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Abstract. Relying on Geluk and de Haan [33 we derive alter- 
native necessary and sufficient conditions for the domain of attraction 
of a stable distribution in ad which are phrased entirely in terms of 
i'joint distributions of) linear combinations of the marginals. The wn- 
ditions in terms of characteristic functions should be useful for deter- 
mining rates of convergence, as in de Haan and Peng [4]. 
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1. INTRODUCTION AND MAIN RESULTS 

Let XI, X,, . . . be i.i.d. random vectors taking values in gd. We consider 
the sequence S, : = XI +. . . +X,, n = 1, 2 ,  . . ., and suppose that for some 
sequences of norming constants a,, > 0 and b, (n = 1, 2, . . .) the sequence 
§,Jan- b, has a limit distribution with non-degenerate marginals. 

The limit distributions are called stable distributions and the set of dis- 
tributions such that S,/Q,- b, converges to a particular stable distribution is 
called its domain of attraction. 

The indicated results were developed a long time ago. The stable distri- 
butions were identified by E. Feldheim in 1937 under the direction of P. LCvy 
and the domain of attraction conditions by E. L. Rvaceva under the direction 
of B. V. Gnedenko in 1950. A full account of the theory is Rvaceva [5]. For 
stable stochastic processes see Samorodnitsky and Taqqu [6].  

Here we use the methods of Geluk and de Haan [3] to arrive at alternative 
domain of attraction conditions based on the probability distributions of linear 
combinations of the marginal random variables. However, the relation between 
our conditions and those of Rvaceva [5] are not easy to derive directly. We can 

* Laurens de Haan and Helena Iglesias Pereira were partially supported by FCT/POCTI/ 
FEDER. 



304 L. de Haan et al. 

prove only the implication in one direction, for the other direction we use 
Feller's methods (see Section 3). 

We start by stating the general form of the characteristic function $ of 
a stable distribution: for 0 < ol < 2 we have 

na 1eT - I] } 
(1.1) $ (0) = exp {-! [ , 0 ~  M I u + i ~ ' u ( l  -CX) tan- 2 

or-1 ~ ( d u )  , 

where 
8=(01 ,..., edlT, U = ( ~ l ,  ,.,, udlT, 

and p is a positive and finite measure on S or any other distribution of the same 
type. 

For u = 2 we have 

where q(8) = eT (28, and & is symmetric and positive definite or any other 
distribution of the same type. 

For a = 1 the function $ is to be understood by continuity; so 
(Itla-' - I)/(. - 1) becomes log ttt and (1 -a) tan ( m / 2 )  becomes 2/n for or = 1. 

We shall now state our results. For ease of writing, we restrict ourselves to 
the two-dimensional case. So let (XI, X2), (XI,, XZ1), . . . be i.i.d. random vec- 
tors with distribution function F and characteristic function 4. As in Geluk and 
de Haan [3] we define for t > 0 and O l O 2  # 0 

THEOREM 1. Assume that the random vector (Wl, W2) has the characteristic 
function $@om (1.l)for some 0 < a < 2. The following statements are equivalent: 

A. There exist sequences a, > 0, b, and dn (n = 1 , 2 ,  .. .) such that 

B. For all (dl, B2), 

(1.3) lim P(01x,+02XZ > t )  
t - m  P(IX1 +X21 > i) 
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1; CA,,,@2)(fs)-Q1 A,1,,(ts)-62 A,o,,,(tsll ds 
(1.4) lim 

t-'m P (1x1 + X2I > t)  

where 

A(el,ez) ( t)  = P (81 XI + 02 X2 > t )  - P (ol XI + O2 X2 < - t). - 

C. For all ( B , ,  B,), 

1 - u ( t)  Ss I01 ' I  + 02 u2l' c (du, 9 dud 
lim - - 

- '  - 1  Is I . ,  +u, lap(dul,  du,) ' 

x P (du19 du2). 
Remark 1. The condition in (1.4) can be replaced by 

lim 
E(dlXl+02X2)I(101X1+02X21 < t)-0, EX, I(IXII < t)-8, EX, I(IX21 < t) 

t-r m tP(IX1 +X,I > f) 

J, lul +u21ar (duly dud 

Remark 2. From Theorem 1 we conjecture that requiring a rate of con- 
vergence in (1.3) and (1.4) will lead to a uniform rate of convergence in state- 
ment A. This will be a part of our future research. 

