil probabilities for nonstandard risk and
queueing with subexponential jumps, Adv. in Appl. Probab. 31 (2) (1999), pp. 422-447.
[9] N. H. Bingham, C. M. Goldie and J. L. Teugels, Regular Variation, Cambridge Univer-
sity Press, Cambridge 1987.
[10] T. Bjork and J. Grandell, Exponential inequalities for ruin probabilities in the Cox case,
Scand. Actuar. J. 1-2 (1988), pp. 77-11L.
[11] T. Bjork and J. Grandell, Lundberg inequalities in a diffusion environment, manuscript,
1998.
[12] A. N. Borodin and P. Salminen, Handbook of Brownian Motion — Facts and Formulae,
Birkhiuser, 1996. : ’
[13] A. A. Borovkov, Stochastic Processes in Queueing Theory, Nauka, Moscow 1976.
[14] Kai Lai Chung and Zhongxin Zhao, From Brownian Motion to Schridinger Equations,
Springer, Berlin 1995.
[15] J. W. Cohen, Some results on regular variation for distributions in queueing and fluctuation
theory, J. Appl. Probab. 10 (1973), pp. 343-353.
[16] P.Embrechts, J. Grandell and H. Schmidli, Finite-time Lundberg inequalities in the Cox
case, Scand. Actuar. J. 1 (1993), pp. 17-41.
[17] P. Embrechts and N. Veraverbeke, Estimates for the probability of ruin with a special
emphasis on the possibility of large claims, Insurance Math. Econom. 1 (1982), pp. 55-72.
[18] W. Feller, An Introduction to Probability Theory and Its Applications, Vol. Il, Wiley, New
York 1971.
[19] J. Grandell, Aspects of Risk Theory, Springer, New York 1991...
[20] J. Grandell, Mixed Poisson Processes, Chapman and Hall, London 1997,
[21] J. Grandell and H. Schmidli, private communication, 2000.
[22] B. Grigelionis, On Lundberg inequalities in a Markovian environment, in: Proceedings of the
Winterschool on Stochastic Analysis and Applications, Akademie-Verlag, Berlin 1992
[23] K. It6 and H. P. McKean, Diffusion Processes and Their Sample Paths, Springer, 1974,
[24] 1. Karatzas and S. Shreve, Brownian Motion and Stochastic Calculus, Springer, New York
1988.
[25] J. F. C. Kingman and S. J. Taylor, Introduction to Measure and Probability, Cambridge
University Press, Cambridge 1966. -
[26] C.Klippelberg, Estimation of ruin probabilities by means of hazard rates, Insurance Math.
Econom. 8 (1989), pp. 279-285.
[27] A. J. Lawrance, Some models for stationary series of events, in: Stochastic Point Processes:
Statistical Analysis, Theory and Applications, Wiley-Internience, New York 1972.




Tail probabilities for a risk process 405

[28] B. Leblanc, O. Renault and O. Scaillet, A correction note on the first passage time of an
Ornstein—Uhlenbeck process to a boundary, Finance Stochast. 4 (2000), pp. 109-111.

[29]1 Z. Palmowski, Lundberg inequalities in a diffusion environment, Insurance Math. Econom.
31 (2002), pp. 303-313.

[30] Z. Palmowski and T. Rolski, A technique for exponential change of measure of Markov
processes, Bernoulli 8 (6) (2002), pp. 767-785.

[31] K. R. Parthasarathy, Probability Measures on Metric Spaces, Academic Press, New York
1967.

[32] L. C.G. Rogers and D, Williams, Diffusions, Markov Processes, and Martingales, Volume 2:
Ité calculus, Wiley, New York 1987.

[33] T. Rolski, H. Schmidli, V. Schmidt and I. L. Teugels, Stochastic Processes for Insur-
ance and Finance, Wiley, New York 1999.

[34] H. Schmidli, Compound sums and subexponentiality, Bernoulli 5 (6) (1999), pp. 999-1012.

[35] A. J. Stam, Regular variation of the tail of a subordinated probability distribution, Adv. in
Appl. Probab. 5 (1973), pp. 308-327.

[36] D. Stroock, Lectures on Stochastic Analysis: Diffusion Theory, Cambridge University Press,
Cambridge 1987.

[37] H. Thorisson, Coupling, Stationarity, and Regeneration, Springer, New York 2000,

[38] A. D. Wentzell, A course in Theory of Stochastic Processes, Nauka, Moscow 1975.

[39] M. Yor, Some Aspects of Brownian Motion, Birkhduser, Basel 1992.

Institute of Mathematics EURANDOM
Wroclaw University P.O. Box 513
pl. Grunwaldzki 2/4 5600 MB Eindhoven

50-384 Wroctaw, Poland The Netherlands
E-mail: zpalma@math.uni.wroc.pl :

Received on 10.12.2001;
revised version on 4.11.2002