For 0 < a < 2, a #  1, the conditions in Theorem 1 can be simplified as 
folIows. 

THEOREM 2. Assume that the random vector (Wl, W2) has the characteristic 
function $ fiom (1 .1 )  for some 0 < a < 2, a # 1 .  The foElowing statements are 
equivalent: 
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A. There exist sequences an > 0, bn and d,, (n  = 1,2, . . .) such that 

B. For all ( O r ,  d2 ) ,  

C. For all (el ,  e2) # (o,o) ,  - 

lim 
1 - U(ol,oa) ( t )  - js 101 u1+ 02 u21a P Wl r - 

t +  - I  +u2Iup(dul, du2) ' 
and 

an Js lei UI  + 02 u2Ia s b ( O 1  ui +02 ~ 2 )  P (dui, du2) 
= tan- 

2 
i f O < c x < l ,  

Sslul + ~ 2 l ~ P I d ~ l  r d ~ z )  

lim tb i , e2)  (0-01 E(X1)- 92 E(X2) 
t-'m t r l - ~ ( l , l ) ( f ~ l  

a: js 101 u1+ 92 %la sign (01 U l +  82 262) P ( d ~ 1 ,  
= tan- 

2 
i f l < a < 2 .  

Sslul + u2l" P ( d ~ l ,  du2) 

Now we consider the normal limit distribution. 

THEOREM 3. Assume that the random vector (Wl,  W2) has the characteristic 
function $ from (1.2). The following statements are equivalent: 

A. There exist sequences a, > 0, b, and dn (n  = 1, 2, . ..) such that 
n R 

( C X I  j/an - bn 3 C X2 j/an -d$' ( Wi -1 = 

j =  1 j=  1 

B. For all (01, 02), 

lim 
, f b ~ ( ( 0 1 ~ 1 + $ ~ 2 ) ' > s ) d s  q(01,02) 

(1.7) - - 
t+m P ( ( x ~  +x,)' > s)ds q(1,  1 )  ' 

C. For all (el ,  02), 

lirn 1 - u,,,,,, ( t)  - - q (61 9 02) 
t m  - 1 . 1  q ( l ,  1 )  

lim X 1  + O2 X2)-t&31,82) ( t )  
= 0 .  

t - m  1 - U(1,l) (0 
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Remark 3. Relation (1.7) is equivalent to 

(1.10) lim E(01X1+92X2)21(l%, x1+ 0,Xzl 6 t) - 4 (01, 02) 
r+m E(X1+X2)21(IX1+Xz)  < t )  q v ,  1) 

Section 2 contains proofs, In Section 3 we explore the relation between 
statements B of Theorem 1 and the well-known condition of Rvaceva [5]:  

(1.1 1) lim - 
P (Jm > t x ,  arc tg (XJX ,) E A) P ( A )  - X-a -  

t-+m P ( J ~  > t )  P@) - 

for each x > 0 and each Bore1 subset A of S which is a continuity set for p. 

2. PROOFS 

LEMMA 1. I f f  ( t ) ~  RK, and there exists (a,) such that a, + m, a,+ Jan + 1 
and f ( a , ) + c  as n 4  oo, then lirn,,, f ( t )  = c .  

Proof. For any E ,  S > 0, there exists to = to ( E ,  S )  > 0 such that 

I f ( tx) / f ( t ) - l l<~max(x~,x-~)  for all t , t x > t , .  

For any sequence {t,) such that t ,  + co as n + m, there exists (k,) such that 
akn < $ d akn+, . Let x, = &/akn. Then lim,, , x,, = I. Hence there exists N such 
that for all n 2 N 

i.e. If(tn)/f(ak,)-11-0 as n + m .  Since If(ak,,)-cI+O as n + m ,  we have 

lim If (t,) - cl = lim - 
n-t m 

Hence the lemma. 

LEMMA 2. Let X be a random variable. DeJine U ( t )  = Re EeiXJ* for t # 0. 
The following are equivalent: 

1. The function P ( ( X (  > t )  regularly varying with index a ~ ( 0 ,  2). 
2. The function 1 - U ( t )  is regularly varying with index a E (0, 2). 
Both imply 

1 - U ( t )  7310: 
lim = r(1-a)cos-, 
t+m P (1x1 > t )  2 

to be interpreted as n/2 for u = 1. 

Proof. This is just a part of the proof of (ii) - (iii) of Theorem 1 by Geluk 
and de Haan [3]. 

P r o  of of The orem 1. A C. By the continuity theorem for character- 



istic functions statement A is equivalent to 

(2.1) lim &' (91/~,, Qz/a,) exp { - ib, 81) exp ( -id, 42) = $(el, 9,) 
A+ m 

locally uniformly. Feller ( [2] ,  Chapter XVII, Section 1, Theorem 1) shows that 
this is equivalent to 

lim n (# (O1/tafi, d2/an) - 1) - ib. fI1 - id, O2 = log $ (el, 8,) 
n+ m 

- 
locally uniformly or 

From relation (2.3) we have 

an l ~ ~ r - l - 1  
lim nV;,,o)(an)-b,= -(I -a)tan- j 
n+m 2, U-1 ul ~ ( d u l ,  duz), 

Combination of (2.3) and (2.4) gives 

We are now going to use one-dimensional results. It follows from (2.1) and 
Theorem 1 of GeIuk and de Haan [3] that 



I 

Attraction to stable ueetors 309 

Since (2.6) holds in particular for (Q1, 0,) = (1, I), we get 

By (2.2), (2.8) and Lemma 1 we have 

1 - U(ei+02) (0 = 1 - U )  (4) 101 u1+ 02 U Z Y P  (du15 
(2.9) Iim - - 

+ I ,  + I Js lul+u#p(dul, du3 ' 

i.e. (1.5) is proved Now (2.7) allows us to replace the argument an in t2.5) by a, x 
in each of the three terms separately. This results in 

for each x > 0. By Lemma 9 in Geluk and de Haan [3j, this implies 

601.82) (t)-8iF1,0) (l)-02V;0,1] (t) f R I / - u  

and we have 

Using (2.2), (2.5), (2.10) and Lemma 1, we now get (1.6). 

C* A. By taking (O,, 02) = (x, X) for some x > 0 in (IS), we find that 
1 - U(i,l, (t) is regularly varying with index -a. Hence we can define sequences 
a, > 0, b, and dn such that 

cln [ul("-' - 1 
b, : = nT/(l,o, (a,)+(l -a) tan- j 

2 ,  a-1 U l  P (duly duz), 

an: - 1 
d,  := n~o,l,(an)+(l-ol) tan- j 

2 ,  a-1 uz P (a261 9 du2). 

Combining the definition of a, with relation (1.5) we get for any (el,  8,) 



Further, combining (1.6) and the definitions of a,,, b, and d,, we get for any 
(01 Y 02) 

an: Iuzla-l - 1 
-(I-u)tan--f 

2 ,  a-1 02 u2 P (du1, du2) 

an: l e l~ l+ez~21a-1- i  
= -11-a)tan-J 

a-1 (61 U l +  02 ~ 2 )  P tdul 5 du2). 
2 s 

Hence by (2.11) and (2.12) statement A holds. 

B e C .  By Lemma 2, (1.5) is equivalent to 

C B. Application of (1.6) to ~e11X,e21X)(t) = 48,,82) (tx) and ysl,ell (t) and 
combination of the results gives for x > 0 

lim txYol,e2)(tx)-tYel,e2) (t)  

t +  t C1- u(e,,e,) (01 

We also know that 1 - U(e,,e,i(t) E RV-, by (1.5). Hence the conditions of Theo- 
rem 1, part (iii), of Gel& and de Haan [3] are fulfilled. Thus for any 
(el, 0,) # (0, 0) the random variable BIX, +0,X2 is in the domain of attrac- 
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tion of a stable law. Then Theorem 1 of Geluk and de Haan [3J, part (ii), and 
relation (lo), give 

(2.14) lim 
P(01X1+02X2 > t) 

t+s ,  ~ ( l e ,  x, +O,X,I > t) 

and 

If we combine (2.14) with (2.13), we get (1.4). If we combine (2.15) with (2.13), we 
obtain 

I 

~ ; e ~ . r ~ ( t l - f - ' I ~  ~,,,e,l(s)ds 
lim 
t-r m p 0x1 + X2I > t )  

js 101 .I + 02 uzl"sign (01 u1+ 02 ~ 2 )  p(du1, du,) 
= Ca 

Islul +u21U P ( d ~ 1  Y du2) 

This, combined with (1.6) and Lemma 2, leads directly to (1.4). 

B * C. Clearly, from (1.3) we have (2.13), hence (1.5). Further (1.3) implies 
that any random variable O1 X1 + 0, X2 is in the domain of attraction of a sta- 
ble law (see Geluk and de Haan [3], Theorem 1, part (ii)). Next, relation (10) of 
the same theorem, combined with (2.13), gives 

This, with (1.4), leads directly to (1.6). 

P r o  of of Theorem 2. A 3 B. This follows from the corresponding part 
of Theorem 1. 

B s- C. Suppose 0 < a c 1. Statement B implies for (B1, 02) # (0,O) that 

and 



i 
i and hence 
I 

- - J, 161 U l +  02 u21a tl + signI01 U l +  02 u2)l P (du, 3 du2) 

2j, 101 U l  + 92 %lap ( d ~ l  r 

Relations (2.16) and (2.18) imply that any linear combination O1 XI + 8, X2 
with (el, 0,) + (0, 0) is in the domain of attraction of a stable distribution. 
Hence by Theorem 1, part (iii), of Geluk and de Haan [3]  we have 

e , 2  t Is 161 UI + 02 ~21~~ig1l(e1~1+02f12) /J ( d ~ l  r du2) 
lim - 
r +  1 - ql , l ) ( t )  - Jslul+uzla/J(dul, 

Also, relations (2.16) and (2.17) imply, in virtue of Lemma 2, that 

1 - U~e, ,02)  (t) S, I01 U I +  6, ~ 2 1 ' ~  ( ~ U I  duz) 
lim - - 

+ 1- I .  Jslul +utlup(dul, du2) ' 

This completes the proof for 0 < u < I. The case 1 < a < 2 is similar. 

C * A. Suppose 0 < a < 1. Define the sequence (a,} by 

This makes sense since 1 - U(l,l ,( t)~ RV-,. Then, by statement C, 

Further, by statement C, 

Since (2.2) and (2.3) are fulfilled, the proof is complete for 0 < a < 1. The case 
1 < o: < 2 is similar. 

P roo f  of Theorem 3. A e C .  From the equality 

1 with p1 = E(X1) and p2 = E(X, )  we get 
I 

l and 
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As in the proof of Theorem 1 relation (2.19) implies 

Similarly, from (2.19) and (2.20) we get 

lirn t~er ,e2) ( t ) -~1 . f )1-~z  02 = 0 for all B,, 8,. 
t-'m 1 - U(1,ll 

The converse implication is easy. 

C =- 3. The distribution of any 0, XI + 0 ,  X, satisfies the conditions of 
part (iii) of Theorem 2 of Geluk and de Haan 131. Relation (13) of this theorem 
states that 

J ~ ~ ~ ( l e , x , + s ~ x ~ l  > S ) ~ S  
lim = 1 for all (el, 82) # (0, 0). 
t'Co t2 (1 - U(ol . @ 2 ) @)I 

Hence, by statement C, 

j b s p ( 1 0 1 ~ 1  + 0 2 ~ 2 1  > s)ds q(Bl, 8.) (2.21) lim - - for all (el, 0,) # (0, 0). 
t+m 1; S P ( I X ~  +xzl z s)ds q(1,  1) 

B - C. Condition B implies that each linear combination 8, XI + 8, X, 
((el, 02) # (0, 0)) is in the domain of attraction of a normal distribution (see 
Theorem 2, part (ii), of Geluk and de Haan [3]). Hence by that theorem we 
have 

SP (10, x1 + 0, X21 > s) ds 
lim = 1 
r-+m t2 (1 - U(el , 2 ) (t)> 

and 

These two relations in combination with B imply C. 

P roo f  of Remark  3. Relation (1.7) implies that 

is slowly varying. 
Now, for any probability distribution function G the slow variation of 

1: (1 - G (s)) ds is equivalent to 

8 - PAMS 222 



since on the one hand for any 0 < x < 1 we get 

and on the other hand for any 0 < x < 1 we have 

Hence, since 

by the result just proved, (1.7) and (1.10) are equivalent. 

3. RVACEVA'S RESULTS 

In this section we give a direct proof of the implication: Rvaceva's con- 
dition (i.e., (1.11)) for 0 < a < 2 implies our condition (i.e., (1.4)). We have not 
been able to prove the converse implication for a = 1. For ol # 1 the implica- 
tion follows from the work of Basrak et al. [I]. For completeness we include 
a proof of the necessity of Rvaceva's condition based on Feller's proof [2] for 
the one-dimensional case. 

P r o  of of (1.11) =- (1.4). For 0: + 13; = 1, by Rvaceva's condition (1.1 I), we 
have 
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where v is defined by 

v((xl, x2): X?+X$ > y2,  arctg(x2/xl)~A) = or-' Y - ~ , u ( A )  

for y > 0 and any continuity set A of p. The right-hand side of (3.1) equals 

Now we can proceed to prove (1.4). Since lB1Xl+e2X,l < t implies 
X:+X$ < t2, we have - 

E (01 XI + e2 x2)i (10, x1 +02 X,I G t) 

-EB1X1I(IOl 6 t)-EBzXaI(102X,l < t) 

= E(B1X1+Bz~2)~(X:+X: G t2) 

+ E ( ~ 1 X 1 + 8 2 X z ) l ( 1 0 1 X l + 0 , X 2 1  < t, Xf+X; > t2) 

- E B ~ X ~  I(x:+x: < t2)+Ee1x1i(lelxll < t, x; +xi > t2) 

-EB2X21(X:+Xz < t 2 )+E82~2~( l e2X21  < t ,  Xf+X; > t2 )  

= E(elX1+82 X2)I(ld1 X1+QZX2( < t, X? +Xi  > t2) 

-EOIXII(lOIXll < t, Xf+X; > 9)-E02X21([02X21 < t, Xf+X$ > t2). 

If we divide this expression by P (IX1 + X21 > t), it converges, by the result just 
proved, to 

whicb is equivalent to (1.4) (see Remark 1). 
For completeness we add a proof of the implication: the statement A of 

Theorem 1 implies (1.11) (Rvaceva's condition), following the lines of reasoning 
of Feller [2], Chapter XVII. We start from 
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locally uniformly. Denote the left-hand side by $,(8, ,  13,) and define 

An easy calculation shows that 

m m 

$.* (81, '32) = 1 1 exp ( i  (8, XI + 02 x2)) (x: +xi) K ( x l ,  x2) nF (a, dx ,  , dx,) 
- m  - m  

with 
sin x, sin x2 I---- 

Note that lirn,,,,,,, K ( x l ,  x,) = 1/6 and limxI ,,z,, ( x f  +x;) K ( x l ,  x Z )  = 1 .  
Relation (3.2) implies 

locally uniformly. Relation (3.3) for el = O2 = 0 implies that limn,, M,* (g2)  
exists. Define 

M,* (dx, ,  dx,) = n (x: + x;) K ( x l ,  x2)  F (a, dx , ,  a, dx,). 

By the continuity theorem for characteristic function the sequence of probabili- 
ty distributions M,*/M,*(B2) converges in distribution to some probability dis- 
tribution. It follows from the two properties of K that 

exists for all x > 0 and that 

converges for all but denumerably many real (x,, x,) # (0,O) with 
AXl,x2 := ((axl, bx,): a ,  b > 1). The latter condition is easily seen to imply 
Rvaceva's condition (1.1 1). 
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